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Preface

Personal motivation. The dream of creating artificial devices that reach or
outperform human intelligence is an old one. It is also one of the dreams of my
youth, which have never left me. What makes this challenge so interesting?
A solution would have enormous implications on our society, and there are
reasons to believe that the Al problem can be solved in my expected lifetime.
So, it’s worth sticking to it for a lifetime, even if it takes 30 years or so to
reap the benefits.

The AI problem. The science of artificial intelligence (AI) may be defined as
the construction of intelligent systems and their analysis. A natural definition
of a system is anything that has an input and an output stream. Intelligence
is more complicated. It can have many faces like creativity, solving prob-
lems, pattern recognition, classification, learning, induction, deduction, build-
ing analogies, optimization, surviving in an environment, language processing,
and knowledge. A formal definition incorporating every aspect of intelligence,
however, seems difficult. Most, if not all known facets of intelligence can be
formulated as goal driven or, more precisely, as maximizing some utility func-
tion. It is, therefore, sufficient to study goal-driven AI; e.g. the (biological)
goal of animals and humans is to survive and spread. The goal of Al systems
should be to be useful to humans. The problem is that, except for special
cases, we know neither the utility function nor the environment in which the
agent will operate in advance. The major goal of this book is to develop a
theory that solves these problems.

The nature of this book. The book is theoretical in nature. For most parts
we assume availability of unlimited computational resources. The first impor-
tant observation is that this does not make the AI problem trivial. Playing
chess optimally or solving NP-complete problems become trivial, but driving
a car or surviving in nature do not. This is because it is a challenge itself to
well-define the latter problems, not to mention presenting an algorithm. In
other words: The Al problem has not yet been well defined. One may view

the book as a suggestion and discussion of such a mathematical definition of
AL

Extended abstract. The goal of this book is to develop a universal theory of
sequential decision making akin to Solomonoff’s celebrated universal theory of
induction. Solomonoff derived an optimal way of predicting future data, given
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previous observations, provided the data is sampled from a computable prob-
ability distribution. Solomonoff’s unique predictor is universal in the sense
that it applies to every prediction task and is the output of a universal Turing
machine with random input. We extend this approach to derive an optimal
rational reinforcement learning agent, called AIXI, embedded in an unknown
environment. The main idea is to replace the unknown environmental distri-
bution pu in the Bellman equations by a suitably generalized universal distri-
bution £. The state space is the space of complete histories. AIXI is a universal
theory without adjustable parameters, making no assumptions about the en-
vironment except that it is sampled from a computable distribution. From an
algorithmic complexity perspective, the AIXI model generalizes optimal pas-
sive universal induction to the case of active agents. From a decision-theoretic
perspective, AIXI is a suggestion of a new (implicit) “learning” algorithm,
which may overcome all (except computational) problems of previous rein-
forcement learning algorithms.

Chapter 1. We start with a survey of the contents and main results in this
book.

Chapter 2. How and in which sense induction is possible at all has been sub-
ject to long philosophical controversies. Highlights are Epicurus’ principle of
multiple explanations, Occam’s razor, and Bayes’ rule for conditional proba-
bilities. Solomonoff elegantly unified all these aspects into one formal theory
of inductive inference based on a universal probability distribution £, which
is closely related to Kolmogorov complexity K(z), the length of the shortest
program computing z. We classify the (non)existence of universal priors for
several generalized computability concepts.

Chapter 3. We prove rapid convergence of £ to the unknown true environmen-
tal distribution p and tight loss bounds for arbitrary bounded loss functions
and finite alphabet. We show Pareto optimality of £ in the sense that there
is no other predictor that performs better or equal in all environments and
strictly better in at least one. Finally, we give an Occam’s razor argument
showing that predictors based on £ are optimal. We apply the results to games
of chance and compare them to predictions with expert advice. All together
this shows that Solomonofl’s induction scheme represents a universal (formal,
but incomputable) solution to all passive prediction problems.

Chapter 4. Sequential decision theory provides a framework for finding opti-
mal reward-maximizing strategies in reactive environments (e.g. chess playing
as opposed to weather forecasting), assuming the environmental probability
distribution p is known. We present this theory in a very general form (called
Aly model) in which actions and observations may depend on arbitrary past
events. We clarify the connection to the Bellman equations and discuss mi-
nor parameters including (the size of) the I/O spaces and the lifetime of the
agent and their universal choice which we have in mind. Optimality of Alp is
obvious by construction.

Chapter 5. Reinforcement learning algorithms are usually used in the case
of unknown u. They can succeed if the state space is either small or has ef-
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fectively been made small by generalization techniques. The algorithms work
only in restricted, (e.g. Markovian) domains, have problems with optimally
trading off exploration versus exploitation, have nonoptimal learning rate, are
prone to diverge, or are otherwise ad hoc. The formal solution proposed in
this book is to generalize the universal prior ¢ to include actions as conditions
and replace u by £ in the Al model, resulting in the AIXI model, which we
claim to be universally optimal. We investigate what we can expect from a
universally optimal agent and clarify the meanings of universal, optimal, etc.
We show that a variant of AIXI is self-optimizing and Pareto optimal.
Chapter 6. We show how a number of Al problem classes fit into the gen-
eral AIXI model. They include sequence prediction, strategic games, function
minimization, and supervised learning. We first formulate each problem class
in its natural way for known g, and then construct a formulation within the
Alp model and show their equivalence. We then consider the consequences of
replacing ¢ by €. The main goal is to understand in which sense the problems
are solved by AIXI.

Chapter 7. The major drawback of AIXI is that it is incomputable, or more
precisely, only asymptotically computable, which makes an implementation
impossible. To overcome this problem, we construct a modified model AIXI#,
which is still superior to any other time ¢ and length [ bounded algorithm.
The computation time of AIXIt is of the order ¢-2'. A way of overcoming
the large multiplicative constant 2! is presented at the expense of an (un-
fortunately even larger) additive constant. The constructed algorithm M; is
capable of solving all well-defined problems p as quickly as the fastest algo-
rithm computing a solution to p, save for a factor of 1+¢ and lower-order
additive terms. The solution requires an implementation of first-order logic,
the definition of a universal Turing machine within it and a proof theory sys-
tem.

Chapter 8. Finally we discuss and remark on some otherwise unmentioned
topics of general interest. We also critically review what has been achieved
in this book, including assumptions, problems, limitations, performance, and
generality of AIXI in comparison to other approaches to AI. We conclude the
book with some less technical remarks on various philosophical issues.

Prerequisites. [ have tried to make the book as self-contained as possible.
In particular, I provide all necessary background knowledge on algorithmic
information theory in Chapter 2 and sequential decision theory in Chapter 4.
Nevertheless, some prior knowledge in these areas could be of some help. The
chapters have been designed to be readable independently of one another
(after having read Chapter 1). This necessarily implies minor repetitions. Ad-
ditional information to the book (FAQs, errata, prizes, ...) is available at
http://www.idsia.ch/~marcus/ai/uaibook.htm.


http://www.idsia.ch/~marcus/ai/uaibook.htm
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Problem classification. Problems are included at the end of each chap-
ter of different motivation and difficulty. We use Knuth’s rating scheme for
exercises [Knu73] in slightly adapted form (applicable if the material in the
corresponding chapter has been understood). In-between values are possible.

CO00 Very easy. Solvable from the top of your head.
C10 Fasy. Needs 15 minutes to think, possibly pencil and paper.
C20 Average. May take 1-2 hours to answer completely.
C30 Moderately difficult or lengthy. May take several hours to a day.
C40 Quite difficult or lengthy. Often a significant research result.
C50 Open research problem. An obtained solution should be published.
The rating is possibly supplemented by the following qualifier(s):
i Especially interesting or instructive problem.
m Requires more or higher math than used or developed here.
o Open problem; could be worth publishing; see web for prizes.
s Solved problem with published solution.
u Unpublished result by the author.

The problems represent an important part of this book. They have been placed
at the end of each chapter in order to keep the main text better focused.

Acknowledgements. 1 would like to thank all those people who in one way
or another have contributed to the success of this book. For interesting discus-
sions I am indebted to Jiirgen Schmidhuber, Ray Solomonoff, Paul Vitdnyi,
Peter van Emde Boas, Richard Sutton, Leslie Kaelbling, Leonid Levin, Pe-
ter Géacs, Wilfried Brauer, and many others. Shane Legg, Jan Poland, Viktor
Zhumatiy, Alexey Chernov, Douglas Eck, Ivo Kwee, Philippa Hutter, Paul
Vitanyi, and Jiirgen Schmidhuber gave valuable feedback on drafts of the
book. Thanks also collectively to all other IDSIAnies and to the Springer team
for the pleasant working atmosphere and their support. This book would not
have been possible without the financial support of the SNF (grant no. 2000-
61847.00). Thanks also to my father, who taught me to think sharply and to
my mother who taught me to do what one enjoys. Finally, I would like to
thank my wife and children who patiently supported my decision to write this
book.

Lugano, Switzerland, August 2004 Marcus Hutter
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Notation

The following is a list of commonly used notation. The first entry is the symbol
itself, followed by its meaning or name (if any) and the page number where
the definition appears. Some standard symbols like IR are not defined in the
text. There appears a * in place of the page number for these symbols.

Symbol Explanation Page
[C35s] classification of problems viii
[Hut04b] paper, book or other reference *
(5.3) label/reference for a formula/theorem/definition/... *
00 infinity *
{a,...,z}  set containing elements a,b,...,y,z. {} is the empty set *
[a,b) interval on the real line, closed at a and open at b *
N,U,\,€ set intersection, union, difference, membership *
ANV, Boolean conjunction (and), disjunction (or), negation (not) *
c,c subset, proper subset *
= implies *
& equivalence, if and only if, iff *
O g.e.d. (Latin), which was to be demonstrated *
v,3 for all, there exists *
~ S approximately equal, less equal, greater equal 33
L,> much smaller/greater than *
= equivalent, identical, equal by definition *
~ isomorphic *
= define as *
= corresponds to, informal equality *
~ asymptotically proportional to 33
o proportional to *
=, equal to, not equal to *
+,—,,/ standard arithmetic operations: sum, difference, product, ratio *
va square root *

*

<,>,<,> standard inequalities
|S|,lal size/cardinality of set S, absolute value of a *
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B={0,1} binary alphabet *
Yy €Y action (output of agent) in cycle ¢, followed by ... 128
e €X perception (feedback/input to agent) in cycle ¢ 45, 128
0 €0 informative input/observation in cycle ¢ 128
rs € R C R reward in cycle ¢ 128
€ some small positive real number *
€ empty string 33
* wildcard for some string (prefix, finite, or infinite) 33
Tiim =21...2, = string of length n 45, 68, 128
Tt =21...2¢—1 = string of length £—1 45, 68, 128
Wk:n action-perception sequence yiTk...Yn%n 128
U<k actually realized action-perception sequence ¢121...9x—12x—1 130
w infinite sequence, elementary event 33
2 sample space 42, 68
Iy, ={w:wi:n =210} = cylinder set 46, 68
£(z) length of string x 33
{0) coding of object o 33
z,y) uniquely decodable pairing of r and y 33

z prefix coding of x 33
O(),0()  big and small oh-notation 33
a<h less within an additive const., i.e. a <b+O(1). Similarly £ 33
a% b less within a multiplicative const., i.e. a=0(b). Similarly = 33
K(z) prefix Kolmogorov complexity of string z 37
Km(z;.,) monotone (Kolmogorov) complexity of string z;., 47, 190
K (o01]o2) Kolmogorov complexity of object o1, given object oy 37
MZ¢, Solomonoff-Levin’s universal semimeasure 46, 48
M={v} (usually countable) set of (semi)measures 48, 81
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Al artificial or algorithmic intelligence, 2
most general computational environmental class 130, 154

SP sequence prediction 187
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SG strategic two-player informed zero-sum games 192
FM function minimization 197
EX supervised learning (by examples) 204
pd probability density function / distribution / measure *
p{z1.,)  probability of string/sequence starting with z1., 46, 68

peEM true generating environmental pd 68



XX

E
P

Notation

expectation value, usually w.r.t. the true distribution
probability, usually w.r.t. the true distribution u

68
68

p(z1zo732,) 1o probability that the 27¢ and 4" symbols of a string are

vem

P
3

Wy

pEC

gEC

‘eltyt
A
ltu

LA

6,
4,

e
€t

<
Env

zo and x4, given the 1% and 37¢ symbols are z; and z3
any pd in M

any pd not necessarily in M usually specifying a policy
=2 emWyv= mixture (belief) pd

prior degree of belief in v —or— weight of v

pd of environmental argument type EC

mixture distribution of type EC for class EC

incurred loss when predicting y; and z; is next symbol
v-expected instantaneous loss in step t of predictor A
v-expected cumulative loss of steps 1...n of predictor A
predictor with minimal number of p-expected errors
predictor that minimizes the p-expected loss
v-probability that ©-predictor errs in step ¢

v-expected number of errors in steps 1...n of predictor ©

LA ELQM abbreviation for true p-expected loss

VP (4 <1 ) value of policy p in environment v given history ¢«

km
ui'
Yk
Yk
I
m,h
p
q
p

v

prediction/decision/action of predictor A in step ¢
action of policy p in cycle k

discounting sequence

value function normalization (3 5, Vk)

agent’s lifespan, horizon

agent’s policy

deterministic environment

policy that maximizes value V2

- .
Vi =V{ ¥ true or generating value

3
V =VPE ¢ universal value

D, EDfm relative entropy between u and £ for the first n cycles

132
70

68
48, 70
48, 70
185
185
86
99, 87
100
82

87

83

83

86
153
87

.

159
159
129, 169
126
126
130

130

146
73



I have no particular talent. I am merely inguisitive.
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This Chapter represents a short tour through the book. It is not meant as a
gentle introduction for novices, but as a condensed presentation of the most
important concepts and results of the book. The price for this brevity is that
in this chapter we mostly forgo mathematical rigor, subtleties, proofs, discus-
sions, references and comparisons to other work. More seriously, some sec-
tions demand high background knowledge. Readers unfamiliar with algorith-
mic information theory should first read Chapter 2 or consult the textbooks
[LV97, Cal02]. Readers unfamiliar with sequential decision theory should first
read Chapter 4 or consult the textbooks [BT96, SB98]. Before becoming dis-
couraged by the complexity of some of the sections, it is better to skip them
completely.

1.1 Introduction

Artificial Intelligence. The science of artificial intelligence {AI) might be
defined as the construction of intelligent systems and their analysis. A natural
definition of a system is anything that has an input and an output stream. In-
telligence is more complicated. It can have many faces like creativity, solving
problems, pattern recognition, classification, learning, induction, deduction,
building analogies, optimization, surviving in an environment, language pro-
cessing, knowledge and many more. A formal definition incorporating every
aspect of intelligence, however, seems difficult. Further, intelligence is graded:
There is a smooth transition between systems, which everyone would agree
to be not intelligent, and truly intelligent systems. One simply has to look in
nature, starting with, for instance, inanimate crystals, then amino acids, then
some RNA fragments, then viruses, bacteria, plants, animals, apes, followed
by the truly intelligent homo sapiens, and possibly continued by AT systems or
ETs. So, the best we can expect to find is a partial or total order relation on
the set of systems, which orders them w.r.t. their degree of intelligence (like
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intelligence tests do for human systems, but for a limited class of problems}).
Having this order we are, of course, interested in large elements, i.e. highly
intelligent systems. If a largest element exists, it would correspond to the most
intelligent system which could exist.

Most, if not all, known facets of intelligence can be formulated as goal
driven or, more precisely, as maximizing some utility function. It is therefore
sufficient to study goal-driven Al For example, the (biclogical) goal of animals
and humans is to survive and spread. The goal of Al systems should be to
be useful to humans. The problem is that, except for special cases, we know
neither the utility function nor the environment in which the agent will operate
in advance.

Main idea. This book presents a theory that formally! solves the problem
of unknown goal and environment. It might be viewed as a unification of the
ideas of universal induction, probabilistic planning and reinforcement learning,
or as a unification of sequential decision theory with algorithmic information
theory. We apply this model to some of the facets of intelligence, including
induction, game playing, optimization, reinforcement and supervised learning,
and show how it solves these problem classes. This, together with general
convergence theorems, supports the belief that the constructed universal Al
system is the best one in a sense to be clarified in the following, i.e. that it is
the most intelligent environment-independent system possible. The intention
of this book is to introduce the universal Al model and give an extensive
analysis.

1.2 Simplicity & Uncertainty

This section introduces Occam’s razor principle, Kolmogorov complexity, and
objective/subjective probabilities. We finally arrive at the problem of universal
prediction, and its solution by Solomonoff.

1.2.1 Introduction

An important and nontrivial aspect of intelligence is inductive inference. Sim-
ply speaking, induction is the process of predicting the future from the past,
or, more precisely, it is the process of finding rules in (past) data and us-
ing these rules to guess future data. Weather or stock-market forecasting or
continuing number series in an 1Q test are nontrivial examples. Making good
predictions plays a central role in natural and artificial intelligence in general,
and in machine learning in particular. All induction problems can be phrased

! With a formal solution we mean a rigorous mathematically definition, uniquely
specifying the solution. In the following, a solution is always meant in this formal
sense.
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as sequence prediction tasks. This is, for instance, obvious for time-series pre-
diction, but also includes classification tasks. Having observed data x; at times
t<n, the task is to predict the nt® symbol z,, from sequence z1...z,_;. This
prequential approach [Daw84] skips over the intermediate step of learning a
model based on observed data z1...x,_1 and then using this model to predict
Zr. The prequential approach avoids problems of model consistency, how to
separate noise from useful data, and many other issues. The goal is to make
“good” predictions, where the prediction quality is usually measured by a loss
function, which shall be minimized. The key concept to well-defining and solv-
ing induction problems is Occam’s razor (simplicity} principle, which says that
“Entities should not be multiplied beyond necessity.” This may be interpreted
as keeping the simplest theory consistent with the observations x;...z,—1 and
using this theory to predict z,,. Before we can present Solomonoft’s formal so-
lution, we have to quantify Occam’s razor in terms of Kolmogorov complexity,
and introduce the notions of subjective and objective probabilities.

1.2.2 Algorithmic Information Theory

Intuitively, a string is simple if it can be described in a few words, like “the
string of one million ones”, and is complex if there is no such short description,
like for a random string whose shortest description is specifying it bit by bit.
We can restrict the discussion to binary strings, since for other (non-stringy
mathematical) objects we may assume some default coding as binary strings.
Furthermore, we are only interested in effective descriptions, and hence restrict
decoders to be Turing machines. Let us choose some universal (so-called prefix)
Turing machine U with unidirectional binary input and output tapes and a
bidirectional work tape. We can then define the prefiz Kolmogorov complexity
[Cha75, Géac74, Kol65, LevT4] of a binary string x as the length £ of the
shortest program p for which U outputs the binary string «

K(x) = mgn{f(p) :U(p) =z}
Simple strings like 000...0 can be generated by short programs, and, hence
have low Kolmogorov complexity, but irregular (e.g. random) strings are their
own shortest description, and hence have high Kolmogorov complexity. An
important property of K is that it is nearly independent of the choice of U.
Furthermore, it shares many properties with Shannon’s entropy (information
measure) S, but K is superior to S in many respects. Figure 2.11 on page 38
contains a schematic graph of K. To be brief, K is an excellent universal com-
plexity measure, suitable for quantifying Occam’s razor. There is (only) one
severe disadvantage: K is not finitely computable. More precisely, a function f
is said to be finitely computable (or recursive) if there exists a Turing machine
which, given z, computes f(z) and then halts. Some functions are not finitely
computable but still approximable in the sense that there is a nonhalting Tur-
ing machine with an infinite output sequence y1,y2,y3,... with lim;_, oy = f(z).
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If additionally the output sequence is monotone increasing/decreasing, then
[ is said to be lower/upper semicomputable {or enumerable/co-enumerable).
Finally, we call f estimable if some Turing machine, given z and a precision
€, finitely computes an e-approximation of z. The major algorithmic property
of K is that it is co-enumerable, but not finitely computable.

1.2.3 Uncertainty & Probabilities

For the objectivist, probabilities are real aspects of the world? The outcome
of an observation or an experiment is not deterministic, but involves physical
random processes. Kolmogorov’s axioms of probability theory formalize the
properties which probabilities should have. In the case of independent and
identically distributed (i.i.d.) experiments the probabilities assigned to events
can be interpreted as limiting frequencies (frequentist view), but applications
are not limited to this case. Conditionalizing probabilities and Bayes’ rule
are the major tools in computing posterior probabilities from prior ones. For
instance, given the initial binary sequence z;...x,_1, what is the probability
of the next bit being 17 The probability of observing z, at time n, given
past observations xi...x,_1 can be computed with multiplication or the chain
rule? if the true generating distribution z of the sequences z;z223... is known:
w(znlten) = p(r1m)/{x <), where we introduced the abbreviations z1., =
Z1%2...&p aNnd Top = T1T9...Tp_1. The problem, however, is that one often
does not know the true distribution i (e.g. in the cases of weather and stock-
market forecasting).

The subjectivist uses probabilities to characterize an agent’s degree of belief
in (or plausibility of) something, rather than to characterize physical random
processes. This is the most relevant interpretation of probabilities in Al Tt
is somewhat surprising that plausibilities can be shown to also respect Kol-
mogorov’s axioms of probability and the chain rule by assuming only a few
plausible qualitative rules they should follow {Cox46]. Hence, if the plausibil-
ity of z1.,, is p{21.n), the degree of belief in z,, given z.,, is, again, given by
the chain rule: p(zp|Z<n)=p(Z1.0)/p(Z<n).

The chain rule allows the computation of posterior probabili-
ties/plausibilities from prior ones, but leaves open the question of how to
determine the priors themselves. In statistical physics, the principle of indif-
ference (symmetry principle) and the maximum entropy principle can often be
exploited to determine prior probabilities, but only Occam’s razor is general
enough to assign prior probabilities in every situation, especially to cope with
complex domains typical for Al

2 Readers not believing in objective and/or subjective probabilities should read the
remark at the beginning of Section 2.3.
% Strictly speaking, it is just the definition of conditional probabilities.
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1.2.4 Algorithmic Probability & Universal Induction

Occam’s razor (appropriately interpreted and in compromise with Epicurus’
principle of indifference) tells us to assign high/low a priori plausibility to
simple/complex strings z. Using K as complexity measure, any monotone
decreasing function of K, e.g. p(z)=2"%() would satisfy this criterion. But
p also has to satisfy the probability axioms, so we have to be a bit more careful.
Solomonoff [Sol64, Sol78] defined the universal prior M(x) as the probability
that the output of a universal Turing machine U starts with x when provided
with fair coin flips on the input tape. Formally, M can be defined as

M) = Y 27'@ (1.1)

p: Ulp)=a~

where the sum is over all (so-called minimal} programs p for which U outputs
a string starting with . Strictly speaking M is only a semimeasure since
it is not normalized to 1, but this is acceptable/correctable. We derive the
following bound:

o0 o

Z(I—M(a:t|x<t < - %Z .’L‘t|.’L'<t :~%lnM(x1:oo) %1112 Km(xl oo)
t=1 t=1

where Km(z1.00) is the length of the shortest (nonhalting) program computing
T1.00. In the first inequality we have used (1—a)? < —%lna for 0<a<1.In
the equality we exchanged the sum with the logarithm and eliminated the
resulting product by the chain rule. In the last inequality we used M(z) >
2= Km(=)  which follows from definition (1.1) by dropping all terms in Zp
except for the shortest p computing x. If 1., is a computable sequence, then
Km(%1.00) is finite, which implies M (z4z<;) —1 (3o, (1—a)? <00 = ar—
1). This means that if the environment is a computable sequence (whichever,
e.g. the digits of 7 or e in binary representation), after having seen the first
few digits, M correctly predicts the next digit with high probability, i.e. it
recognizes the structure of the sequence.

Assume now that the true sequence is drawn from the distribution g, i.e.
the true (objective) probability of 1., is p(21.,), but g is unknown. How is
the posterior (subjective) belief M(zy,|z<n)=M(x,)/M(2<,) related to the
true (objective) posterior probability p(z,|z<,)? Solomonoff’s [Sol78] central
result is that the posterior (subjective) beliefs converge to the true (objective)
posterior probabilities, if the latter are computable. More precisely, he showed
that

Z > M(M( (Olzcy) — (0|g;<t))2 < Ilm2K(u)+0(1). (1.2)

t=1g3_,€{0,1}t1

The complexity K (p) is finite if p is a computable function, but the infinite
sum on the Lh.s. can only be finite if the difference M (0|z<;) —u(0lz<¢) tends
to zero for t— oo with p-probability 1 (w.u.p.1). This shows that using M as
an estimate for u may be a reasonable thing to do.
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1.2.5 Generalized Universal (Semi)Measures

One can derive a universal prior in a different way: Solomonoff [Sol64, Eq.(13)]
defines a somewhat problematic mixture over all computable probability dis-
tributions. Levin [ZL70] considers the larger class My := {v1,1,...} of all
so-called enumerable semimeasures. Let u€ My, and assign {consistent with
Occam’s razor) a prior plausibility of 27%(*a) to v,. Then the prior plausibility
of z1., is, by elementary probability theory,

to@in) = Y, 2750u(zy,). (1.3)

veEMy

One can show that £ coincides with M within an (irrelevant) multiplicative
constant, i.e. M (z) 2y (z), where f(z)< g(z) abbreviates f(z)=0(g(z)), and
Z denotes % and >. Both £y and M can be shown to be lower semicomputable.
The dominance M (z) £ &y (x) > 27 KW y(z) is the central ingredient in the
proof of (1.2). The advantage of £y over M is that the definition immediately
generalizes to arbitrary weighted sums of (semi)measures in M for arbitrary
countable M. Most proofs in this book go through for generic M and weights.

So, what is so special about the class of all enumerable semimeasures
My? The larger we choose M, the less restrictive is the assumption that
M should contain the true distribution u, which will be essential throughout
the book. Why not restrict to the still rather general class of estimable or
finitely computable (semi)measures? For every countable class M, the mix-
ture &(z) :=Em() =D, c pwov(x) with w, >0, the important dominance
&(z) > wyr(x) is satisfied. The question is, what properties does £ possess.
The distinguishing property of My is that £y is itself an element of My. On
the other hand, in this book £44 € M is not by itself an important property.
What matters is whether £ is computable in one of the senses we defined
above. There is an enumerable semimeasure (M) that dominates all enumer-
able semimeasures in My. As we will see, there is no estimable semimea-
sure that dominates all computable measures, and there is no approximable
semimeasure that dominates all approximable measures. From this it follows
that for a universal (semi)measure which at least satisfies the weakest form of
computability, namely being approximable, the largest dominated class among
the classes considered in this book is the class of enumerable semimeasures,
but there are even larger classes [Sch02a]. This is the reason why My and
M play a special role in this (and other) works. In practice though, one has
to restrict to a finite subset of finitely computable environments v to get a
finitely computable &.

1.3 Universal Sequence Prediction

In the following we more closely investigate sequence prediction (SP) schemes
based on Solomonoff’s universal prior M £ &, and on more general Bayes
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mixtures &, mainly from a decision-theoretic perspective. In particular, we
show that they are optimal w.r.t. various optimality criteria.

1.3.1 Setup & Convergence

Let M:={vy,12,...} be a countable set of candidate probability distributions
on strings over the finite alphabet X'. We define a weighted average on M:

§(z1n) = Z Wy V{T1.m), Z w, =1, w, >0. (1.4)

veEM veM

It is easy to see that £ is a probability distribution as the weights w,, are pos-
itive and normalized to 1 and the v € M are probabilities. We call £ universal
relative to M, as it multiplicatively dominates all distributions in M in the
sense that £(z1.,) >w, -v{(z1.,,) for all v€ M. In the following, we assume that
M is known and contains the true but unknown distribution u, i.e. pe€ M,
and z1.c is sampled from u. We abbreviate expectations w.r.t. u by E[..]; for
instance, E[f(z1.,)]=_,, cxnt(T1:n) f(21:1). We use the (total) relative en-
tropy D, and squared Euclidian distance S,, to measure the distance between
wand &:

D, = E

w(@1:n) . -
1n§(mm)J’ S '_;E

The following sequence of inequalities can be shown, which generalize
Solomonoft’s result (1.2): S, <D, Slnw,jl < 00. The finiteness of S, implies
E(zlz<t) —pu(x)|T <) =0 for t—o00 w.p.p.1 for any z; (310,82 <co=>s,—0).
We also show that > 7 E[(\/&(z]z<t)/pzez<t) —1)?] < Dy < Inwy ' < o0,
which implies &(a¢|x<s)/p(zt]z<t) — 1 for t — o0 w.p.p.1. This convergence
motivates the belief that predictions based on (the known) £ are asymptoti-
cally as good as predictions based on (the unknown) p, with rapid convergence.

> (ﬂ($;|$<t> - f(x;|x<t)>2]. (1.5)

z,€X

1.3.2 Loss Bounds

Most predictions are eventually used as a basis for some decision or action,
which itself leads to some reward or loss. Let £,,,, €[0,1] C IR be the received
loss when performing prediction/decision/action y; € YV, and z; € X is the
t** symbol of the sequence. Let y{' €Y be the prediction of a (causal) pre-
diction scheme A. The true probability of the next symbol being x;, given
Tty 18 p{@|T<r). The expected loss when predicting y, is E[¢,,,,]. The total
u-expected loss suffered by the A scheme in the first n predictions is

L =) Bl
t=1



1.3 Universal Sequence Prediction 9

The goal is to minimize the expected loss. More generally, we de-
fine the A, sequence prediction scheme (later also called SPp) yle :=
argming, ey . p(Zt|T<t)lz,y,, Which minimizes the p-expected loss. If y is
known, A, is obviously the best prediction scheme in the sense of achieving
minimal expected loss (LA < LA for any A). We prove the following loss
bound for the universal A, predictor

0 < LA — L™ < D+ 4LAD, + D2 < 2D, +2/L4D,. (1.6)

Together with L,, <n and Dy < Inw;1 < o0, this shows that %L,’}E - %L,/l‘“ =
O(n~/2), i.e. asymptotically Ag¢ achieves the optimal average loss of A, with
rapid convergence. Moreover, L¢ is finite if LA# is finite, and L /LA« — 1 if
L2 is not finite. Bound (1.6) also implies L2 > L3¢ —2,/L% D,,, which shows
that no (causal) predictor A whatsoever achieves significantly less (expected)
loss than A¢. Note that for w, =27%®) D, <In2-K(u) is of “reasonable”
size. Instantaneous loss bounds can also be proven.

1.3.3 Optimality Properties

For any predictor A, a worst-case lower bound that asymptotically matches the
upper bound (1.6) can be derived. More precisely, let A be any deterministic
predictor not knowing from which distribution p € M the observed sequence
Z1%3... is sampled. Predictor A knows (depends on) M, w,, and #, and has at
time ¢ access to the previous outcomes z.;. Then for every n there is an M
and p€ M and £ and weights w, such that

LA — LM > L[S, + /4L S, + S2], and D,/S,—1 for n— occ.

For the universal predictor A=A, the lower bound holds even without the
factor . This shows that bound (1.6) is quite tight in the sense that no
other predictor can lead to significantly smaller bounds without making extra
assumptions on M, w,,, or £. For instance, for logarithmic and quadratic loss
functions the regret LA¢ — L4 is finite and bounded by lnw;l.

A different kind of optimality is Pareto optimality. Let F(u,p) be any
performance measure of p relative to p. The universal prior ¢ is called Pareto
optimal w.r.t. F if there is no p with F(v,p) < F(v,€) for all v € M and
strict inequality for at least one v. We show that the universal prior £ is
Pareto optimal w.r.t. the squared distance S, the relative entropy D,,, and
the losses L,,. That is, for all performance measures that are relevant from a
decision-theoretic point of view (i.e. for all loss functions ¢) any improvement
achieved by some predictor A, over A¢ in some environments v is balanced
by a deterioration in other environments. There are non-decision-theoretic
performance measures w.r.t. which £ is not Pareto optimal. Pareto optimality
is a rather weak notion of optimality, but it emphasizes the distinctiveness of
Bayes mixture strategies.
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Pareto optimality of £ still leaves open the question of how to choose the
class M and the weights w,. We have argued that My is the largest M
suitable from a computational point of view. My is also sufficiently large if
we make the mild assumption that strings are sampled from a computable
probability distribution. We show that within the class of enumerable weight
functions with short program, the universal weights w, =2"5®) lead to the
smallest performance bounds within an additive (to Inw;') constant in all
enumerable environments. This argument justifies the selection of Solomonoff-

Levin’s prior (1.3) among all possible Bayes mixtures?

1.3.4 Miscellaneous

Games of chance. The general loss bound (1.6) can, for instance, be used
to estimate the time needed to reach the winning threshold in a game of
chance (defined as a sequence of bets, observations and rewards). At time ¢
we bet, depending on the history x.;, a certain amount of money s;, take some
action yy, observe outcome x;, and receive reward r;. Our net profit, which
we want to maximize, i p; =74 — $; € [Pmaz —PA,Pmaz)- The loss, which we
want to minimize, can be identified with the negative (scaled) profit, £;,,, =
(Pmaz —Dt)/pa € [0,1]. The A,-system acts as to maximize the p-expected
profit. Let p/» be the average expected profit of the first n rounds. Bound (1.6)
shows that the average profit of the A¢ system converges to the best possible
average profit p/» achieved by the A, scheme (p/¢ —pi+ =O(n"1/2) -0 for
n—o0). If there is a profitable scheme at all, then asymptotically the universal
A¢ scheme will also become profitable with the same average profit. We further
show using £y that (2pa/pi+)?-In2-K(u) is an upper bound on the number
of bets n needed to reach the winning zone. The bound is proportional to the
complexity of the environment u.

Continuous probability classes M. We have considered thus far count-
able probability classes M, which makes sense from a computational point
of view. On the other hand, in statistical parameter estimation one often
has a continuous hypothesis class (e.g. a Bernoulli{#) process with unknown
0€[0,1]). Let M:={ug:0 €O CR*} be a family of probability distributions
parameterized by a d-dimensional continuous parameter §. Let p= g, € M be
the true generating distribution. For a continuous Weight density w(@) >0 the
sums in (1.4) are naturally replaced by integrals: £(z1.n):= [gw(6)-po(21.n)d0
with f@ (6)d6 = 1. The most important property of f in the dlscrete case
was the dominance £(z1.,) > w, v(1.,), which was obtained from (1.4) by
dropping the sum over v. The analogous construction here is to restrict the
integral over @ to a small vicinity Ns of 6. For sufficiently smooth uy and
w(f) we expect £(x1.,)2 (z1:n), where |Njs | is the volume of

* Readers who smell some free lunch here [WM97] should appease their hunger
with Section 3.6.5.



1.4 Rational Agents in Known Probabilistic Environments 11

Ns,. This in turn leads to D, Shnw, ! +1n|Ns, |7, where w), :=w(fo). N,
should be the largest possible region in which Ingg is approximately flat on
average. More precisely, generalizing [CB90| to the non-i.i.d. case, we show
Dy, <Inw, '+ 9In2 +0(1), where the O(1) term depends on the smoothness
of pg, measured by the Fisher information. D,, is no longer bounded by a con-
stant, but still grows only logarithmically with n, the intuitive reason being
the necessity to describe 8 to an accuracy O(n~'/2). So, bound (1.6) is also
applicable to the case of continuously parameterized probability classes.

1.4 Rational Agents in Known Probabilistic
Environments

1.4.1 The Agent Model

A very general framework for intelligent systems is that of rational agents
[RN95]. In cycle k, an agent performs action yi €Y (output), which results in
a perception xx € X (input), followed by cycle k41, and so on. We assume that
the action and perception spaces X and Y are finite. We write p(z<x) =v1.%
to denote the output y1.x of the agent’s policy p on input z.g, and similarly
q{y1.x) =x1., for the environment ¢ in the case of deterministic environments.
We call policy p and environment ¢ behaving in this way chronological. The
figure on the book cover and on page 128 depicts this interaction in the case
where p and ¢ are modeled by Turing machines. Note that policy and envi-
ronment are allowed to depend on the complete history. We do not make any
MDP or POMDP assumption here, and we do not talk about states of the envi-
ronment, only about observations. In the more general case of a probabilistic
environment, given the history werye = Y1 Wr—1Y% = Y121 ---Yo—1Tk—1Yk,
the probability that the environment leads to perception zy in cycle & is (by
definition) p(wr<ryz,). The underlined argument z; in g is a random vari-
able, and the other non-underlined arguments yr .y represent conditions?
We call probability distributions like u chronological. Since value-optimizing
policies (see below) can always be chosen deterministic, there is no real need
to generalize the setting to probabilistic policies.

1.4.2 Value Functions & Optimal Policies

The goal of the agent is to maximize future rewards, which are provided by
the environment through the inputs zx. The inputs xx =70 are divided into
a regular part o and some (possibly empty or delayed) reward 7 €[0, Tynaz)-®
We use the abbreviation

5 The standard notation p(zx|yr<ryz) for conditional probabilities destroys the
chronological order and would become confusing in later expressions.

5 In the reinforcement learning literature when dealing with (PO}MDPs the reward
is usually considered to be a function of the environmental state. The zero-
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P < kW) = U <kty) (1R 1) o B <m ),

which is essentially the chain rule, and e=yr . for the empty string. We define
the (total) value of policy p in environment pu, or shorter, the u-value of p, as
the p-expected reward sum

‘/Z) = Z (Tl + +Tm)u(y£1:m)|y1;m=p(l‘<m)a (17)
Li:n
where m is the lifespan or initial horizon of the agent. The optimal policy p*
that maximizes the value Vf is

pt = argmngf., V= VH”“ = mng,f > VP Vp.

The policy p*, which we call Alu model, is optimal in the sense that no other
policy for an agent leads to higher p-expected reward. Explicit expressions for
the action yi in cycle k of the p-optimal policy p# and their value V; are

= yif 1= argma ma ... Ma Prt oo +Tm ) o)
Yo = Ui g ykxz XZ meZ( kb Tm) (R <k W)

Yr+1
Tk Th41 Tm
(1.8)
Vi = n;almenL;;xZ n;ixZ(rlJr...—i—rm).M(gghm), (1.9
Ty T2 Lrn

where yr., is the actual history. We show that these definitions are consis-
tent and correctly capture our intention. For instance, consider the expec-
timax expression (1.9): The best expected reward is obtained by averaging
over possible perceptions z; and by maximizing over the possible actions y;.
This has to be done in chronological order yiz;...ymx,m to correctly incorpo-
rate the dependencies of x; and y; on the history. This is the origin of the
alternating ezpectimaz sequence, which is similar to the well-known minimax
sequence/tree/algorithm in game theory.

1.4.3 Sequential Decision Theory & Reinforcement Learning

One can relate (1.9) to the Beliman equations [Bel57] of sequential decision
theory by identifying complete histories yr <, with states, p(yr<,yr; ) with the
state transition matrix, V7 with the value function, and y, with the action in
cycle k [BT96, RN95]. Due to the use of complete histories as state space, the
Alp model assumes neither stationarity nor the Markov property nor complete
accessibility of the environment. Every state occurs at most once in the lifetime
of the systerm. For this and other reasons the explicit formulation (1.8) is more

assumption analogue here is that the reward ri is some probabilistic function
1’ depending on the complete history. It is very convenient to integrate 7 into
zr and ' into p.
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natural and useful here than to enforce a pseudo-recursive Bellman equation
form.

As we have in mind a universal system with complex interactions, the
action and perception spaces Y and X are huge (e.g. video images), and every
action or perception itself occurs usually only once in the lifespan m of the
agent. As there is no (obvious) universal similarity relation on the state space,
an effective reduction of its size is impossible, but there is no principle problem
in determining g, from (1.8) as long as g is known and computable and X, Y
and m are finite.

Things drastically change if 4 is unknown. Reinforcement learning algo-
rithms [BT96, KLM96, SB98| are commonly used in this case to learn the
unknown g or directly its value. They succeed if the state space is either
small or has effectively been made small by generalization or function ap-
proximation techniques. In any case, the solutions are either ad hoc, work in
restricted domains only, have serious problems with state space exploration
versus exploitation, are prone to diverge, or have nonoptimal learning rates.
There is no universal and optimal solution to this problem so far. The central
theme of this book is to present a new model and to argue that it formally
solves all these problems in an optimal way. The true probability distribu-
tion g will not be learned directly, but will be replaced by some generalized
universal prior &y, which converges to u, similarly to the induction (SP) case.

1.5 The Universal Algorithmic Agent AIXI

1.5.1 The Universal AIXI Model

We have developed enough formalism to present the universal AIXI model.
All we have to do is to suitably generalize Solomonoff’s universal prior M
and to replace the true but unknown probability 4 in the Aly model by this
generalized M. Similarly to (1.1), we define M as the 2749 weighted sum
over all chronological programs (environments) ¢ that output zi.x, but with
y1.% provided on the input tape. This also generalizes £y (within an irrelevant
multiplicative constant):

Elrn) = Eolrn) = M(wry) = Z 2749, (1.10)
@:q(y1:1)=% 1.k

If not clear from context, we add superscripts SP and Al to &, to resolve
ambiguities between (1.3) and (1.10). Replacing g by £ in (1.8) the AIXT
system outputs

Yk = yi = argrg::xz‘..n;axZ(rk—i—...+rm)-§(yz<kwk:m) (1.11)
Ti Lo

in cycle & given the history yr<x. The &-value VP and the universal value Ve
are defined as in (1.7) and (1.9), with u replaced by €. The AIXI model and



14 1 A Short Tour Through the Book

its behavior is completely defined by (1.10) and (1.11}). Tt (slightly) depends
on the choice of the universal Turing machine, because K () and ¢() depend on
U and hence are defined only up to terms of order one. The AIXI model also
depends on the choice of X and Y, but we do not expect any bias when the
spaces are chosen sufficiently large and simple, e.g. all strings of length 216,
Choosing IN as the I/O spaces would be ideal, but whether the maxima {or
suprema) exist in this case has to be shown beforehand. The only nontrivial
dependence is on the horizon m. Ideally, we would like to chose m = oo, but
there are several subtleties to be unraveled later, which prevent at least a naive
limit m — oco. So apart from m and unimportant details, the AIXI system is
uniquely defined by (1.10) and (1.11) without adjustable parameters.

1.5.2 On the Optimality of AIXI

Universality and convergence of £. One can show that also £ defined in
(1.10) is universal and rapidly converges to u analogous to the induction (SP)
case. If we take a finite product of conditional £’s and use the chain rule, we
see that also £(YWr <k iy pyp) cOnVerges to p(yr <k Uy p) for k—oo. This gives
confidence that the outputs y,ﬁ of the AIXI model {1.11) could converge to the
outputs yk of the Aly model (1.8), at least for a bounded moving horizon h.
The problems with a fixed horizon m and especially m — oo will be discussed
at the end of this section.

Universally optimal Al systems. We call an Al model universal if it is
independent of the true environment u {(unbiased, model-free) and is able to
solve any solvable problem and learn any learnable task. Further, we call a
universal model universally optimal if there is no program that can solve or
learn significantly faster (in terms of interaction cycles). As the ATXT model
is parameter-free, £ converges to u, the Aly model is itself optimal, and we
expect no other model to converge faster to Al by analogy to the SP case,

we expect AIXI to be universally optimal.

This is our main claim. Further support is given below.

Intelligence order relation. We want to call a policy p more or equally
intelligent than a policy p’ and write p>p’ if p yields in every cycle k and for
every fixed history yr ., higher (future) {-expected reward sum than p'. It is a
formal exercise to show that p& >=p for all p. The AIXI model is hence the most
intelligent agent w.r.t. >. Relation > is a universal order relation in the sense
that it is free of any parameters (except m) or specific assumptions about
the environment. A proof that > is a reasonable intelligence order (which we
believe to be true) would prove that AIXI is universally optimal.

Value bounds. The values V} associated with the Alp systems correspond

roughly to the negative total loss —L#» (with n=m) of the SPp (=4,) systems.
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In the SP case we were interested in small bounds for the regret LA¢ — LAx.
Unfortunately, simple value bounds for AIXTI or any other Al system in terms
of V analogous to the loss bound (1.6) cannot hold. We even have difficulties
in specifying what we can expect to hold for ATXT or any Al system that claims
to be universally optimal. In SP, the only important property of ¢ for proving
loss bounds was its complexity K(u). In the Al case, there are no useful
bounds in terms of K{(u) only. We either have to study restricted problem or
environmental classes or consider bounds depending on other properties of u,
rather than on its complexity only.

1.5.3 Value-Related Optimality Results

The mixture distribution £. In the following, we consider general Bayes
mixtures £ over classes M of chronological probability distributions v:

&lyzy.,,) = Z w,v(y.,,) Wwith Z w,=1 and w, >0 VYve M.
veEM vEM

We define Vgp , p°, and V¢ as in (1.7)-(1.9) with p replaced by €. Policy ¢ is
called the AI¢ model. For £ =¢£p; the AIXI=AIfy model is recovered. If p is
unknown, but known to belong to the known class M, it is natural to follow
policy p¢, which maximizes Vgp . The (true u-)expected reward when following

policy pf is Vlfs. The optimal (but infeasible) policy p# yields reward Vlf"L =V
It is now of interest {(a) whether there are policies with uniformly larger value
than Vlf’E and (b} how close Vfé is to V.

Linearity and convexity of V, in p. The following properties of V, are
crucial. V7 is a linear function in p, and V' is a convex function in p in the
sense that
Ve = Z w, VP and VY < Z w, V).
veEM veM

Linearity is obvious from the definition of V7, and convexity follows easily
from the convexity of max, and nonnegativity of the weights w,. One loose
interpretation of the convexity is that a mixture can never increase perfor-
mance.

Pareto optimality of AI{. Similarly to the SP case, one can show that p¢
is Pareto optimal in the sense that there is no other policy p with VP > V,}’E
for all v € M and strict inequality for at least one v. In particular, AIXT is
Pareto optimal.

Self-optimizing policy p¢ w.r.t. average value. Since we do not know the
true environment 4 in advance, we are interested under which circumstances”

7 Here and elsewhere we interpret a,, — b, as an abbreviation for a., —b, — 0.
limm— c0bm may not, exist.
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%VVPE — LV* for horizon m — oo for all v e M. (1.12)

Note that V,, as well as p¢ =p§, depend on m. The least we must demand from
M to have a chance that (1.12) is true is that there exists a policy (sequence)
Pp="0m at all with this property, i.e.

dp: %Vf — LV for horizon m — oo forall ve M. (1.13)

We show that this necessary condition is also sufficient, i.e. (1.13) implies
(1.12). This is another (asymptotic) optimality property of policy p¢. If uni-
versal convergence in the sense of (1.13) is possible at all in a class of environ-
ments M, then policy p® converges in the same sense (1.12). We call policies
p with a property like (1.13) self-optimizing [KV86].

Unfortunately, the result is not an asymptotic convergence statement of
a single policy pf, since p¢ depends on m. The result merely says that under
the stated conditions the average value of p¢, is arbitrarily close to optimum
for sufficiently large (pre-chosen) horizon m. This weakness will be resolved
in the following.

Discounted future value function. We now shift our focus from the total
value to future values {value-to-go). First, we have to get rid of the horizon
parameter m. We eliminate the horizon by discounting the rewards ri~»vi7g
with y; >0 and 22 7; < oo and taking m— oo. The a}?alogue of m is now an
effective horizon hiff , which may be defined by Zfikh by zk et Vi Fur-
thermore, we renormalize the value V by ZZ s and denote it by V.. Finally,
we extend the definition to probabilistic policies 7 (which is not essential). We
define the vy-discounted weighted-average future value of (probabilistic) policy
7 in environment p given history yr <, or shorter, the p-value of 7 given yr .y,
as

= .
Vit (war) = Foom > (Werkt Yo ) (UL <K Y )T (Y <k i)
Wk.m

with I} := sz’?’i- The policy p” is defined as to maximize the future value

p° = arg max Vi, VP = Vkp,: P = max Vit > VP
Setting v, =1 for k<m and 7, =0 for k>m gives back the old undiscounted
model with horizon m and V&p = %Vpp . Note that Vi, depends on the real-
ized history yr.. More important, p? can be shown to be independent of k.
Similarly to the undiscounted case, one can prove that for every k£ and history
YL <k, V,;p is a linear function in p, Vk*f is a convex function in p, and p¢ is

€
Pareto optimal in the sense that there is no other policy = with V7> V,f’7 Y for

all ¥ €M and strict inequality for at least one v. Finally, p¢ is self-optimizing
(w.r.t. discounted value) if M admits self-optimizing policies:



1.5 The Universal Algorithmic Agent AIXI 17
AN €, ko
If v : VT gy Vi woepl = VZF gy Vet w.pp.l.

The probability qualifier refers to the historic perceptions z. The historic
actions y.y are arbitrary. Note that & is a real running value, namely the
current cycle number, whereas m was a pre-chosen fixed horizon.

1.5.4 Markov Decision Processes

From all possible environments, Markov (decision) processes are probably the
most intensively studied ones. yu is called a (completely observable stationary)
Markov decision process (MDP} if the probability of perceiving zj € X, given
history yr«xyr only depends on the last action ¢, €)Y and the last perception
Ti—1, Le. if plwapyrzy) = p(zr—1yrzy). In this case xy is called a state, X
the state space, and pu(xp_1yrz;) the transition matriz. An MDP g is called
ergodic if there exists a policy under which every state is visited infinitely
often with probability 1. If an MDP u(xk_1ykz;) is independent of the action
yx it is a Markov process; if it is independent of the last perception zy_; it is
an 4.i.d. process.

Stationary MDPs p with geometric discounting -y, = * have stationary
optimal policies p* mapping the same state/perception xx always to the same
action gy. On the other hand, a mixture & of MDPs is itself not an MDP, i.e.
£ & Mypp, which implies that pf is, in general, not a stationary policy.

One can construct self-optimizing policies for the class of ergodic MDPs

w.r.t. the average value %Vp” and if :’% — 1 also w.r.t. to the discounted
Ye+1

future value V,;p . The necessary condition — 1 ensures unboundedly

L
increasing effective horizon hzf f. The existence of self-optimizing policies for
ergodic MDPs implies that for a countable class M of ergodic MDPs, the policies
p%, maximizing V¢ and p¢ maximizing V,;E are self-optimizing in the sense
that

3 — (3 —
VoeM: LVEnY M2 Lymy and VEY RS VR if M1 (114)

We also show that if M is finite, then the speed of the first convergence
is at least O(m~'/3). The conditions I'x < oo and £ — 1 on the discount

sequence are, for instance, satisfied for 7 = 1/k%, but not for the popular
geometric discount v =+v*, which has finite effective horizon.

Limits (1.14) show that p* is self-optimizing for bandits, i.i.d. processes,
and classification tasks, since they are special (degenerate) cases of ergodic
MDPs. The existence of self-optimizing policies is not limited to (subclasses
of ergodic) MDPs. Certain classes of POMDPs, k*"-order ergodic MDPs, factor-
izable environments, repeated games, and prediction problems are not MDPs,
but nevertheless admit self-optimizing policies. Hence the corresponding Bayes
optimal mixture policy p¢ is self-optimizing.
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1.5.5 The Choice of the Horizon

The only significant arbitrariness in the AIXI model lies in the choice of the
lifespan m or in the discounted case in the discount sequence ;. We will not
discuss ad hoc choices for specific problems. We are interested in universal
choices. In many cases the time we are willing to run a system depends on
the quality of its actions. Hence, the lifetime, if finite at all, is not known in
advance. Geometric discounting ¢~ 75 -v* solves the mathematical problem of
m— oo but is not a real solution, since an effective horizon h%f ~Iny ™! <00 has
been introduced. The scale-invariant discounting ry~»rg-k~ with a>1 has a
dynamic horizon h~k. This choice has some appeal, as it seems that humans of
age k years also usually do not plan their lives for more than the next ~k years.
It also satisfies the condition % — 1, necessary for AI¢ being self-optimizing
in ergodic MDPs. The largest lower semicomputable horizon with guaranteed
finite reward sum I < oo is obtained by the discount ry~» 7 -275 %) where
K (k) is the Kolmogorov complexity of k. This is maybe the most attractive
universal discount. It is similar to a near-harmonic discount 1~ 7y -k~ 1+,
since 27 5®) <1/k for most k and 2=K®) > ¢/(klog®k) for some constant c.
We are not sure whether the choice of the horizon is of marginal importance,
as long as it is chosen sufficiently large, or whether the choice will turn out
to be a central topic for the AIXI model or for the planning aspect of any
universal Al system in general. Most, if not all, problems in agent design of
balancing exploration and exploitation vanish by a sufficiently large choice of
the (effective) horizon and a sufficiently general prior.

1.6 Important Environmental Classes

In this and the next section we define £ =& < M be Solomonoff’s prior, i.e.
AI¢=AIXI. Each subsection represents an abstract on what will be done in
the corresponding section of Chapter 6.

1.6.1 Introduction

In order to give further support for the universality and optimality of the AI£
theory, we apply AI{ to a number of problem classes. They include sequence
prediction, strategic games, function minimization and, especially, how AI¢
learns to learn supervised. For some classes we give concrete examples to illu-
minate the scope of the problem class. We first formulate each problem class
in its natural way (when p*"'*™ is known) and then construct a formulation
within the Aly model and prove its equivalence. We then consider the conse-
quences of replacing p by €. The main goal is to understand why and how the
problems are solved by AI£. We only highlight special aspects of each problem
class. The goal is to give a better picture of the flexibility of the AI£ model.
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1.6.2 Sequence Prediction (SP)

Using the ATy model for sequence prediction (SP) is identical to Bayesian
sequence prediction SPu. One might expect, when using the AI£ model for
sequence prediction, one would recover exactly the universal sequence predic-
tion scheme SP¢, as AI¢ was a unification of the Al model and the idea of
universal probability £. Unfortunately, this is not the case. One reason is that
€ is only a probability distribution in the inputs x and not in the outputs y.
This is also one of the origins of the difficulty of proving loss/value bounds for
Al€. Nevertheless, we argue that AI£ is as well suited for sequence prediction
as SP¢. In a very limited setting we prove a (weak) error bound for AI€, which
gives hope that a general proof is attainable.

1.6.3 Strategic Games (SG)

A very important class of problems are strategic games (SG). We restrict
ourselves to deterministic strictly competitive strategic games like chess. If the
environment is a minimax player, the ATy model itself reduces to a minimax
strategy. Repeated games of fixed lengths are a special case of factorizable .
The consequences of variable game lengths are sketched. The AI£ model has to
learn the rules of the game under consideration, as it has no prior information
about these rules. We describe how AI€ actually learns these rules.

1.6.4 Function Minimization (FM)

Many problems fall into the category ‘resource-bounded function minimiza-
tion” (FM). They include the traveling salesman problem, minimizing pro-
duction costs, inventing new materials or even producing, e.g. nice paintings,
which are (subjectively) judged by a human. The task is to {(approximately)
minimize some function f:) — Z within a minimal number of function calls.
We will see that a greedy model trying to minimize f in every cycle fails.
Although the greedy model has nothing to do with downhill or gradient tech-
niques (there is nothing like a gradient or direction for functions over ),
which are known to fail, we discover the same difficulties. FM has already
nearly the full complexity of general Al. The reason being that FM can ac-
tively influence the information gathering process by its trials y; (whereas SP
and CF=classification cannot). We discuss in detail the optimal FMy model
and its inventiveness in choosing the y€). A discussion of the subtleties when
using AI¢ for function minimization follows.

1.6.5 Supervised Learning from Examples (EX)

Reinforcement learning, as the AI€ model does, is an important learning tech-
nique, but not the only one. To improve the speed of learning, supervised
learning, i.e. learning by acquiring knowledge, or learning from a constructive
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teacher, is necessary. We show how AI¢ learns to learn supervised. It actually
establishes supervised learning very quickly within O(1) cycles.

1.6.6 Other Aspects of Intelligence

Finally, we give a brief survey of other general aspects, ideas and methods in
Al and their connection to the AI£ model. Some aspects are directly included
in the AI£ model, while others are or should be emergent.

1.7 Computational Aspects

Up to now we have shown the universal character of the AIXI model but
have completely ignored computational aspects. We start by developing an
algorithm M. that is capable of solving any well-defined problem p as quickly
as the fastest algorithim computing a solution to p, save for a factor of 1+¢
and lower-order additive terms. Based on a similar idea we then construct a
computable version of the AIXI model.

1.7.1 The Fastest & Shortest Algorithm
for All Well-Defined Problems

Introduction. A wide class of problems can be phrased in the following
way. Given a formal specification f: X' — Y of a problem depending on some
parameter x € X, we are interested in a fast algorithm computing solution
yeY.

Levin search is (within a large constant factor) the fastest algorithm to in-
vert a function g: Y — &, if g can be evaluated quickly [Lev73b, Lev84]. Levin
search can also handle time-limited optimization problems [Sol86]. Prime fac-
torization, graph coloring, and truth assignments are example problems suit-
able for Levin search, if we want to find a solution, since verification is quick.
Levin search cannot decide the corresponding decision problems. It is also
not applicable to, e.g. matrix multiplication and reinforcement learning, since
the verification task ¢ is as hard as the computation task. Blum’s speed-up
theorem [Blu67, Blu71] shows that there are types of problems f for which an
(incomputable) sequence of speed-improving algorithms (of increasing size)
exists, but no fastest algorithm.

In the approach presented here, we consider only those algorithms that
provably solve a given problem and have a fast (i.e. quickly computable) time
bound. Neither the programs themselves nor the proofs need to be known
in advance. Under these constraints we construct the asymptotically fastest
algorithm save a factor of 1+& that solves any well-defined problem f.

The fast algorithm M. Let p* be a given algorithm computing p* (z)
from z, or, more generally, a specification of a function f. One ingredient to
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our fastest algorithm M. to compute p* (x) is an enumeration of proofs of
increasing length in some formal axiomatic system. If a proof actually proves
that some p is functionally equivalent to p*, and p has time bound ¢,, the tuple
(p:tp) is added to a list L. The program p in L with the currently smallest
time bound ¢,(z) is executed. By construction, the result p(z) is identical
to p*(x). The trick to achieve a small runtime is to schedule everything in a
proper way, in order not to lose too much performance by computing slow p’s
and t,’s before the p has been found.

More formally, we say that a program “p computes function f”, when a
universal reference Turing machine U on input (p,z) computes f(z) for all z.
This is denoted by U(p,z) = f(z). To be able to talk about proofs, we need
a formal logic system (V,Ay;,ci,fi,Ri,—,A,=,...) and axioms and inference
rules. A proof is a sequence of formulas, where each formula is either an
axiom or inferred from previous formulas in the sequence by applying the
inference rules. We only need to know that provability, Turing Machines, and
computation time can be formalized, and that the set of (correct) proofs is
enumerable. We say that p is provably equivalent to p* if the formula [Vy:
U(p,y)=U(p*,y)] can be proven. Let us fix e€(0,3). M. runs three algorithms
A, B, and C in parallel:

M- (z)

Initialize the shared variables Run through all proofs.
L:={}, tfust:=00, DPfast:=p" if a proof proves for some (p,t) that
Start algorithms A, B, and C p(-) is equivalent to (computes) p*(-)

in parallel with relative computational and has time bound #(-)
resources ¢, ¢, and 1—2¢, respectively.  then add (p,?) to L.

Compute all ¢(z) in parallel run U on (psast,x).

for all (p,t) € L with For each time step decrease tfqq¢ by 1.

relative computation time 27 6@ —E®) if U halts then print result U(pyase,z)
if for some %, t(z) <tfast, and abort computation of A, B and C.
then tyos:=t(z) and prost:=p.

continue

Note that A and B only terminate when aborted by C. It is obvious that M.
is equivalent to (computes) p*. We show that the computation time of M, is
bounded by

timepe, (z) < (14¢) - tp(2) + & time, (x) + 2,

d, = 3.90P)+(ts) ¢p = 3.2£(P7‘00fp))+1.O(E(proofp)z),

where p is any algorithm, provably computing the same function as p* with
computation time provably bounded by the function t,(z) for all @, and
time;, () is the time needed to compute the time bound #,(x). Known
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time bounds for practical problems can often be computed quickly, i.e.
timey, (z)/time,(x) often converges very quickly to zero. Furthermore, from
a practical point of view, the provability restrictions are often rather weak.
Hence, we have constructed for all those problems a solution that is asymp-
totically only a factor 1+¢ slower than the (provably) fastest algorithm. On
the flip side, for realistically sized problems, the lower-order terms usually
dominate, which limits the practical use of M..

Algorithmic complexity and the shortest algorithm. A natural defi-
nition for the (Kolmogorov) complexity of a function f is the length of the
shortest program computing f: K'(f) := min,{é(p) : U(p,x) = f(z) Va}. Un-
fortunately, K’ suffers from not even being approximable, since functional
equality of programs is in general undecidable. Let p* be a formal specifica-
tion or a program for f. Using K(p*) is also not a suitable alternative, since
it essentially depends on the choice of p* because, e.g. “dead code” in p* con-
tributes to K (p*). A satisfactory solution is to take the length of the shortest
program provably equivalent to p*:

K"(p*) := min{¢(p) : a proof of [Vy:U(p,y) = U(p*,y)] exists}.
P

K" (like K) is upper semicomputable. Let p’ be some short description of p*.
We are now concerned with the computation time of p’. Could we get slower
and slower algorithms by compressing p* more and more? Interestingly, this is
not the case. Inventing complex (long) programs is not necessary to construct
asymptotically fast algorithms, under the stated provability assumptions, in
contrast to Blum’s theorem [Blu67, Blu71]. We show that there exists a pro-
gram p, equivalent to p* with

(1) p) K"(p*) +0(1),
(it) times(z) < (1+¢)ty(x) + %ﬁ~timetp (z)+ 2,

IN

where p is any program provably equivalent to p* with computation time
provably less than t,(z). That is, p is simultaneously among the shortest and
fastest programs.

Generalizations. Algorithm M. can be modified to handle I/O streams,
definable by a Turing machine with unidirectional input and output tapes
(and bidirectional work tapes) receiving an input stream and producing an
output stream, as is the case in the agent setup.

1.7.2 Time-Bounded AIXI Model

The major drawback of the AIXI model is that it is uncomputable. To over-
come this problem, we construct a modified algorithm AIXI#l, which is still
superior to any other time ¢ and length ! bounded agent. The computation
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time of AIXItl is of the order ¢-2'. Reducing the large factor 2! along the lines
of the previous subsection is possible, but will not be presented here.

Non-effectiveness of AIXI. ¢A1=¢A! is not a computable but only an enu-
merable semimeasure. Hence, the output g of the AIXI model is only asymp-
totically computable (approximable). AIXI yields an algorithm that produces
a sequence of trial outputs eventually converging to the correct output s,
but one can never be sure whether one has already reached it. Besides this,
convergence is extremely slow, so this type of asymptotic computability is of
no direct practical use. Furthermore, the replacement of ¢ by time-limited
versions [LV91, LV97], which is suitable for sequence prediction, fails for the
ATXI model. This leads to the issues addressed next.

Time bounds and effectiveness. Let p be a policy that calculates an ac-
ceptable output within a reasonable time # per interaction cycle. This sort of
computability assumption, namely, that a general-purpose computer of suffi-
cient power and appropriate program is able to behave in an intelligent way, is
the very basis of Al research. Here it is not necessary to discuss what exactly
is meant by ‘reasonable time/intelligence’ and ‘sufficient power’. What we are
interested in is whether there is a computable version of the AIXI system
that is superior or equal to any policy p with computation time per cycle of
at most .

What one can realistically hope to construct is an AIXIZ system of com-
putation time ¢t per cycle for some constant ¢. The idea is to run all programs
p of length <I:=¢(p) and time <7 per cycle and pick the best output in the
sense of maximizing the universal value V¢ The total computation time is ct

with c~2!. Unfortunately, V¢ cannot be used directly since this measure is it-
self only semicomputable and the approximation quality by using computable
versions of A given a time of order c £ is crude [LV97]. On the other hand,
we have to use a measure that converges to VE* for £,l — 0o, since we want the

AIXTE model to converge to the AIXI model in that case.

Valid approximations. We suggest the following solution satisfying the
above conditions: The main idea is to consider extended chronological incre-
mental policies p, which in addition to the regular output yz rate their own
output with w?. The AIXTI model selects the output g =y, of the policy
p with highest rating w}. Policy p might suggest any output y}, but it is
not allowed to rate itself with an arbitrarily high w? if one wants w} to be
a reliable criterion for selecting the best p. One must demand that no policy
p is allowed to claim that it is better than it actually is. We define a logical
predicate VA(p), called walid approzimation, which is true if and only if p
always satisfies w} < Vg’(ycdg), i.e. never overrates itself. Vg’(yr<k) is the AL
expected future reward under policy p. Valid policies p can then be (partially)
ordered w.r.t. their rating w?.

The universal time-bounded AIXI#! system. In the following, we de-
scribe the algorithm p* underlying the AIXIt system. It is essentially based
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on the selection of the best algorithms p} out of the time ¢ and length [
bounded policies p, for which there exists a proof P of VA(p) with length
<lp.

1. Create all binary strings of length [p and interpret each as a coding of a
mathematical proof in the same formal logic system in which VA(:) has
been formulated. Take those strings that are proofs of VA(p) for some p
and keep the corresponding programs p.

2. Eliminate all p of length >1.

3. Modify the behavior of all remaining p in each cycle k as follows: Nothing
is changed if p outputs some w}y? within ¢ time steps. Otherwise stop p
and write wi =0 and some arbitrary y; to the output tape of p. Let P be
the set of all those modified programs.

4. Start first cycle: k:=1.

5. Run every p€ P on extended input ¢ <, where all outputs are redirected

to some auxiliary tape: p(tE<x) = wlyl...wlyl. This step is performed

incrementally by adding ¢i,_; for £>1 to the input tape and continuing
the computation of the previous cycle.

Select the program p with highest rating wy: p} :=argmax,w}.

Write 9, ::yiz to the output tape.

Receive input & from the environment.

Begin next cycle: k:=k+1, goto step 5.

©® N e

Properties of the p* algorithm. Let p be any extended chronological (in-
cremental) policy of length ¢(p) <[ and computation time per cycle t(p) <1,
for which there exists a proof of VA(p) of length <!p. The algorithm p*, de-
pending on [, f and [p but not on p, has always higher rating than any such p.
The setup time of p* is tsetup(p*) =O(1%-2!7), and the computation time per
cycle is teyee(p*) = 0(2!-1). Furthermore, for #,1,lp — oo, policy p* converges
to the behavior of the AIXI model.

Roughly speaking, this means that if there exists a computable solution
to some Al problem at all, then the explicitly constructed algorithm p* is
such a solution. This claim is quite general, but there are some limitations
and open questions regarding the setup time, regarding the necessity that
the policies must rate their own output, regarding true but not (efficiently)
provable VA(p), and regarding “inconsistent” policies.

1.8 Discussion

What has been achieved. We suggested an elegant mathematical foun-
dation of artificial intelligence. More specifically, we developed a theory for
rational agents acting optimally in any environment. Thereby we touched var-
ious scientific areas, including reinforcement learning, algorithmic information
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theory, computational complexity theory, probability theory, sequential deci-
sion theory, and many more. We presented sequential decision theory in a very
general form and unified it with Solomonoff’s theory of universal induction,
both shown to be optimal in their own domain. The resulting parameter-
free AIXI model constitutes an agent for which we gave strong arguments
that it behaves optimally in any environment. For restricted environmental
classes and Bayes mixtures £ we showed that AI£ is self-optimizing and Pareto
optimal. We discussed the choice of the horizon and motivated the use of
non-geometric discounting of rewards. We also discussed a number of impor-
tant problem classes, including sequence prediction, strategic games, function
minimization, and supervised learning. All in all, this shows that artificial
intelligence can be framed by an elegant mathematical theory. Some progress
has also been made toward an elegant computational theory of intelligence.
AIXItl has optimal order of computation time, apart from a large multiplica-
tive constant, which we could get rid of at the expense of an (unfortunately
even larger) additive constant.

Comparison to other approaches. There are many other approaches to
Al, too many to mention them all. Among the models that can learn from
experience are the “classical” reinforcement learning algorithms like temporal
difference learning [SB98], adaptive variants of Levin search [SZW97, Sch04],
prediction with expert advice [CB97], market/economy-based reinforcement
learning [Bau99, KHS01bj, etc. All these models have been implemented and
are applicable in limited domains, often with reasonable performance. In con-
trast, AIXI(¢!) behaves optimally in every (completely general) environment,
is data efficient, has generalization capabilities, addresses the exploration ver-
sus exploitation problem, etc., but is computationally not feasible without
further approximations.

Outlook & open questions. The major theoretical challenge is to derive
good non-asymptotic bounds on the value or related quantities for AI£ and
AIXI, ideally as strong as in the sequence prediction case. The major prac-
tical challenge is to scale the AI£ model down, e.g. by using more restricted
forms of £, like the minimum description length principle does for universal
induction. The AIXI#/ model is a different, very general approach toward a
computational model. Unfortunately, it suffers from the same large factor 2¢ in
computation time as Levin search for inversion problems [Lev73b, Lev84]. On
the other hand, Levin search has been implemented and successfully adapted
and applied to a variety of problems [Sch97, Sch04, SZW97], and the mul-
tiplicative constant can be eliminated as in Mj. or reduced by the Godel
machine [Sch03b]. Inspecting existing approaches suggests that, while AIXT is
an elegant mathematical theory that seems to serve all formal needs, compu-
tational Al may be messy. For instance, special-purpose algorithms for pre-
processing inputs and postprocessing outputs are likely to be necessary in any
efficient Al system. Another issue is that of incorporating extra knowledge.
In principal there is no need to modify AIXI, since any prior knowledge can
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simply be presented as first input z; in any format. As long as the algo-
rithm to interpret the data is of size O(1), AIXI will “understand” the data
after a few cycles. Another important issue is that of the training process it-
self. By a training process we mean a sequence of simple-to-complex tasks to
solve, with the simpler ones helping in learning the more complex ones. These
and many other conceptual, practical, and philosophical issues, including con-
current actions and perceptions, the choice of the I/O spaces, treatment of
encrypted information, peculiarities of mortal embodied agents, the free will
paradox, the existence of objective probabilities, the Turing test, the existence
of efficient and elegant universal theories of intelligence related to Penrose’s
non-computable environments and Chaitin’s ‘number of wisdom’ 2 will be
addressed later in the book.

1.9 History & References

Introductory textbooks. The book of Hopcroft and Ullman, and in the
new revision coauthored by Motwani [HMUO1], is a very readable elementary
introduction to automata theory, formal languages, and computation theory.
The artificial intelligence book [RN95] by Russell and Norvig gives a compre-
hensive overview over Al approaches in general. For an excellent introduction
to algorithmic information theory, Kolmogorov complexity, and Solomonoff
induction one should consult the book of Li and Vitdnyi [LV97], or the book
of Calude [Cal02] which focuses more on algorithmic randomness. The rein-
forcement learning book by Sutton and Barto [SB98] requires no background
knowledge, describes the key ideas, open problems, and great applications of
this field. A tougher and more rigorous book by Bertsekas and Tsitsiklis on
sequential decision theory provides all (convergence) proofs [BT96].

Algorithmic information theory. Kolmogorov [Kol65] suggested to define
the information content of an object as the length of the shortest program
computing a representation of it. Solomonoff [Sol64] invented the closely re-
lated universal prior probability distribution and used it for binary sequence
prediction [Sol64, Sol78} and function inversion and minimization [Sol86]. To-
gether with Chaitin [Cha66, Cha75], this was the invention of what is now
called algorithmic information theory. For further literature and many ap-
plications see {LV97, Cal02]. Other interesting applications can be found in
[Cha91, Sch99, VW98, CV03]. Related topics are the weighted majority al-
gorithm invented by Littlestone and Warmuth [LW94], universal forecasting
by Vovk [Vov92], Levin search [Lev73b}, PAC-learning introduced by Valiant
[Val84] and minimum description length [LV92a, Ris89]. Resource-bounded
complexity is discussed in [Dal73, Dal77, FMG92, Ko86, PF97], resource-
bounded universal probability in [LV91, LV9T7, Sch02b]. Implementations are
rare and mainly due to Schmidhuber {Sch95, WS96, Sch97, SZW97, Sch03a,
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Sch04]. Good reviews with a philosophical touch are [LV92b, Sol97]. For an
older general review of inductive inference see Angluin [AS83].

Sequential decision theory. The other ingredient in our AIXI model is
sequential decision theory. We do not need much more than the maximum
expected utility principle and the expectimax algorithm [Mic66, RN95]. The
book of von Neumann and Morgenstern [NM44] might be seen as the initiation
of game theory, which already contains the expectimax algorithm as a special
case. If the true environmental g is unknown, it needs to be learned with, e.g.
the help of reinforcement learning algorithms. Existing reinforcement learning
algorithms are [Sam59, BSA83, Sut88, Wat89, WD92, MA93, Tes94, BT96,
KLM96, KLC98, WS98, KS98], but they are rather limited in view of AIXI.
The literature on reinforcement learning and sequential decision theory is so
vast that we refer to the textbooks [SB98, BT96, KV86] for further references.

The author’s contributions. Many of the issues addressed in this book
can already be found scattered in various reports and publications by the au-
thor: The AIXI model was first introduced and discussed in March 2000 in
[Hut00] in a 62-page-long report. More succinct descriptions were published in
[Hut01d, Hut0le]. The AIXI model has been argued to formally solve a num-
ber of problem classes, including sequence prediction, strategic games, func-
tion minimization, reinforcement and supervised learning [Hut00]. The gener-
alization AI£ has recently been shown to be self-optimizing and Pareto opti-
mal [Hut02b]. The construction of a general fastest algorithm (within a factor
of 5) for all well-defined problems [Hut02a] arose from the construction of
the time-bounded AIXI# model [Hut00, Hut01d]. Convergence [Hut03b] and
tight [Hut03c] error [HutOlc, Hut01a] and loss [HutO1b, Hut03a] bounds for
Solomonoff’s universal sequence prediction scheme have been proven. These
and other papers are available at http://www.idsia.ch/~marcus/ai.
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Nulla pluralitas est ponenda nisi per rationem vel ex-
perientiam vel auctoritatem illius, qui non potest falli
nec errare, potest convinci.

A plurality should only be postulated if there is some
good reason, experience, or infallible authority for it.

William of
— William of Ockham Ockham

(1285-1349)
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This chapter deals with the question of how to make predictions in unknown
environments. Following a brief description of important philosophical atti-
tudes regarding inductive reasoning and inference, we describe more accu-
rately what we mean by induction, and motivate why we can focus on sequence
prediction tasks. The most important concept is Occam’s razor (simplicity)
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principle. Indeed, one can show that the best way to make predictions is based
on the shortest (= simplest) description of the data sequence seen so far. The
most general effective descriptions can be obtained with the help of general
recursive functions; or equivalently by using programs on Turing machines,
especially on the universal Turing machine. The length of the shortest pro-
gram describing the data is called the Kolmogorov complexity of the data.
Unfortunately, the Kolmogorov complexity is not finitely computable, which
makes it necessary to introduce several weaker computability concepts. Prob-
ability theory is needed to deal with uncertainty. The environment may be a
stochastic process (e.g. gambling houses or quantum physics), which can be
described by “objective” probabilities. But also uncertain knowledge about
the environment, which leads to beliefs about it, can be modeled by “sub-
jective” probabilities. The old question left open by subjectivists of how to
choose the a priori probabilities is solved by Solomonoff’s universal prior,
which is closely related to Kolmogorov complexity. Solomonoff’s major result
is that the universal (subjective} posterior converges to the true (objective)
environment (probability) p. The only assumption on p is that p (which needs
not be known!) is computable. The problem of the unknown environment p is
hence solved for all problems of inductive type, like sequence prediction and
classification. Finally, we show the (non)existence of universal priors for the
other introduced computability concepts.

For a slower and more detailed introduction into Kolmogorov complexity
and Solomonoff induction and most proofs one should consult the excellent
book of Li and Vitanyi [LV97].

2.1 Introduction

One very important and nontrivial aspect of intelligence is inductive inference.
After discussing some examples we present the philosophical foundations, and
thereafter the sequential setup we are interested in.

2.1.1 Examples of Induction Problems

What is the probability that the sun will rise tomorrow? Several answers
come into mind: The probability is undefined, because there has never been
an experiment that tested the existence of the sun tomorrow (reference class
problem). The probability is 1, because in all experiments in the past the sun
rose. The probability is 1—¢, where ¢ < 1 is the proportion of stars in the
universe that explode in a supernova per day. The probability can be derived
from the type, age, size and temperature of the sun, even though we never
have observed another star with exactly these properties. The probability is
4+l where d is the number of past days the sun rose (Laplace’ rule, see

d+23
Problem 2.11).
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Another example is extending binary sequences, like 1100100100001111-
1101101010100.... The sequence looks random, so likely also its continuation.
A closer look reveals that the sequence is the binary expansion of 7, so we
are probably better off predicting its continuation 010001.... We prefer answer
010001..., since we see more structure in the sequence than just random digits.

As another example, consider number sequences xi,r2,r3,Z4,..., like
1,2,3.4,... of IQ tests. Virtually everybody predicts 5 =5 as the next num-
ber since z; = ¢ for i = 1...4, but x5 = 29 could also be argued for since
x; = i*— 103+ 3552 —49i+24. We prefer answer 5 since a linear relation in-
volves less arbitrary parameters than a 4*"-order polynomial. More difficult is
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,7. The next number may be 61
since this is the next prime, or 60 since this is the order of the next simple
group. Most will answer 61, since primes are a more familiar concept than
simple groups (see [Slo04] for an encyclopedia of integer sequences).

The examples above demonstrate that finding prediction rules for every
particular (new) problem is cumbersome and prone to disagreement or con-
tradiction. What we need is a formal general theory for prediction.

2.1.2 Ockham, Epicurus, Hume, Bayes, Solomonoff

Generally speaking, induction is the process of predicting the future from the
past, or more precisely, it is the process of finding rules in (past) data and using
these rules to guess future data. Weather prediction, stock-market forecasting,
or continuing number series in an IQ test are nontrivial examples. Making
good predictions plays a central role in natural and artificial intelligence in
general, and in machine learning in particular.

On the one hand, induction seems to happen in every day life by finding
regularities in past observations and using them to predict the future. On the
other hand, this procedure seems to add knowledge about the future from past
observations. But how can we know something about the future? This dilemma,
and the induction principle in general have a long philosophical history:

o Epicurus’ principle of multiple explanations (3427-2707 B.C.)
If more than one theory is consistent with the observations, keep all the-
ories.
o Occam’s razor' (simplicity) principle (12907-13497?)
Entities should not be multiplied beyond necessity — or — keep the simplest
theory consistent with the observations.
o Hume’s negation of induction (1711-1776) [Hum39]
The belief in the possibility of true induction cannot be justified rationally.
o Bayes’ rule for conditional probabilities (1702-1761) [Bay63]
It tells us how to update our beliefs/probabilities when acquiring new
data.

! Whereas William of Ockham is spelled with ckh, for some reason Occam’s razor
is usually spelled with cec.



32 2 Simplicity & Uncertainty

Solomonoff {Sol64} cleverly unified the principles of Epicurus, Occam, and
Bayes into one formal universal theory of inductive inference. Among all pos-
sible induction schemes it is the optimal method for making predictions.

2.1.3 Problem Setup

Every induction problem can be phrased as a sequence prediction task. This
is most clearly illustrated in the domain of time-series prediction. Having ob-
served data z; at times t <n, the task is to predict the n** symbol z,, from se-
quence r;...r,_1. Classification can also be seen as a sequence prediction task.
The task of classifying a new instance z, after having seen (instance,class)
pairs (21,¢1),..,(#n—1,Cn—1) can be phrased as to predict the continuation of
the sequence z1¢1...2n_1¢n_12n2 Machine learning is often concerned with
finding the true or a predictive or a causal model based on observed data. This
step is important for understanding the domain under consideration. Under-
standing is often a goal in itself, but finally the goal is to apply the model to
make predictions. In this view, model learning is only an intermediate step.
The direct study of predictions based on past observations without discussing
models has been coined prequential approach by Dawid [Daw84] for sequence
predictions and transductive inference by Vapnik [Vap99, Sec.9.1] for classifica-
tion and regression. Several difficult issues are avoided by abandoning models.
This includes questions about model consistency, i.e. whether the true model
can be learned, and how to separate noise from useful data [GTV01, VV02].
One may even go one step further and ask why we want to make predictions.
Usually the goal of prediction is to maximize one’s profit /value, or equivalently
to minimize one’s loss. In considering only profits or losses one avoids questions
on whether prediction algorithms converge to the best possible prediction al-
gorithm (i.e. whether they are self-tuning [KV86, p232,p272]). Algorithms for
which the loss converges to the minimal possible loss are called self-optimizing
[KV86, p234]. This is a weaker demand than the ability to be self-tuning, but
is often all we really care about. The main purpose of this book is to study
algorithms that minimize loss. Convergence of posterior probability distribu-
tions or algorithms themselves or models are only considered if this is useful
for the ultimate goal of minimizing loss. To summarize our setup:

e Every induction problem can be phrased as a sequence prediction task.

e Classification is a special case of sequence prediction.
(With some tricks the other direction is also true)

e We are interested in maximizing profit or minimizing loss.
We are not primarily interested in finding (true/predictive/causal) models
or even in convergence of the predictor itself.

2 Sequence prediction may also be phrased as a classification task by adding time
tags and if one does not assume a random generation of instances. Predicting the
next symbol of sequence z1x2...Zn—1 is the same as trying to find the class label
of n after having seen (instance,class) pairs (1,21),...,(n—1,2n—1).
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e Separating noise from data is not necessary in this setting.

After having clarified the setup we now must delve into math before we can
present Solomonoff’s induction scheme.

2.2 Algorithmic Information Theory

In this section we give a very brief introduction to Kolmogorov complexity.
For a slower, more thorough and comprehensive introduction see [{LV97].

2.2.1 Definitions and Notation

We write IN ={1,2,3,...} for the set of natural numbers, IB* for the set of finite
binary strings, and B for the set of infinite binary sequences. We use letters
1,k,n for natural numbers, z,y,z for finite strings, ¢ for the empty string, 1™
the string of n ones, #(x) for the length of string x, and w for infinite strings.
We write zy for the concatenation of string z with y.

Every countable set may be identified with IV by means of a bijection.
We can interpret a string as a binary representation of a natural number.
Unfortunately, a naive identification will not be unique since, for instance,
strings 00101 and 101 both represent the number 5. We get a bijection if we
map z to the natural number that has binary representation 1z (z prefixed
with 1). We subtract 1 from this number, since we need a bijection between IB*
and INy:={0,1,2,3,...} (see Table 2.2). With this identification log,(z+1)-1<
£(x) <logy(z+1). String z is called a (proper) prefix of y if there is a z(#£¢)
such that zz=1vy. A set of strings is called prefix-free if no element is a proper
prefix of another. A prefix-free set P is also called a prefix code. Prefix codes
have the important property of satisfying Kraft’s inequality

y o2t < (2.1)

z€eP

This can be shown by assigning to each z € P an interval I, :={0.z,0.z+
2-4(=)yC[0,1), where 0.x=x2:2"%(*) is the real number with binary expansion
after the comma. The length of interval I is 2~¢(*), The intervals are disjoint,
since P is prefix free, hence Y, .2 4 =Y length(I;) <length([0,1])=1.
A converse of (2.1) can also be shown.

For 7:=1%®)0z the set {Z:7€B*} forms a prefix code with £(Z)=2¢(z)+1.
For z‘:={(z)x = 1**=)0¢(x)z the set {z':z € IB*} forms an asymptotically
shorter prefix code with £(z‘) = £(x)+2¢(¢(x))+1 (see Table 2.2). We pair
strings « and y (and 2) by {z,y):=z‘y (and {z,y,2}:=z‘y'z), which are uniquely
decodable, since z‘ and y‘ are prefix. Since ¢ serves as a separator, we also write
f(x,y) instead of f(z‘y) for functions f.

We abbreviate lim, . [f(n)—g(n)] =0 by f(n) =5 g(n) and say f
converges to g, without implying that lim,_,.,g(n) itself exists. We write
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Table 2.2 ((Prefix) coding of natural numbers and strings)
Bijection between natural numbers IV and strings IB”". Further, the length
¢(x), and first and second-order prefix coding & :=1/®)0x and z*:={(x)a.
For illustrational purpose we separated the first part ¢(z) from the second
part x by a small space. &' is longer or equal than z only for x <15, but
shorter for all x> 30.

zelN ||0]| 1 2 3 4 5 6 7
ze€B |[e| O 1 00 01 10 I 000
i(z) |0 1 1 2 2 2 2 3

x 0f{ 100 | 101 | 11000 | 11001 | 11010 | 11011 | 1110000
e 0{1000|1001|10100|10101 {10110 | 10111 [ 11000000

f(n)~g(n) and say that f is asymptotically proportional to g if 30<c<oo:
Bmy, 00 f()/g(n) =c. We write a b if a is not much larger than b, with preci-
sion left unspecified. The big-O notation f(z)=0(g(x)) means that there are
constants ¢ and x>0 such that |f(z)| <clg{x)| V2 >zo. The small-o notation
f(x) = o(g(z)) abbreviates lim, o0 f(x)/g(x) = 0. We write f(z) < g(z) for
f(z)=0(g(z)) and f(a:)%g(:c) for f(z) <g(x)+0O(1). Corresponding equali-
ties can be defined similarly. They hold if the corresponding inequalities hold
in both directions.

2.2.2 Turing Machines

A Turing machine can be considered as an idealized form of a computer. It
consists of tapes (memory), read/write heads, a table of rules (program), and
an internal state (instruction pointer). A formal definition can be found in
any textbook on computability theory, e.g. [HMUO1]. The set of partial recur-
sive functions coincides with the set of functions computable with a Turing
machine. We say that a set of objects S ={01,02,03,...} can be (effectively)
enumerated if there is a Turing machine mapping ¢ to (0;), where () is some
default coding of the elements in S.

The importance of partial recursive functions and Turing machines stems
from the following theses:

Thesis 2.3 (Turing) Everything that can be reasonably said to be com-
putable by a human using a fixed procedure can also be computed by a
Turing machine.

Thesis 2.4 (Church) The class of algorithmically computable numerical
functions (in the intuitive sense) coincides with the class of partial recursive
functions.

We need to supplement Turing’s and Church’s theses in the following way:
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Assumption 2.5 (Short compiler) Given two natural Turing-equiva-
lent formal systems F1 and F2, then there always exists a single short
program on F2 that is capable of interpreting all F'1 programs.

This means that the difference of the size of the shortest F'1 description and
the shortest F'2 description {of something) is not only bounded by a universal
constant, but that this constant is also reasonably small for naturael formal
systems. It is easy to formally convert the interpreter into a compiler by
attaching the interpreter to the program to be interpreted and by “selling”
the result as a compiled version.

This extends Church’s and Turing’s theses in two respects. First, it says
that the equivalence is effective, i.e. that there exists one program (in-
terpreter /compiler) that effectively converts F1 programs to F2 programs.
Church’s & Turing’s theses only state that the classes of computable func-
tions coincide, leaving open the possibility that there is no effective way of
transformation. Second, and more important, the extended thesis states that
the compiler is short if both formal systems are natural.

The above theses cannot be proven true or false, since human, reason-
able, intuitive, and natural have not been defined rigorously. One may define
intuitively computable as Turing computable and a natural Turing-equivalent
system as one which has a small (say < 10° bits) interpreter/compiler on a
once and for all agreed-upon fixed reference universal Turing machine. The
theses would then be that these definitions are reasonable.

For technical reasons we need the following variants of a Turing machine.

Definition 2.6 (Prefix/Monotone Turing machine) A prefix/mono-
tone Turing machine is defined as a Turing machine with one unidirectional
input tape, one unidirectional output tape, and some bidirectional work
tapes. Input tapes are read only, output tapes are write only, unidirectional
tapes are those where the head can only move from left to right. All tapes
are binary (no blank symbol). work tapes initially filled with zeros.
Prefix TM. We say T halts on input p with output 2, and write 7'(p)==
if p is to the left of the input head and 2 is to the left of the output head
after T" halts. The set of p on which T halts forms a prefix code. We call
such codes p self-delimiting programs.

Monotone TM. We say T' outputs/computes a string starting with @ (or
a sequence w) on input p, and write T'(p) =a* (or T'(p) =w) if p is to the
left of the input head when the last bit of 2 is output (7" reads all of p but
no more). 7' may continue operation and need not halt. For given x, the
set of such p forms a prefix code. We call such codes p minimal programs.

The table of rules of a Turing machine 7" can be encoded in a canonical way
as a binary string, which we denote by (T'}. Hence, the set of Turing ma-
chines {T3},T3,...} can be effectively enumerated. There are so-called universal
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Turing machines that can “simulate” all other Turing machines. We define a
particular one below, which also allows for side information y.

Theorem 2.7 (Universal prefix/monotone Turing machine)
There exists a universal prefix/monotone Turing machine U which
simulates prefix/monotone Turing machine 7; with input y'q if fed with
input y'i‘q, i.e.

Uly'i'q) = Ti(y'q) Vi, q.

We call this particular U the reference universal Turing machine. Note that
for p not of the form y‘i‘q, U(p) does not halt. In case of no side information
y = ¢, we suppress in the following the initial ' = ¢ =0 in the codes. We
also drop the adjunct ‘prefix/monotone’ if clear from the context and identify
objects with their coding (}, i.e. we omit the (). The price we have to pay
for the existence of a universal Turing machine is the undecidability of the
halting problem [Tur36]: There is no TM T with Vi,p [T'(i'p) =1 T;(p) does
not halt]. Assume such a TM exists, then R(i):=T(i‘t) is computable, hence
3j:T; =R, hence R(j)=T(j'j)=1 « T;(j) = R(j) does not halt, which is a
contradlctlon

2.2.3 Kolmogorov Complexity

In order to exploit Occam’s razor beyond intuition we need to formalize the
concept of simplicity and/or complexity. We first discuss the case of zero
background knowledge y=¢. Intuitively, a string is simple if it can be described
in a few words, like “the string of one million ones”, and is complex if there is
no such short description, like for a random string whose shortest description
is specifying it bit by bit. We are only interested in descriptions or codes
that are effective and hence restrict the decoders to Turing machines. We
say that (program) p is a description of string x relative to the prefix Turing
machine T if T'(p) =z. The length of the shortest description is denoted by
Kr(z):=min,{¢(p): T(p) =x}. This complexity measure depends on T, and
one may ask whether there exists a Turing machine which leads to shortest
codes among all Turing machines for all z. Remarkably, there exists a Turing
machine (the universal one) which “nearly” has this property. If p is the
shortest description of & under 7'=T;, then i‘p is a description of & under U,
hence

Ky(z) < Kr(z) + cru (2.8)

with ey =£(3°), and similarly for other choices of universal Turing machines.
The length of the shortest description of z under U is at most a constant
number of bits longer than the shortest description under 7. The statement
and proof of this invariance theorem in [Sol64, Kol65, Cha69] is often regarded
as the birth of algorithmic information theory. Furthermore, for each pair of
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universal Turing machines U’ and U” satisfying the invariance theorem the
complexities coincide up to an additive constant (| Ky (z)— Ky ()| <cprur).

Since cp:y~ is essentially a compiler/interpreter constant, we recall As-
sumption 2.5 and interpret the assumption as ¢y~ being small for natural
universal Turing machines U’ and U”. Henceforth we write O(1) for terms like
cyryr that only depend on the choice of universal Turing machines, but which
are independent of the strings under consideration. We extend the definition
of complexity to allow for side information y.

Definition 2.9 (Kolmogorov complexity) Let U be the reference uni-
versal prefix Turing machine U of Theorem 2.7. The (conditional) prefix
Kolmogorov complexity is defined as the shortest program p, for which U
outputs x (given y):

K(z) := min{l(p) : U(p) = x}, K(xly) := min{l(p): U(y'p) =z}
P

n

For general {non-string) objects (like computable functions) one can specify
some default coding and define K (object):=K((object)), especially for num-
bers and pairs, e.g. we abbreviate K (z,y) := K{({(z,5}) = K(z‘y). The most
important information-theoretic properties of K are listed below.

Theorem 2.10 (Properties of Kolmogorov complexity)
(7) K(x) é {(x)+2log, £(x), K(n) é logon+2log,log n

(i) 3.,27K@) <1, K(x) > ¢(z) for ‘most’ , K (n)— o0 for n—oc

(ii2) K(x|y) 2 K(x) Z fi'(f' y)

(iv) K(xy) é (x,y) < K(z)+K(y|z) é K(x)+K(y)

(v) K(x|ly,K(y))+K(y) = I\(f y) £ K(y.z) £ K(ylo.K(2)+ K (x)

(vi) K(f(z)) = K {(z)+K(f) for recursive f:IB*— IB*
)

(vii) K(z) < —logy P(x)+ K (P) if P:IB*—|0,1] is enum. and ) P(x) <1

All (in)equalities remain valid if K is (further) conditioned under some z, i.e.
K(..)~ K(..|z) and K(...Jy)~ K(...]y,2). Those stated are all valid within
an additive constant of size O(1), but there are others that are only valid to
logarithmic accuracy. K has many properties in common with Shannon en-
tropy as it should be, since both measure the information content of a string.
Property (7) gives an upper bound on K, and property (i¢) is Kraft’s inequal-
ity which implies a lower bound on K valid for ‘most’ n, where ‘most’ means
that there are only o(/N) exceptions for ne€ {1,...,N} (Figure 2.11). Providing
side information y can never increase code length, requiring extra information
y can never decrease code length (4¢7). Coding x and y separately never helps
(#v), and transforming = does not increase its information content (vi). Prop-
erty (vi) also shows that if z codes some object o, switching from one coding
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y log(x)+2log(log(x)).

Figure 2.11 (Kolmogorov Complexity) Schematic graph of prefix Kol-
mogorov complexity K (z) with string x interpreted as integer. K{z) >z for
‘most’ z and K (x) <log,x+2log,logz+c for all x for sufficiently large constant
c.

scheme to another by means of a recursive bijection f leaves K unchanged
within additive O(1) terms. The first nontrivial result is the symmetry of in-
formation (v), which is the analogue of the chain rule (see below). Property
(vii) is at the heart of the MDL principle [Ris89], which approximates K (z)
by —log, P(x)+ K (P).

All upper bounds on K(z) are easily proven by devising some (effective)
code for z of the length of the right-hand side of the inequality and by noting
that K (z) is the length of the shortest code among all possible effective codes.
For instance, if T;, with ig=0(1) is a Turing machine with T;,(¢‘z‘) =z, then
U(e‘igz*) =; hence K () <l(e‘iz*) =4(z*) %f(m)—l—?log#(x), which proves (7).
In (vii) one uses the Shannon-Fano code based on probability distribution P.
Lower bounds are usually proven by counting arguments (easy for (i7) by
using (2.1) and harder for (v)).

2.2.4 Computability Concepts

We need several computability concepts weaker than can be captured by halt-
ing Turing machines.
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Definition 2.12 (Computable functions) We consider functions f :
N — IR:

I is finitely computable or recursive iff there is a Turing machine 7" with
T(z')=n'd and 5= f(x).

[ is approzimable iff there is a Turing machine finitely computing ¢(-,-)
such that lim;_, .. @(x,t) = f(x).

[ is lower semicomputable or enumerable iff additionally ¢(x.t) <e(z.t41)

[ is upper semicomputable or co-enumerable iff [—f] is lower semicom-
putable.

[ is semicomputable iff f is lower or upper semicomputable.

[ is estimable iff f is lower and upper semicomputable.

If f is estimable we can finitely compute an e-approximation of f by up-
per and lower semicomputing f and terminating when differing by less than
€. This means that there is a Turing machine that, given x and &, finitely
computes § such that |§— f(z)| < e. Moreover, it gives an interval estimate
f(z)€[g—e,g+¢]. An estimable integer-valued function is finitely computable
(take any & < 1). Note that if f is only approximable or semicomputable we
can still come arbitrarily close to f(z), but we cannot devise a terminating
algorithm that produces an e-approximation. In the case of lower /upper semi-
computability we can at least finitely compute lower /upper bounds to f(z).
In case of approximability, the weakest computability form, even this capa-
bility is lost. In analogy to lower/upper semicomputability, one may think of
notions like lower/upper estimability, but they are easily shown to coincide
with estimability. The following implications are valid:

| enumerable=

., | lower semi-
B Ay, | 7|
| recursive=

computable -

ST : L semi- TR |

finitely = | estimable ‘ » | approximable |
— computable L |

computable co-enumerable=
upper semi-
computable

The major algorithmic property of K is:

Theorem 2.13 ((Non)computability of Kolmogorov complexity)
The Kolmogorov complexity K : IB" — IN is co-enumerable, but not finitely
computable.

Co-enumerability of K is obvious from the definition of K. Non-computability
follows from a diagonalization argument: Assume K is computable. Then
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f(m) :=min{n: K{n) >m} exists by Theorem 2.10(i¢) and is computable,
K(f(m)) > m by definition of f, and K(f(m)) $ K(m)+K(f) < 2logy,m by
Theorem 2.10(3,vi). Hence, m < logom+c for some ¢, but this is false for
sufficiently large m.

In the following we use the term computable synonymous to finitely com-
putable, but sometimes also generically for some of the computability forms of
Definition 2.12. What we call estimable is often just called computable, but it
makes sense to separate the concepts of finite computability and estimability
here, since the former is conceptually easier.

2.3 Uncertainty & Probabilities

The aim of probability theory is to describe uncertainty. There are various
sources for uncertainty and hence various interpretations of probabilities.
There are at least three “schools”:

e the frequentist: probabilities are relative frequencies.
(e.g. the relative frequency of tossing head)

e the objectivist: probabilities are real aspects of the world.
(e.g. the probability that some atom decays in the next hour)

e the subjectivist: probabilities describe an agent’s degree of belief in some-
thing. (e.g. it is (im)plausible that ETs exist)

The following subsections describe these interpretations and discuss ap-
proaches to obtain prior probabilities.

Remark. In some communities the domain of applicability and the correct
interpretation and form of probability theory is still controversial. For those
readers we want to emphasize that probabilities could be completely aban-
doned from the book without trivializing its goals and results. The terminology
of subjective probabilities is used in this book for motivational and illustra-
tional purposes only. We do not rely on Cox’s justification (see below), but
give decision-theoretic justifications. Even the notion of objective probabilities
may be abandoned by assuming deterministic environments. Some results in
the book simplify in this case, but they keep their significance. So readers not
believing in objective and/or subjective probabilities can still find the book
interesting.

2.3.1 Frequency Interpretation: Counting

The frequentist interprets probabilities as relative frequencies. If in a sequence
of n independent identically distributed (i.i.d.) experiments (trials) an event
occurs k(n) times, the relative frequency of the event is k(n)/n. The limit
lim,, ,cok(n)/n is defined as the probability of the event. This was the ear-
liest mathematical definition of probabilities by Bernoulli, published in 1713
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[Ber13]. For instance, the probability of the event head in a sequence of re-

peatedly tossing a fair coin is % The frequentist position is the easiest to

grasp, but it has several shortcomings:

e The frequentist obtains probabilities from physical processes as described

above. To scientifically reason about probabilities one needs a mathemat-
ical theory. The problem is how to define random sequences. This is much
more intricate than one might think and was only solved in the 1960s by
Kolmogorov and Martin-Lof [MLE6).
The naive definition of probability is circular: The probability of an event
Fisp:=lim,_ k"T(LE), where &, (F) is the number of occurrences of event
E in the first n i.i.d. trials. The problem is that the limit may be anything
or not even exist: e.g. a fair coin can give: head, head, head, head, ...
i.e. p=1. Of course, this sequence is “unlikely”. For a fair coin, p=
with “high probability”. But to make this statement rigorous we need t
formally define what “high probability” means. Here is the circularity!

1
2
o]

e Philosophically, and also often in real experiments, it is hard to justify
the choice of the so-called reference class. For instance, a doctor wants to
determine the chances that a patient has a particular disease by counting
the frequency of the disease in “similar” patients. But if the doctor con-
sidered everything he knows about the patient (symptoms, weight, age,
ancestory, ...} there would be no other comparable patients left.

o The frequency approach is limited to a (sufficiently large) sample of i.i.d.
data.

2.3.2 Objective Interpretation:
Probabilities to Describe Uncertain Events

For the objectivist probabilities are real aspects of the world. The outcome of
an observation or an experiment is not deterministic, but involves physical
random processes. The set {2 of all possible outcomes is called the sample
space. Tt is said that an event E C {2 occurred if the outcome is in E. In
the case of i.i.d. experiments the probabilities assigned to events should be
interpretable as limiting frequencies, but the application is not limited to
this case. The Kolmogorov axioms formalize the properties that probabilities
should have.
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Axioms 2.14 (Kolmogorov’s axioms of probability theory) Let (2
be the sample space. Events are subsets of (2.

e If A and B are events, then the intersection ANB, the union AUB,
and the difference A\ B are also events.

e The sample space {2 and the empty set {} are events.

e There is a function p that assigns nonnegative reals, called probabili-
ties, to each event.

e p(2)=1, p({})=0.
o p(AUB)=p(A)+p(B)—p(ANDB).

e For a decreasing sequence A, D Ay D Aj3... of events with ﬂnA,, =L
we have lim,,_..p(A,)=0.

The function p is called a probability mass function, or probability measure,
or, more loosely, probability distribution. Conditional probabilities are defined
in the following way:

Definition 2.15 (Conditional probability) If A and B are events with
p(A) >0, then the probability that event B will occur under the condition
that event A has occured is defined as

p(ANB)

p(B|A) = 500

It is easy to see that p(-|4) (as a function of the first argument) is also a
probability measure, if p(-) satisfies the Kolmogorov axioms. One can “verify
the correctness” of the Kolmogorov axioms and the definition of conditional
probabilities in the case where probabilities are identified with limiting fre-
quencies. But the idea is to take the axioms as a starting point to avoid the
frequentist’s problems. The relation p{ANB)=p(B|A)-p(A) is called the mul-
tiplication rule (of conditional probabilities), which is a special case of the
chain rule.

Theorem 2.16 (Bayes’ rule 1) If A and B are events with p(A) >0 and
p(B) >0, then
p(A|B)p(B)

p(Bl4) = B

Bayes’ theorem is easily proven by applying Definition 2.15 twice.



2.3 Uncertainty & Probabilities 43

2.3.3 Subjective Interpretation:
Probabilities to Describe Degrees of Belief

The subjectivist uses probabilities to characterize an agent’s degree of belief in
something, rather than to characterize physical random processes. This is the
most relevant interpretation of probabilities in AI. We define the plausibility
of an event as the degree of belief in the event, or the subjective probabil-
ity of the event. The problem with the subjective view is that it is much
more arguable how to define plausibilities, as compared to objective prob-
abilities. The objectivist can motivate Kolmogorov’s axioms by a frequency
analysis, but there is no frequency interpretation for plausibilities. If an agent
believes in extraterrestrians and assigns a plausibility of 0.9 to their existence,
it does not make much sense to interpret this as “in 90 out of 100 parallel
universes there are extraterrestrians” or “90 out of 100 similar agents believe
in extraterrestrians”. This problem has led to many different systems deal-
ing with uncertain reasoning (see reference Section 2.5). They all have their
own problems. The most consistent and successful system is, again, based on
Kolmogorov’s axioms, although not all would agree with this statement. It
is surprising that plausibilities follow the same rules as limiting frequencies.
Tt is possible to derive Kolmogorov’s axioms from a few plausible qualitative
rules they should follow. It is natural to assume that plausibilities can be rep-
resented by real numbers, that the rules qualitatively correspond to common
sense, and that the rules are mathematically consistent. Cox [Cox46] starts
with the following (natural) assumptions on beliefs:

Axioms 2.17 (Cox’s axioms for beliefs)

e The degree of belief in event B (plausibility of event B). given that
event A occurred, can be characterized by a real-valued function |
Bel(B|A).

e Bel(£2\ B|A) is a twice differentiable function of Bel(B|A) for A#£{}.

e Bel(BNC|A) is a twice continuously differentiable function of
Bel(C|BNA) and Bel(B|A) for BNA#{}.

Cox [Cox46] shows that every function Bel(:|-) satisfying these axioms is iso-
morphic to a (conditional) probability function. One can motivate the func-
tional relationship in Cox’s axioms by analyzing all other possibilities and
showing that they violate common sense [Tri69]. The somewhat strong dif-
ferentiability assumptions can be weakened to more natural continuity and
monotonicity assumptions [Aez66]. Only recently, a loophole in Cox’s and
other’s derivations has been exhibited [Par95]. Several fixes have been sug-
gested by making additional assumptions. Most of them require the range of
Bel, and hence the set of events, to be rich enough. We paraphrase these as
“additional denseness conditions.”
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Theorem 2.18 (Cox’s theorem) Under Axioms 2.17 and some addi-
tional denseness conditions, Bel(:|A) is isomorphic to a probability func-
tion in the sense that there is a continuous one-to-one function g: IR — [0,1]
such that p:=goBel satisfies Kolmogorov’s Axioms 2.14 and is consistent
with Definition 2.15.

Cox’s result has attracted a great deal of interest, particularly in the maxi-
mum entropy and Al community. The qualitative motivation of Cox’s axioms
and the derivation of Cox’s theorem from them is the major theoretical justi-
fication that subjective ‘degrees of belief’ should satisfy the same Kolmogorov
axioms as limiting frequencies. Other approaches to beliefs are missing this
strong theoretical foundation and consistency.

Exploiting that subjective probabilities follow the same rules as objective
probabilities, we can present Bayes’ rule in a particular useful form: how to
update beliefs under new observations. See Problem 2.10 for a typical appli-
cation.

Theorem 2.19 (Bayes’ rule 2) Let D be some possible data (i.e. D is
an event with p(D) > 0) and {H;};c; be a countable complete class of
mutually exclusive hypotheses (i.e. H; are events with H;NH; ={} Vi#j
and | J;c, Hi = 02).

Given: p(H;) = a priori plausibility of hypotheses H; (subj. prob.)
Given: p(D|H;) = likelihood of data D under hypothesis H; (obj. prob.)
Goal: p(H;|D) = a posteriori plausibility of hypothesis H; (subj. prob.)
j)(D|ff,‘)[)(ff,‘]

Solution: p(H;|D) = S p(DIH:)p(H)
icl i i

Proof. The proof is based on all and only Axioms 2.14. p(AUB)=p(A)+p(B)
if AnNB = {}, since p({}) = 0. For finite I, by induction, this implies
Y ierP(Hi) =p(U;Hi) = p(§2) = 1. For countably infinite I = {1,2,3,...} with
Sn:=se,, H; we have:

n—1 n—1
Zp(Hi) +p(Sn) = p( U H; U Sn> =p(2) = 1. (2.20)

Exploiting S; D S5 D S3..., for any we€ 2 we have: In:weH, = wZ HVi>n
2w SVi>n =>wg(), S5 = (1,5« ={} since w was arbitrary = taking
n — 0o in (2.20) shows Y .o, p(H;) = 1. Since conditional probabilities also
satisfy Axioms 2.14, we also have Y, ;p(H;|D)=1 (for finite as well as infinite
I). By Definition 2.15 of conditional probability we have

p(Hi|D)p(D) = p(H; N D) = p(D|H;)p(H).

Summing over all hypotheses H; gives
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> p(DIH)p(H:) = p(Hi|D)-p(D) = 1-p(D)

il i€l
‘ _P(D[Hz‘)P(Hz')_ p(D|H;)p(H;)
= P =y T S e D)

2.3.4 Determining Priors

The Kolmogorov Axioms 2.14 of probability allow us to relate probabilities
and plausibilities of different events, but they do not uniquely fix a numerical
value for each event, except for the sure event §2 and the empty event {}. We
need new principles for determining values for at least some basis events from
which others can then be computed by these Axioms. There seem to be only
three general principles:

e the principle of indifference — the symmetry principle,
e the maximum entropy principle,
e (Occam’s razor — the simplicity principle.

Whereas the first two principles are based on the foundations of statistical
physics, we will see that only Occam’s razor (keep only the simplest consistent
hypothesis) in combination with Epicurus’ principle of multiple explanations
(keep all consistent hypotheses) is general enough to assign prior probabilities
in every situation, especially in the case of induction and other domains typical
for Al The idea is to assign high (subjective) probability to simple events, and
low probability to complex events: Simple events (strings) are more plausible
a priori than complex ones. This gives (approximate) justice to both Occam’s
razor and Epicurus’ principle. In the following we also refer to this general
idea as Occam’s razor. Using K for measuring simplicity /complexity leads to
Solomonoff’s universal prior M. In the next section we pursue this approach.

2.4 Algorithmic Probability & Universal Induction

In addition to the notation introduced in Section 2.2.1, we denote binary
strings of length n by z=2125...x, with z; € IB, and further abbreviate x1.,,:=
T1%2..Ln_ 1Ly aNd Tep i =Z1...Tp_1.

2.4.1 The Universal Prior M

The prefix Kolmogorov complexity K(z) has been defined as the shortest
program p for which the universal prefix Turing machine U outputs string z,
and similarly K (z|y) in case of side information y (Definition 2.9). Solomonoff
[Sol64, Sol78] defined a closely related quantity, the universal prior M(z).
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The universal prior is defined as the probability that the output of a uni-
versal monotone Turing machine starts with & when provided with fair coin
flips on the input tape. Formally, M can be defined as

M(z) = ) 270, (2.21)

p: U(p)=z*

where the sum is over minimal programs p for which U outputs a string
starting with x (see Definition 2.6). Since the shortest programs p dominate
the sum, M (z) is roughly 275@) (M (z) =2~ K@) +OK (=),

Before we can discuss the stochastic properties of M we need the concept
of (semi)measures for strings.

Definition 2.22 ((Semi)measures) p(xz) denotes the probability that a

binary sequence starts with string x. We call x>0 a semimeasure if yt(e) <1

and p(z) > p(x0)+p(x1), and a probability measure if equalities hold.
The reason for calling ¢ with the above property a probability measure is that
it satisfies Kolmogorov’s Axioms 2.14 of probability in the following sense: The
sample space is IB™ with elements w=wjwows... € IB™ being infinite binary
sequences. The set of events (the o-algebra) is defined as the set generated
from the cylinder sets I,  :={w:wi., =Z1.n} by countable union and com-
plement. A probability measure pu is uniquely defined by giving its values
(I, ) on the cylinder sets, which we abbreviate by p(z1.,). We will also
call ;4 a measure, or even more loosely a probability distribution.

The reason for extending the definition to semimeasures is that M itself

is unfortunately not a probability measure. We have M (x0)+ M (z1) < M(z)
because there are programs p that output z, followed neither by 0 nor 1.
They just stop after printing z, or continue forever without any further out-
put. In Problem 2.7 the defect is quantified. Since M(e)=1, M is at least a
semimeasure. We can now state the fundamental property of M.

Theorem 2.23 (Universality of M) The universal prior

M(z) := Ep:f-'tp]=-r*2_{(m is an enumerable semimeasure which mul-

tiplicatively dominates all enumerable semimeasures in the sense that |
X - e p - . .

M(x) > 27 K@) . p(x) if p is an enumerable semimeasure. M is enumerable,

but not estimable or finitely computable.

The Kolmogorov complexity of a function like p is defined as the length of the
shortest self-delimiting code of a Turing machine computing this function in
the sense of Definition 2.12. Up to a multiplicative constant, M assigns higher
probability to all z than any other computable probability distribution.

It is possible to normalize M to a true probability measure Morm (2.30)
[Sol78] with dominance still being true, but at the expense of giving up enu-
merability (M,orm is still approximable). We will see that M is more con-
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venient when studying algorithmic questions, but a true probability measure
like M,,orm is more convenient when studying stochastic questions.

2.4.2 Universal Sequence Prediction

In which sense does M incorporate Occam’s razor and Epicurus’ principle
of multiple explanations? From M (x)~ 2 %(#) we see that M assigns high
probability to simple strings (Occam). More useful is to think of = as be-
ing the observed history. We see from Definition (2.21) that every program
p consistent with history z is allowed to contribute to M (Epicurus). On
the other hand, shorter programs give significantly larger contribution {(Oc-
cam). How does all this affect prediction? If M(z) correctly describes our
(subjective) prior belief in z, then M (y|z):= M (xy)/M(z) must be our pos-
terior belief in y. From the symmetry of algorithmic information K{z,y) ==
K(y|lz,K(z))+ K(x) (Theorem 2.10(v)), and assuming K (z,y) = K(zy), and
approximating K (y|z,K (x))~ K (y|z), M(z) =275 and M(xy)~2- K
we get M (y|z)~2~KWI=) This tells us that M predicts y with high probability
iff y has an easy explanation, given z (Occam & Epicurus).

The above qualitative discussion should not create the impression that
M(z) and 275 always lead to predictors of comparable quality. Indeed, in
the online/incremental setting studied in this book, K (y)=0(1) invalidates
the consideration above. The validity of Theorem 2.25 below, for instance,
depends on M being a semimeasure and the chain rule being exactly true,
neither of them is satisfied by 27%(®) (see Problem 2.8).

(Binary) sequence prediction algorithms try to predict the continuation
zn € B of a given sequence x1...2,-.1. We derive the following bound:

o0 oo
Z (1-M(zs|z <) )2§—%ZlnM ZTe|Tet) :—%lnM(xlm) < %IHQ-Km(mlm)
t=1 t=1
(2.24)
where the monotone complexity Km(r1..0) is defined as the length of the
shortest (nonhalting) program computing z;.., [ZL70]. In the first inequality
we used (1—a)?<—1lna for 0<a<1. In the equality we exchanged the sum
with the logarithm and eliminated the resulting product by the chain rule.
In the last inequality we used M (z) >2-%"™®) which follows from Defini-
tion (2.21) by dropping all terms in Zp except for the shortest p computing
z. If z1.00 is a computable sequence, then Km(z1.oo) is finite, which implies
M(zz<t) =1 (3Co,(1—ar)? <oo= a; — 1). This means that if the envi-
ronment is a computable sequence (whichsoever, e.g. the digits of 7 or e in
binary representation), after having seen the first few digits, M correctly pre-
dicts the next digit with high probability, i.e. it recognizes the structure of
the sequence.
Assume now that the true sequence is drawn from a computable proba-
bility distribution gy, i.e. the true (objective) probability of zi., is u(z1..).
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The probability of z, given T, hence, is plan|zc,) = wl@rn)/w(zn).
Solomonoff’s [Sol78] central result is that M converges to pu:

Thcorcm 2.25 (Posterior convergence of M to pu)

Z Z (2 (U (0]x<y) —p(0)x < )- < %In‘_’-h(;;} < ¢
l z.,emBt-!

The infinite sum can only be finite if the difference M (0|2 ;) —pu(0|z<;) tends
to zero for t — oo with p-probability 1 (see Definition 3.8(¢) and Problem 2.7).
This holds for any computable probability distribution u. The reason for the
astonishing property of a single {(universal) function to converge to any com-
putable probability distribution lies in the fact that the set of y-random se-
quences differ for different u. Past data x., are exploited to get a (with t—o0)
improving estimate M (x|x<:) of p(zi|z<y).

The universality property (Theorem 2.23) is the central ingredient in the
proof of Theorem 2.25. The proof of Theorem 2.23 involves the construction
of a semimeasure £ whose dominance is obvious. The hard part is to show
its enumerability and equivalence to M. Let M be the (countable) set of all
enumerable semimeasures and define

)= 27 50y(x). (2.26)

veEM
Then dominance

£(x) > 27 KWy(z) YveM (2.27)

is obvious (without O(1) fudge). Is £ lower semicomputable? To answer this
question we have to be more precise. Levin [ZL70] showed that there is a
Turing machine 7" such that for every lower semicomputable semimeasure v
there is an ¢ such that 7'(i‘z‘) lower semicomputes v; =v, i.e. T enumerates
all lower semicomputable semimeasures, possibly with repetition. For the (or-
dered multi) set M=My :={v1,v0,v3,...} and K (v;):=K (i), one can easily see
that ¢ is lower semicomputable. Finally, proving M (z)=¢(z) also establishes
universality of M.

The advantage of £ over M is that it immediately generalizes to arbi-
trary weighted sums of (semi)measures in M for arbitrary countable M. Most
proofs in this book go through for generic M and weights. We will prove (this
generalization of) Theorem 2.25 in Section 3.2.6.

2.4.3 Universal (Semi)Measures

What is so special about the set of all enumerable semimeasures My 7 The
larger we choose M, the less restrictive is the assumption that M should
contain the true distribution y, which will be essential throughout the book.
Why do not restrict to the still rather general class of estimable or finitely
computable (semi)measures? It is clear that for every countable set M,
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£(x) == Emlx) =3 e pmwov () with 3 w, <1 and w, > 0 dominates all
v € M. This dominance is necessary for the desired convergence £ — y, sim-
ilarly to Theorem 2.25. The question is what properties does £ possess. The
distinguishing property of My is that £ =&y =&, = M is itself an element of
My . In this book, a1 € M is not by itself an important property, but whether
£ is computable in one of the senses of Definition 2.12. We define

My ﬁ Ms :& there is an element of M; that dominates all elements of M,
% Jpe My Yve My Jw, >0z : p(z) > w,v(z).

Relation 3 is transitive (but not necessarily reflexive) in the sense that M z
My 3 M; implies My 3 M3 and Mo 2 M; 3 Mz D M; implies Mo > Mj. For
the computability concepts introduced in Section 2.2.4, we have the following
proper set inclusions

msr msr  — msr msr
My C© MO = MO0, C M

appr
N N N N
sem? sem?i semsi semst

Mcomp - Mest - Menum C Mappr

where M7T" stands for the set of all probability measures of appro-
priate computability type ¢ € {comp=finitely computable, est=estimable,
enum=enumerable, appr=approximable}, and similarly for semimeasures
M:zemi . Other classes are briefly discussed in Section 3.2.9. From an enu-
meration of a measure p one can construct a co-enumeration by exploiting
p(Z1.0)= 1—Zy1:"#mp(y1m). This shows that every enumerable measure is
also co-enumerable, and hence estimable, which proves the identity = above.

With this notation, [ZL70, Thm.3.3] reads M3emé S Aqsemi  Tyansitivity

. enum — enum*
allows to conclude, for instance, that AM3¢™ § M e, that there is an

appr comp>
approximable semimeasure that dominates ali computable measures.

The standard “diagonalization” way of proving M, ﬁ Mo is to take an
arbitrary g € M; and “increase” it to p such that pu ﬁ p and show that p¢
Ms. There are 7x 7 combinations of (semi)measures M; with My for which
M; 2 M could be true or false. There are four basic cases, explicated in
the following theorem, from which the other 49 combinations displayed in

Table 2.29 follow by transitivity.
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Theorem 2.28 (Universal (semi)measures) A semimeasure p is said
to be universal for M if it multiplicatively dominates all elements of M in
the sense Yv3w, >0:p(x) >w,v(x)¥e. The following holds true:

% - 5 . .
(o) Jp:{p} = M: For every countable set of (semi)measures M, there is
a (semi)measure that dominates all elements of M.
(i) Mzemi S Msemi . The class of enumerable semimeasures contains a
universal element.
(id) My = M There 4s an approximable measure that dominates
all enumerable semimeasures.
(#it) MEami 3 comp: There is no estimable semimeasure that dominates
all computable measures.
(tv) Maems 2;\4::;,‘;,’, There is no approximable semimeasure that domi-
nates all approximable measures.

Table 2.29 (Existence of universal (semi)measures) The entry in
row r and column ¢ indicates whether there is a r-able (semi)measure p for
the set M that contains all c-able (semi)measures, where r.c € {comput,
estimat, enumer, approxim}. Enumerable measures are estimable. This is
the reason why the enum. row and column in case of measures are missing,.
The superscript indicates from which part of Theorem 2.28 the answer

follows: for the boldface entries directly, for the others using transitivity of
.3

=

N M semimeasure measure

P NG comp. | est. |c.1111111. appr. || comp. | est. | appr.
s | comp. || no™ | no™ | no™ | no' || no"™ |no™ | no"™
e | est. no" | no™ | no | no' || no™ |no™ | no"
m | enum. || yes' | yes' | yes' | no' yes' | yes' | no"™
i | appr. || yes' | yes' | yes' | no'™ ves' | yes' | no'
m | comp. || no"™ |[no”™ | no" | no' || no" |no'* | no'
s | est. no™ |no™ | no' | no' || no'™ |no*™ | no"
r | appr. || ves" |yes" | yes" | no' || yes"™ |yes" | no'

If we ask for a universal (semi)measure that at least satisfies the weakest
form of computability, namely being approximable, we see that the largest
dominated set among the seven sets defined above is the set of enumerable
semimeasures. This is the reason why M2¢™ plays a special role in this (and

other) works. On the other hand, M is not the largest set dominated
by an approximable semimeasure, and indeed no such largest set exists. One
may, hence, ask for “natural” larger sets M. One such set, namely the set
of cumulatively enumerable semimeasures Mcgy, was recently discovered by

Schmidhuber [Sch00, Sch02a], for which even {cpm € Megm holds.
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Theorem 2.28 also holds for discrete (semi)measures P defined as

P:N—[01 with Y Pa)L
c€IN

We first prove the theorem for this discrete case, since it contains the es-
sential ideas in a cleaner form. We then present the proof for “continuous”
(semi)measures p (Definition 2.22). The proofs naturally generalize from bi-
nary to arbitrary finite alphabet. The value of x that minimizes f(z) is denoted
by argmin, f(z). Ties are broken in an arbitrary but computable way (e.g. by
taking the smallest ).

Proof (discrete case). (0) Q(x):=) p.rwpP(z) with wp >0 obviously
dominates all P € M (with constant wp). With > ,wp =1 and all P being
discrete (semi)measures also ) is a discrete (semi)measure.

(z) See [LV97, Thm.4.3.1].
(i3) Let P be the universal element in M3¢7% and a:=) . P(z). We normahze

enum
P by Q(z):= 1 P(z). Since <1 we have Q(x)> P(x), hence Q> P> Mz .
As a ratlo between two enumerable functions, @ is still approximable, hence

MmST MS&m’L

appr = enum*

(ii1) *Let Pe M3gmt 'We partition IV into chunks I,,:={2""*,...,2" 1} (n>1)
of increasing size. With x, := argmin, ¢y P(z) we define Q(z,):= e +1)\7n
and Q(x):=0 for all other z. Exploiting the fact that a minimum is smaller
than an average, we get

. 1 1 1 n(n+1)
P = min P < — E P < = = Q
(zn) zely (@) < \nl &5 (@) < \I,| 2n1 2n-1 (n).

Since "é:f:l) —0 for n— oo, P cannot dominate Q (P Q). With P also Q
is computable. Since P was an arbitrary computable semimeasure and Q is
a computable measure (3Q(x) = X[ mp) = L[z — 747) = 1) this implies
M, 2 M.

Assume now that there is an estimable semlmeasure S >M$§,’;p We con-

struct a finitely computable semimeasure P > S as follows. Choose an initial
£ >0 and finitely compute an e-approximation S of S(z). If §> 2 define
P(z):=13, else halve ¢ and repeat the process. Since S(x) >0 (otherwise it

could not dominate, e.g. T(x):= 5 € Mmp) the loop terminates after

x(m+l
finite time. So P is finitely computable. Inserting $=2P(z) and e < %S:P(:v)
into [S(z)~ S| <e, we get |S(z)—2P(z)| < P(z), which implies S(z) > P(x)
and S(z) < 3P(z). The former implies > P(z) <> S(z) <1, ie. Pis a

3 The proof of Mﬁﬁm; iMﬁiZ‘,}, in [LV97, p249] contains minor errors and is not
extensible to M5 %M;’},i;p
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semimeasure. The latter implies P > 15' > M- Hence P is a computable
semimeasure dominating all computable measures, which contradicts what we

proved in the ﬁrst' half of (¢i7). Hence the assumption on S was wrong, which
establishes Msemi 3 Aqmsr

est comp-*

(iv) Assume P EMZZZ’T’ EMZ;,Z’; We construct an approximable measure Q)
that is not dominated by P, thus contradicting the assumption. Let Py, Ps,...
be a sequence of recursive functions converging to P. We construct z1,zs,...
such that Ve >0 3Ine IN : P(x,) # ¢-Q(z,). For this we recursively define
sequences zl,z2,... converging to m,, and from them @q,Q2,... converging
to Q. Let I, :={2""1 .. 2" —1} and 2} =2""1¥n. If Pz} ) > n~2 then
zl :=argmingey, P (z) else zt ;=i 1. We show that zf, converges for t— o0 by
assuming the contrary and showing a contradiction. Since z¥, € I,, some value,
say ), is assumed infinitely often. Nonconvergence implies that the sequence
leaves and returns to z infinitely often. z} is only left (zf ! =a7 #z!) if
P,(z2)>n"3. On the other hand, at the time where ¢ returns to z* (z% #
z =z) we have Py(z}) = P,(z) = mingey, Pi(z) < |I,|7! =27"", Hence
Py(z}) oscillates (for n > 12) infinitely often between <277*! and >n=3,
which contradicts the assumption that P, converges. Hence the assumption
of a nonconvergent x!, was wrong. =, converges to z and Pi(z}) to a value

<n~3. With z¢, also the measure Qt( t)= ml—) (and Q:(z)=0 for all other

) converges. Since P(z})<n~3 does not dominate Q(z), we have P ¥ Q.
Since P € M35 was arbitrary and @ is an approximable measure we get

appr
sems? msr
Mappr 2 Mappr' o

Proof (continuous case). The major difference from the discrete case is
that one also has to take care that p(z) > p(20)+p(z1), z € B, is respected.
On the other hand, the chunking I, :=B™ is more natural here.

(0) p(z) =3, cpqwor(z) with w, >0 obviously dominates all v € M (with
domination constant w, ). With )~ w, =1 and all v being (semi)measures also
p is a (semi)measure.

(1) See [LV97, Th4.5.1].
(i) Let £ be a universal element in M¢™ . We define [Sol78]

enum

£(z1)
norm(@am) Hf(ﬂkto +§($<t1) (2.30)

By induction one can show that &,,. 18 a measure and that &,omm(z) >

&(x)Vz, hence &norm =€ §Mg§% AS a ratio of enumerable functions, &,orm

is still approximable, hence M™sT 3 Afsemi

appr < enum-

(#3) “Let u € Mzgmg. We recursively define the sequence zi.., by zj :=

argming, p(z%,xx) and the measure p by p(z7],)=1Vk and p(z)=0 for all x

4 The proof in [LV97, p276] only applies to infinite alphabet and not to the bi-
nary/finite case considered here.
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that are not prefixes of z7},. . Exploiting the fact that a minimum is smaller
than an average and that j is a semimeasure, we get

N(Iik):rginﬂ(mikxk) < %[N(x2k0)+ﬂ(1’2k1)] < %N@?Zk)-

Hence 1u(x7.,) <(3)"=(3)"p(x}.,,), which demonstrates that x does not dom-

inate p. Since p € Mgg;g;, was arbitrary and p is a computable measure this
implies M3mE 3 Mmer .

Assume now that there is an estimable semlmeasure o >.Mms'" We con-
comp-

struct a finitely computable function g 2 o as follows. Choose an initial
€ >0 and finitely compute an s-approximation & of o{(z). If § > 4e define
u(z) =4, else halve ¢ and repeat the process. Since o(z) >0 (otherwise it
could not dominate, e.g. 274*)) the loop terminates after finite time. So u is
finitely computable. Inserting 6 =p(z) and £ < 16 =1 pu(z) 1nt0 lo(z)—6|<e
we get [o(z)—pu(z)| < tu(z), which implies 4u(:c) < o(z) < 2u(z). Unfor-
tunately u is not a semimeasure, but it stlll satisfies the weaker inequality

1(x0) +p(21) < 3lo(x0)+0(21)] < S0(z) < 3-2u(z) = 3u(z). This is suffi-
c1ent for the first half of the proof of (%) to go through with 3 replaced
by 4 5 3 < 1, which shows that u E Mmrer - However, this contradlcts

comp
w2 %a > Mg‘,fgp showing that our assumed estimable semimeasure ¢ does
not exist, i.e. MSe7 ﬁM;’},ﬁfw.

(iv) Assume p e Mo > S Mg We construct an approximable measure
p which is not dominated by pu, thus contradicting the assumption. Let
{1,442,-.- be a sequence of recursive functions converging to p. We recur-
sively (in t and n) define sequences y.,y2,...,y!, converging to y, and from
them py,pa,... converging to p. Let y} =0Vn. If (v, 557 1) > 2 (yL,,), then
yl :=argmin,, u(yL,Zn), else ¥, =y "1 We show that y¢, converges for t — oo
by assuming the contrary and showing a contradiction. Assume that k is the
smallest n for which y + y,. Since y!, —y, for all n<k and 3! € B is dis-
crete there is a to such that yb, =y« Vi >t5. Assume ¢>¢g in the following.
Since yt € B, some value, say gk, is assumed infinitely often. Nonconvergence
implies that the sequence leaves and enters to §; infinitely often. If 4 is left

(yi ' =8k #yL), we have

t~—o0

pe(yerin) = i) > Zuelybr) = Zuelyan) = 3uly<k).

If g is entered (yi ' #gr=y}) we have

i

wely<ude) = pelyervh) = minpe(ylpos) < 5lue(yer0)+m )] <

t—o0

< sm(yty) = Tmelyar) == Tu(y<r).

Hence p:(y<r¥x ) oscillates infinitely often between > %— w{y<x) and <3 Li(yer),
which contradicts the assumption that y; converges. Hence the assumption
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of a nonconvergent yi was wrong. With yi also the measure p;(3t,,) =1
(and p¢(z)=0 for all other z that are not prefixes of yi ) converges. For all
sufficiently large ¢ we have yi.n =yl.,, hence ps(y1:n) = pe(y1.0) < 3 (yl,) <
.<(3)™. Since pu(y1:n) < (2)™ does not dominate p(y1.,)=1 (V¢ >ty), we have
[ ;y_? p. Since p € M3¢™ was arbitrary and p is an approximable measure, we

appr
semsi msr
get Mo ﬁMappr. O

2.4.4 Martin-Lof Randomness

Martin-L6f randomness is a very important concept of randomness of in-
dividual sequences that is closely related to Kolmogorov complexity and
Solomonoff’s universal prior. Since we refer to this concept only in Sec-
tion 3.2.7 we will be very brief here. We give a characterization equivalent
to Martin-Lof’s original definition, in order to bypass the necessity of giving
a formal definition of ‘effective randomness tests’ [Lev73a]:

‘ Theorem 2.31 (Martin-Lof random sequences) A sequence .o, is
| called p-Martin-Lof random (x.M.L.) iff there is a constant ¢ such that
| M(z1.) <c-p(xy.,) for all n.

An equivalent formulation for computable y is:

Z1:0 18 p.-M.L-random & Km(z1.,) + —logypu(z1.m) Vn, (2.32)

where Km(z1.,) is the length of the shortest (possibly nonhalting) program
computing a string starting with z;.,. Theorem 2.31 follows from (2.32) by
exponentiation, “using 27X~ M” and noting that M § i follows from univer-
sality of M. Consider the special case of u being a fair coin, i.e. u{x1.,)=2"",
then 1.0 is M.L. random iff Km(z1.,,) én, i.e. if z1., is incompressible. For
general 1, —log,u(x1.,,) is the length of the Shannon-Fano code of z1.,, hence
Z1.00 I8 . M.L.-random iff the Shannon-Fano code is optimal.

One can show that a p.M.L.-random sequence z1.,, passes all thinkable
effective randomness tests, e.g. the law of large numbers, the law of the iterated
logarithm, etc. In particular, the set of all 4. M.L.-random sequences has p-
measure 1. The following generalization is natural when considering general
Bayes mixtures &:

| Definition 2.33 (u/é-random sequences) A sequence @y, is called
p/é-random (p.€.r.) iff there is a constant ¢ such that £(xy.,) <e-p(xr.,) |
for all n.

Typically, ¢ is a mixture over some M as defined in (2.26), in which case the
reverse inequality £(x) 3 u(x) is also true (for all z). For finite M or if £€ M,
the definition of u/€-randomness depends only on M, and not on the specific
weights used in £. For M =My, u/é-randomness is just u.M.L.-randomness.
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The larger M, the more patterns are recognized as nonrandom. Roughly
speaking, those regularities characterized by some v € M are recognized by
p/€-randomuess, i.e. for M C My some p/é-random strings may not be M.L.
random. Other randomness concepts, e.g. those by Schnorr, Ko, van Lambal-
gen, Lutz, Kurtz, von Mises, Wald, and Church (see [Wan96, Lam87, Sch71]),
could possibly also be characterized in terms of p/€-randomness for particular
choices of M.

2.5 History & References

Most notation is taken over from [LV97]. The general theory of coding and
prefix codes can be found in [Gal68], the important Kraft inequality is due to
Kraft [Krad9].

Algorithmic information theory. Turing introduced the concept of a Tur-
ing machine and demonstrated that the halting problem is undecidable in
[Tur36]. Turing machines are formally equivalent to partial recursive func-
tions (see [Rog67, Odi89, 0di99] for an introduction). The halting problem
corresponds to Godel’s incompleteness theorem [G6d31, Sho67] whose proof is
based on a diagonal argument invented by Cantor [Can74, Dau90]. The short
compiler Assumption 2.5 is an effective version of Kolmogorov’s assumption
that complexities based on different “reasonable” universal “Turing” machines
coincide reasonably well [Kol65]. The works [G6d31, Kle36, Tur36, Pos44,
ZL70, Sch02a] show the importance of the various computability concepts de-
fined in (2.12). The consideration of (and naming for) estimable functions in
the context of universal priors is from [Hut03b].

A coarse picture of the early history of algorithmic information theory
could be drawn as follows: Kolmogorov [Kol65] and Chaitin {Cha66, Cha69],
suggested defining the information content of an object as the length of the
shortest program computing a representation of it. Solomonoff [Sol64] inde-
pendently invented the closely related universal prior probability distribution
and used it for binary sequence prediction [Sol64, Sol78). Levin worked out
most of the mathematical details [ZL70, Lev74] and invented the fastest al-
gorithm for function inversion and optimization, save for a (huge) constant
factor [Lev73b]. These papers may be regarded as the invention of what is
now called algorithmic information theory. The invariance (2.8) is due to
[Sol64, Kol65, Cha69], Theorem 2.10(vii) is due to [Lev74], the symmetry
of information (v) due to [ZL70, G4c74, Kol83|, (i) is due to [Lev74], the
other parts are elementary.

The short introduction we gave in this chapter necessarily described only
the key ideas, ignoring many related and especially newer developments. Some
references are given in the following.

There are many variants of “Kolmogorov” complexity. The prefix Kol-
mogorov complexity K we defined here [Lev74, Gac74, Cha75], the earliest
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form, “plain” Kolmogorov complexity C' [Kol65], process complexity [Sch73],
monotone complexity Km [Lev73al, and uniform complexity {Lov69b, Lov69a),
Solomonoff’s universal prior M =2~%M [Sol64, Sol78], Chaitin’s complexity
Kc [ChaT5], extension semimeasure Mc [Cov74], and some others. They often
differ from K only by O(logK), but otherwise have similar properties. For
an introduction to Shannon’s information theory [Shad8} and its relation to
Kolmogorov complexity, see [Kol65, Kol83, ZL70, CT91].

The main drawback of all these variants of Kolmogorov complexity is that
they are not finitely computable [Kol65, Sol64]. They may be approximated
from above [Kol65, Sol64], but no accuracy guarantee can be given, and what
is worse, the best upper bound for the runtime until one has reasonable ac-
curacy for K(n) grows faster than any computable function in n. This led
to the development of time-bounded complexity /probability that is finitely
computable, or more general resource-bounded complexity/probability (e.g.
space) [Dal73, Dal77, FMG92, Ko86, PF97, Sch02b].

For an excellent introduction to algorithmic information theory, and a
more accurate treatment of its history (more than 500 references), and many
applications one should consult the authoritative book of Li and Vitanyi
[LV97].

Foundations of probability theory. Although games of chance date back
at least to around 300 B.C., the first mathematical analysis of probabilities
appears to be much later. Important breakthroughs have been achieved (in
chronological order and with significant simplification) by Cardano [Car63],
a systematic way of calculating probabilities by Pascal (in correspondence
with Fermat) and conditional probability [Pasb4], Bayes’ rule [Bay63], the
distinction between subjective and objective interpretation of probabilities
and the weak law of large numbers by Bernoulli [Ber13], equi-probability due
to symmetry and other things by Laplace [Lap12], the principle of indifference
by Keynes [Key21], Kolmogorov’s axioms of probability theory [Kol33], early
attempts to define the notion of randomness of individual objects/sequences
by von Mises, Wald and Church [Mis19, Wal37, Chud0], finally successful by
Martin-Lof [ML66], the notion of a universal a priori probability by Solomonoff
[Sol64] and its mathematical investigation by Levin [ZL70, Lev74].

There is an ongoing debate between objective and subjective probability,
which became sharper in the 20th century (not only in AI). Prominent ad-
vocates of the relative frequency or objective interpretation were Kolmogorov
[Kol63], Fisher [Fis22], and von Mises [Mis28]. There are many advocates of
probabilities as degrees of belief [Pop34, Ram31, Fin37, Cox46, Savb4, Jef83)].
Carnap [Car48, Car50] tried to supplement logic with probability theory to
so-called inductive logic. This works fine for propositional logic [Jay03], but
not for predicate logic [Put63]. The closely related reference class problem is
addressed in [Rei49, Kyb77, Kyb83, BGHK92].

There are many books on probability theory with different focus. For a
thorough treatment of the early history of the concept of probability the reader
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is referred to the books by Hacking [Hac75] and Hald [Hal90], and for the foun-
dations developed in the 20th century to the book by Schnorr [Sch71] and the
PhD theses by van Lambalgen [Lam87] and Wang [Wan96]. A good standard
textbook is by Feller [Fel68]. A pleasant to read book with a philosophical
touch is by Jaynes [Jay03]. It treats probability theory as a natural extension
to (Boolean) logical reasoning, emphasizes the “full” Bayesian approach with
priors determined by the maximum entropy principle, and discusses various
historical paradoxes and how these pitfalls could have been avoided by not
becoming addicted to measure theory, but by sticking to elementary discrete
math. The historic battle between different schools is treated at (over)length
in a rather polemic way. Gelman [GCSR95] is a modern and more practical
book on Bayesian data analysis.

Alternatives to probability theory. Given the success story of Bayesian
probability theory, it is somewhat surprising that so many alternatives have
been considered in Al. Many reasons why probability theory is unsuitable for
Al have been stated: strict numerical values are not appropriate for a qual-
itative reasoning system, probability theory cannot deal with impreciseness,
or vagueness, or subjective beliefs, or is just impractical. Setbacks caused by
naive and/or inconsistent application are also responsible for Bayesian prob-
abilistic reasoning falling out of favor in the 1970s. Default reasoning [Rei80],
nonmonotonic logic [MD80], and circumscription [McC80] treat conclusions
or events not as “believed to a certain degree” but as “believed by default
until a better reason is found to believe something else” {see the anthology
[Gin87]). Certainty factors (“fudge factors”) have been introduced into clas-
sical rule-based expert systems to accommodate uncertainty [Sho76, BS84].
Dempster-Shafer theory uses probability intervals for probability values if they
themselves are not perfectly known, usually because they have been estimated
from a finite amount of data [Dem68, Sha76]. More generally, this approach
goes under the name imprecise probabilities [Wal91]. In the full Bayesian
treatment one defines a (second-order) probability distribution over probabil-
ity values to deal with this kind of ignorance or beliefs. Fuzzy logic deals with
vaguely defined events (Fuzzy sets), which are only “sort of” true, like the
“Eiffel tower is high” [Zad65, Zim91|. Possibility theory has been introduced
to handle uncertainty in fuzzy systems [Zad78]. See [Fin73, Wal91] or [RN95,
Chp.15.6] for a more detailed account of various uncertain reasoning systems.
Finally, quantum systems must be described with complex-valued probability
amplitudes resulting in strange interference effects. A time may come (e.g. for
nanobots) when quantum logic [Hug89] will be needed in Al

All these alternate approaches have their problems: Either they have un-
clear semantics, or they are not self-consistent, or they don’t scale up, or
have other problems. It is not that Bayesian probability theory leaves no
wishes open, but it is the most consistent system developed so far. Imprecise
probability theory, a probabilistic robust or worst-case reasoning approach, is
quite consistent and a possibly useful extension of probability theory in game
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theory and safety critical areas. The other approaches may survive as useful
(efficient) approximations to a full Bayesian treatment. Although probability
theory slowly (re)covers Al the debate still goes on [Che85, Che88].

Cox’s axioms and theorem. In [Cox46] Cox shows that every function
Bel(-|-) satisfying his Axioms 2.17 is isomorphic to a (conditional) proba-
bility function. This (with considerable delay) gave a significant boost in
using standard probability theory for dealing with subjective beliefs and
uncertainty. Cheeseman [Che88| has called Cox’s derivation the “strongest
argument for use of standard (Bayesian) probability theory”. Similar senti-
ments are expressed by Jaynes [Jay78, p24]; indeed, Cox’s theorem is one
of the cornerstones of Jaynes’ recent book [Jay03]. Horvitz, Heckerman,
and Langlotz [HHL86] used it as a basis for comparison of probability and
other nonprobabilistic approaches to reasoning about uncertainty. Hecker-
man [Hec88] used it as a basis for providing an axiomatization for belief
updates. Various variants of Cox’s axioms have been considered in the lit-
erature [Reid9, Atz66, Hec88, Jay03, Fin73, Tri69], which simplify the deriva-
tion, or weaken, replace or better motivate the assumption. A loophole in
all these derivations was only recently discovered [Par95]. They are all re-
lated to the following unwariness. The function F' of Cox’s axioms mapping
Bel(C|BNA) and Bel(B]A) to Bel(BNC|A) is proven to be associative, i.e.
F(z,F(y,z))=F(F(x,y),2), but actually associativity is only proven for (z,y,2)
of the form z=Bel(D|{CNBNA), y=Bel(C|BNA), and z=Bel(B|A) for some
events A, B, C, and D. If the set of such triples (x,y,2) is dense in [0,1]3,
then by continuity, F is associative. Paris provided a rigorous proof of Cox’s
result, assuming that the range of Bel is contained in [0,1] and using assump-
tions similar to [HHL86}. However, he and all others who tried to fix the proof
needed to make additional assumptions that are not very appealing. Usually
they demand or imply that the belief values are dense in a certain subset of
IR, which excludes systems with a finite number of events. It remains an open
question whether there is an appropriate strengthening of the assumptions
that lead to Cox’s result in finite settings. See [Hal99] and references therein
for details.

Algorithmic probability & universal induction. The notion of univer-
sal (enumerable semi)measures was introduced in [Sol64, ZL70, LV77]. Levin
[Z170] defined universal a priori probability as one dominating all enumerable
semimeasures. The dominance (2.23) and the equivalence M % ¢y is due to
Levin [ZL70]. Convergence of M to p in the conditional mean squared sense
(Theorem 2.25) is due to Solomonoff [Sol78] (who normalizes M as in (2.30)
by giving up enumerability). The elementary proof of M (z:|z<:) 291 for
computable x1. is not based on any source. The direct study of predictions
based on past observations without discussing models was called ‘the prequen-
tial approach’ by Dawid [Daw84]. Good reviews on universal induction with

3 This is an exponent, not a footnote!
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a philosophical touch are found in [LV92b, Sol97]. For an older, but general
review of inductive inference see Angluin [AS83).

Schmidhuber [Sch00, Sch02a] constructed a natural hierarchy of general-
izations of algorithmic probability and complexity and introduced more gen-
eral, approximable and universal cumulatively enumerable semimeasures. The
restriction to time-bounded universal probability is treated in [LV91, LV97,
Sch00, Sch02b, Sch03a, Sch04] and is closely related to resource-bounded com-
plexity and universal Levin search.

Other topics related to universal induction are the weighted majority al-
gorithm by Littlestone and Warmuth [LW94], universal forecasting by Vovk
[Vov92], Levin search [Lev73b], PAC-learning introduced by Valiant [Val84],
the minimum message and description length principles [WB68, Ris78, Ris89,
LV92a, Grii98, VLO0], and Occam’s razor, learnability and VC dimension
[BEHW87, BEHWS89.

Randomness of individual objects in terms of randomness tests was defined
by Martin-Lof [ML66] and is closely related to Kolmogorov complexity and
algorithmic probability [LV97, Cal02]. Another interesting randomness crite-
rion for individual sequences by Vovk in terms of the Hellinger distance can
be found in [Vov87]. Randomness of individual sequences in a wider context is
exhaustively analyzed in the survey papers by Uspenskii et al. [KU87, USS90].

Applications of Kolmogorov complexity and Levin search. Schmid-
huber [Sch00, Sch02b] defined the speed prior, closely related to Levin search,
and derives a computable strategy for optimal inductive reasoning. He ana-
lyzed consequences for computable universes sampled from such priors. Good
numerical approximations to Kolmogorov complexity are computationally ex-
pensive. But the ongoing decrease of processing costs has permitted the first
successful implementations and applications [Sch97, SZW97]. A derivate of
Levin’s universal search algorithm was used in [Sch97] to discover neural nets
with low Levin complexity, low Kolmogorov complexity, and high generaliza-
tion capability. Adaptive Levin search (ALS) and the optimal ordered problem
solver (OOPS) extend Levin search by making its underlying probability dis-
tribution on program space adaptive and by improving it according to expe-
rience [SZW97, Sch03a, Sch04]. This can significantly speed up the discovery
of algorithmic solutions.

There are numerous applications of MDL, which can be viewed as an ap-
plied form of Kolmogorov complexity [LV97]. Apart from that, there are vari-
ous other “direct” approximations, implementations, or practical applications.
The universal similarity metric by Vitanyi et al. based on string compression
has been successfully applied to a plethora of clustering problems, including
automatic music classification, and phylogeny and language tree reconstruc-
tion [Ben98, Li 03, CV03]. Conte et al. [Con97] evolved short Lisp programs to
estimate Kolmogorov complexity. Chaitin [Cha91| speculated on the compu-
tational power of the evolutionary information gathering process and its rela-
tion to algorithmic information. Schmidt [Sch99] argued that (time-bounded)
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Kolmogorov complexity helps and not prevents the search for extra terres-
trial intelligence (SETT). Vovk [VW98] described universal portfolio selection
schemes.

2.6 Problems

2.1 ((Un)natural Turing machines) [C10] Show that for every string
there exists a universal Turing machine U’ such that Ky (z)=1. Arguments
of this sort are often used to demonstrate the arbitrariness or non-absolute
character of algorithmic information. Argue that U’ is not a natural Turing
machine if x is complex. Elaborate on the difficulties in rigorously proving
such a statement.

2.2 (Exact £ correspondence) [C20] We showed that M(z) :=
Y pU(p)=ex2 (P equals Eu(x) = 3,epq, 27 Mu(z) within a multi-
plicative constant, i.e. M £ £;. Improve this result to an exact equality
in the sense that M(x) = &§u () = 3., cpq, wov(x) for some weights with
w, > 27 KW—=00) (solution due to Paul Vitanyi, private communication).
M £¢, is true for any choice of the weights w, > 0VYv € My. Show that
equality (within a constant) no longer holds for a similarly generalized M
with 27(®) replaced by arbitrary wp > 0.

2.3 (Martin-Lof random sequences and convergence) [C45s0i] Show
that a theorem true for all y-random sequences (see Theorem 2.31) is also
true with p-probability 1. Under what conditions is the reverse direction
true? In particular, is > oo, (u(zt|lz<t) — M(z¢|z<t))? < 00 true for every
individual p-random sequence? (cf. Theorem 3.19(i)). It has been shown

that M(Z’tlﬂ?<t)/,u($t!$<t)t:gol w.p.p.1 {see [LV97, Thm.5.2.2] and Theo-
rem 3.19(v) and Problem 3.10). Does the stronger statement of convergence
individually for all Martin-L&f p-random sequences hold? The argument given
in [LV97, Thm.5.2.2] and [VL0O, Thm.10] is incomplete> The implication
“M(z1.0) < p(x10)Vn=1imy, oo M (1.0 ) /14(21:0) exists” has been used, but
not proven, and is indeed wrong. Construct a universal Turing machine U
and a uniformly M.L.-random sequence o1.0c on which M (ay|act) 7 % What
about for generic U or for £y;? Construct an enumerable semimeasure W (not
necessarily universal) which converges to p on all u.M.L.-random sequences
for all computable measures u [HMO04].

5 The formulation of their theorem is quite misleading in general: “Let u be a
positive recursive measure. If the length of y is fized and the length of x grows to
infinity, then M (y|z)/u(y|z)—1 with p-probability one. The infinite sequences w
with prefizes x satisfying the displayed asymptotics are precisely [=’ and ‘<=’]
the p-random sequences.” First, for off-sequence y convergence w.p.1 does not
hold (zy must be demanded to be a prefix of w). Second, the proof of ‘<’ has
loopholes (see main text). Last, ‘=’ is given without proof and is wrong.
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2.4 (Oracle properties of Kolmogorov complexity) [C20s| A function
or problem A is said to be Turing-reducible to B if there exists a Turing
machine (finitely) computing or solving A provided B is given as an oracle
[HMUO1]. Let K:IB*— IN be the Kolmogorov complexity, H:B* — IB be the
halting sequence (H(p) =1« U(p) halts), and £2:=3_ 1, natte2 HP) € R =
[IN — IB] be the halting probability, sometimes call ‘the number of wisdom’
[Cha75, BG79]. Show that K, H, and §2 are Turing-reducible to each other
(cf. [LV97, p175]).

2.5 (Weakly forgetful environments) [C15u] Consider two sequences
71.., and 77, “typical” in the sense that both are y.M.L.-random. As-
sume a different early history (zl, #22,, k fixed), continued by the same
observations (zi., , =% | = Tkn-1) for a long time n. Show that for
computable 4 the future is not affected by the far back history :ci<k in the
sense that u($n|m1<kackm_1)—u($n|$2<ka:km_1) — 0 for n — co. Hint: show
Mz, |Trn—1) —)p(a:n|a:i<k:1:km_1) for i=1 and i=2. This property of p for
“typical” sequences may be considered as a weak form of forgetfulness. Argue
that it is more appropriate to define forgetfulness as asymptotic indepen-
dence of :c1< % for all environments (cf. definition in Section 5.3.6). Suggestion:
compare ergodic Markov processes (see Definition 5.37) with u defined by
p(l|z<y):=14/3 for z; =i~1€ B.

2.6 (Complexity increase) [C25u/C450i] We are interested in good upper
bounds on the increase in complexity when elongating a string y:=z«; to
YT 1= TtTip = 1. From Theorem 2.10(iv) we know that K(yz)—K(y) <
K(z|y)+O(1). Later (cf. Problem 3.13) we need similar bounds with K on
the Lh.s. replaced by KM (x) := —log,M(z). Furthermore, let C(z) be the
plain Kolmogorov complexity, defined as the length of the shortest plain (as
opposed to prefix) program computing z (see [LV97, Chp.2]). We have no
particular demands on the r.h.s. of the inequality. So let us consider K (z|y)
defined as the length of the shortest plain or prefix, halting or nonhalting
program, computing x or a string starting with z, given y or a string starting
with y. The only important property of K (z|y) is that it corresponds to the
length of a shortest program computing z from y. We do not want K (z]y) to
be defined as a difference K (yz)—K (y). Prove the following inequalities:

(2) Clyz)-C(y) < K(zly)+0(?)

(4) KM(yz)-KM(y) < K(z|y)+0(7)
(11i) KM (yr)—KM(y) < K(uly)—logyu(z|y)+O(?)
Since C, K, K, and KM coincide within additive logarithmic terms, all in-
equalities follow from Theorem 2.10(iv) to logarithmic accuracy O(logé{zy)).
Improve the bounds to O(?) £ {K(C(y)), K (£(y)), K(£(y))}, respectively, in-
dependent of z for suitable K. It is an open question whether the bounds hold
within an additive constant independent of 2 and y for any of the K.
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2.7 (Lower convergence bounds and defect of M) [C15u/C350] Prove
—£(p)
(1 — M(zi|rs) ZPZU(P)’V’I 2 X 9-K

>1-Y M{zitlzer) = <t S oK)

Zzth(xt}x<t)_ou’(xttx<t)1 zzi ( tl <t) Zp:U(p):m<t*2_Z(p) N

for all ¢t and 2.4, where Zp:U(p)Mz sums over all halting and nonhalting pre-

fix programs printing = (and no more). Bounds (2.24) and (2.25) show rapid

convergence of M in a cumulative sense (see Section 3.2.4). The lower bound

above shows that the instantaneous prediction quality is lower-bounded by the

defect 1—-3" M (z¢|z<¢) of M from a proper measure, which itself is lower-

bounded by 27 %), This shows that occasionally, namely for simply describ-
able t, the prediction quality is poor. Show that 2~ 5 () converges to zero slower
than any computable to zero converging function, i.e. 27 K® £O(f(¢)) for any
computable f with f(¢)—0, for instance, 2~ K" £O([Int]"!). Show that simi-
lar lower bounds hold when performance is measured by (3.14)—(3.17) instead
of (3.13) by exploiting their relations stated in Problem 3.16. This shows that
the assertion in [LV97, Thm.5.2.1] that S :=B[}_, (u(zt|z<e) — M (zi]r<:))?]
converges to zero faster than 1/t is not correct. Do similar lower performance
bounds hold for measure Morm (2t <t):= M (z¢|x<1)/3,, M(2:]2 <), which

has no defect? For which sequences does equality =2~ K® hold?

2.8 (Predictions based on monotone complexity) [C40s] It is easy to
see that a predictor based on complexity K fails, since for any sequence x
the predictor will essentially be indifferent about predicting 0 versus 1 due
to K(z1) L K(z0). Clearly, for e.g. =07, any reasonable predictor should
favor 0. The monotone complexity Km(x):=min,{¢(p):U(p) =z+} does not
suffer from this problem. Further, the leading contribution m(z):=2"¥7®) in
M (z) is extremely close to M(x) [G4c83]. Hence m=2"5™ is more promising
for prediction than K. Show that for computable environments, m(z:|z<;):=
% converges rapidly on-sequence (a),(b), but may converge (¢) slowly (e)
off-sequence (71 :#£x4), and (in disagreement with [LV97, Cor.5.2.2]) not at all
for probabilistic environments (f):

(a) Y 1l-m(zslzc)| < 2 Em(z1m), m(:ctjx@)]kﬁl for computable 1.
(b) Indeed, m{z¢|z<r)#1 at most Km{x1.00) times

(¢) Sor i m(Ts|wes) < 2KmE1n), m(Ts|T ) =L\ for computable 1.0

(d) o0 m(Zl|rat) % [Km(z1.,)]?, m(:?:tlxq)ffs—tf() for computable x1.00
(€) V83U, x1:00 : KM(21:00) =5 and Y yo (Tt x<s) > 2° -2

(f) SpeME, \Maer s m(zelz<r) T3 plaele<r) Y100

Explain why cubic upper bound (d) does not contradict exponential
lower bound (e). Show that m is not a semimeasure, but normalization
Menorm (Te|T <) =m(T|T<s) /D, m(Tt|T 1) does not improve (c)—(e) and even
deteriorates (a) and (b). Show that the loss of the Bayes-predictor based on m
displays the same behavior as Mo (see Section 3.4). See [Hut03d, Hut04a)
for solutions.
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2.9 (Prediction of selected bits) [C350i] Assume we observe sequence
T1.00, Dut we only need to predict the even bits. The odd bits shall be kept,
since they may provide useful information for predicting the even bits (see
below). Sure, (2.24) implies >, .. (1—-M(z:|2<:))? < $ Km(21:00). Assume
that the even bits coincide with their preceding odd bits, i.e. z; =x;1 for
even ¢, and that Km(z1.00) = Km(z1x3...) is large (or even infinite). The task
of recognizing that ‘even bit=o0dd bit’ seems quite easy (of complexity O(1)),
so a reasonable prediction scheme should make only O(1} errors on the even
bits, e.g. 3. on (1= M(z¢|z<:))? <O(1)? Prove or disprove a bound of this
form. Generalize the positive/negative result to probabilistic u like (2.25), and
to other more complex selection rules (cf. Problem 3.18).

2.10 (Application of Bayes’ rule) [C05] Assume the prevalence of a cer-
tain disease in the general population is 1%. Assume there exists a quite
reliable test for the disease, say, the test on a diseased /healthy person is pos-
itive/negative with 99% probability. If the test is positive, what is the chance
of having the disease? Many medical doctors say about 99%. Show with Bayes’
rule (2.19) that the true answer is scanty 50%.

2.11 (Bayes’ and Laplace’ rule for Bernoulli sequences) [C15]  Let
T = Z1Z9...%, € IB" be generated by a biased coin with head probability
6€(0,1], i.e. the likelihood of x under hypothesis 8 is p(z|8) =™ (1-6)"~™,
where n1 = z1+...+2,. Bayes [Bay63] assumed a uniform prior density
p(f) = 1. (Since 8 is continuous we must normalize fol )d# =1 instead

of 3°,p(8) =1.) Show that p(z fop z|6)p(8) df = M and that the

(n+1)!
= M%_z)ﬂ_) of 8 after seeing z is strongly

peaked around the frequency estimate 6 = 2+ for large n. Laplace [Lapl2]
asked about the predictive probability p(1|:c) of observing z,4+; =1 after
having seen x = z1...x,. Show that p(1ljz) = pp((za})) = M2, Laplace believed
that the sun had risen for 1826213 days since creation, so he concluded that
the probability that the sun won’t rise tomorrow is ﬁﬁﬁ‘

posterior probability density p(@\m)







Probability theory is nothing but common sense reduced
to calculation — Pierre Laplace

Pierre Laplace
(1749-1827)
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In this chapter we investigate Solomonoff’s universal induction scheme in
detail. More generally, we consider a universal (or mixture) distribution &,
defined as a weighted sum or integral of distributions v &€ M, where M is any
countable or continuous set of distributions including the true distribution
. This is a generalization of Solomonoff induction, in which M is the set
of all enumerable semimeasures. We show for several performance measures
that using the universal £ as a prior is nearly as good as using the unknown
true distribution u. In a sense, this solves the problem of the unknown prior
in a universal way. All results are obtained for general finite alphabet. Con-
vergence of £ to p in a conditional mean squared sense and of £/ — 1 with
p-probability 1 is proven. The number of additional errors E¢ made by the
optimal universal prediction scheme bhased on £ minus the number of errors
E, of the optimal informed prediction scheme based on u is proven to be
bounded by O(\/E,:) The prediction framework is generalized to arbitrary
loss functions. A system is allowed to take an action y;, given x1...x;; and
receives loss £;,,, if 2, is the next symbol of the sequence. No assumptions on
£ are necessary, besides boundedness. Optimal universal A; and optimal in-
formed A, prediction schemes are defined, and the total loss of A is bounded
in terms of the total loss of A,,, similar to the error bounds. We show that the
bounds are tight and that no other predictor can lead to significantly smaller
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bounds. Furthermore, for various performance measures we show Pareto op-
timality of £ in the sense that there is no other predictor that performs better
or equal in all environments v € M and strictly better in at least one. So,
optimal predictors can {w.r.t. to most performance measures in expectation)
be based on the mixture £. Finally, we give an Occam’s razor argument that
the choice w, ~2~ %) for the weights is optimal, where K (v) is the length of
the shortest program describing v. Furthermore, games of chance, defined as
a sequence of bets, observations, and rewards, are studied. The average profit
achieved by the A¢ scheme rapidly converges to the best possible profit. The
time needed to reach the winning zone is proportional to the relative entropy
of ¢ and £. The prediction schemes presented here are compared to predictors
based on expert advice. Although the algorithms, the settings, and the proofs
are quite different, the bounds of both schemes have a very similar structure.
Extensions to infinite alphabets, partial, multistep, delayed, and probabilistic
prediction, classification, and more active systems are discussed.

3.1 Introduction

Induction. Many problems are of the induction type in which statements
about the future have to be made, based on past observations. What is the
probability of rain tomorrow, given the weather observations of the last few
days? Is the Dow Jones stock index likely to rise tomorrow, given the chart of
the last years and possibly additional newspaper information? Can we reason-
ably doubt that the sun will rise tomorrow? Indeed, one definition of science
is to predict the future, where, as an intermediate step, one tries to under-
stand the past by developing theories and, as a consequence of prediction, one
tries to manipulate the future. All induction problems may be studied in the
Bayesian framework. The probability of observing z; at time ¢, given the ob-
servations zj...z;—1 can be computed with the chain rule, if we know the true
probability distribution, which generates the observed sequence x1z223.... The
problem is that in many cases we do not even have a reasonable guess of the
true distribution p. What is the true probability of weather sequences, stock
charts, or sunrises?

Universal sequence prediction. In order to overcome the problem of the
unknown true distribution, one can define a mixture distribution £ as a w,-
weighted sum or integral over distributions v € M, where M is any discrete
or continuous (hypothesis) set including u. M is assumed to be known and
to contain the true distribution, i.e. u € M. Since the probability & can be
shown to converge rapidly to the true probability 1 in a conditional sense,
making decisions based on £ is often nearly as good as the infeasible optimal
decision based on the unknown g [MF98]. Solomonoff [Sol64] had the idea
to define a universal mixture M (Section 2.4) as a weighted average over de-
terministic programs. Lower weights were assigned to longer programs. He
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unified Epicurus’ principle of multiple explanations and Occam’s razor (sim-
plicity) principle into one formal theory (see [LV97] for this interpretation of
[Sol64]). Inspired by Solomonoff’s work, Levin [ZL70] had the idea to define
the closely related universal prior £y as a weighted average over all semi-
computable semiprobability distributions. If the environment possesses some
effective structure at all, Solomonoff’s posterior [Sol78] “finds” this structure
and allows for a good prediction. In a sense, this solves the induction problem
in a universal way, i.e. without making problem-specific assumptions.

3.2 Setup and Convergence

In this section we show that the mixture £ converges rapidly to the true distri-
bution . After defining basic notation, we introduce the universal or mizture
distribution & as the w,-weighted sum of probability distributions v of a set M
that includes the true distribution p. No structural assumptions are made on
the v. A posterior representation of £ with incremental weight update is also
presented. We introduce various convergence concepts for random sequences
together with their interrelations, and various distance measures between &
and p and their relations. We show that the relative entropy between p and &
is bounded by lnw;l, which implies that £ rapidly converges to u in difference
and in ratio. The difficulty in establishing convergence results on individual
(Martin-L6f) random sequences, and the case p & M are briefly discussed.
The section concludes with a discussion of various standard sets M of proba-
bility measures, including computable, enumerable, cumulatively enumerable,
approximable, finite-state, and Markov (semi)measures.

3.2.1 Random Sequences

We denote strings over a finite alphabet X by x125...z, withz; € X and tn,N €
IN and N=|X|. We further use the abbreviations € for the empty string, z,.,,:=
TXpr1.-Tn—1Zn for t<n and e for t >n, and 2z :=21...24—-1, and W =21.c0
for infinite sequences. We use Greek letters for probability distributions (or
measures). Let p(z1...x,,) be the probability that an (infinite) sequence starts
with z1...2,:

Yo oplma) =1 Y plei) = plac), plo) =1 (31)

Tin €A T €EX

We also need conditional probabilities. Presuming they exist, we have
p(ilr<t) = p(@14)/p(T<t), (3.2)

plxy..zp) = plzy)-plaz|zy) ... p(@n|T1. . Zn-1), (3.3)

called multiplication rule (of conditional probabilities), or chain rule. The first
equation states that the probability that a string z;...z;_1 is followed by
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is equal to the probability that a string starts with z;...z; divided by the
probability that a string starts with z1...z,—1.

The second equation is the first, applied n times. Whereas p might be any
probability distribution, u denotes the true (unknown) generating distribution
of the sequences. We denote expectations by E. The (conditional) expected
value of a function f:X* — IR, dependent on zi., independent of Ziy1.c0,
(given x;) is

! 7
E[f]= Y ul@un) (@), Elfli=Elf(mudlac] =Y ulzdlec) f(z1:4)
T1n €A™ T €EX
(3.4)
for any choice of n>¢. Expectations E are always w.r.t. the true distribution
4. The prime in Z' denotes that the sum is restricted to z1., with p(z1.¢) #0
(u(zt|z <) #0). If p{x<y)=0, then u(z;|z<,) and hence E; is undefined. Since
the sum in E is restricted to p(z1.:) #0, E[E,[..]] =E[..] is valid in any case
(by the chain rule).

In a more probabilistic terminology we have a sample space 2=X° with
elements w = wiwsews... € £2 being infinite sequences over the finite alphabet
X. The cylinder sets I, ={w:win =21} are events. We define the o-
algebra F as the smallest set containing all cylinder sets and which is closed
under complement and countable union. A probability measure p is uniquely
defined by giving its values (I, ) on the cylinder sets, which we abbreviate
by p{z1.n). See Section 2.3 for a brief introduction to probability theory or
[LV97, Doob3] or any statistics book for a more thorough treatment. Now, f
may be interpreted as a random variable or measurable function. Two func-
tions differing on a set of measure zero have the same expectation. So if we
“undefine” f for some x1.; with p(z1.1) =0, the expectation should not be
affected. Hence, E’ is the correct definition for partial functions. The prime
is ineffective and can be ignored for total functions. Many expressions in this
book are undefined on a set of measure zero. Henceforth we will not mention
this anymore. See Section 3.9.1 for alternative ways of treating x=0.

Finally, the probability of an event AC (2 is P[A]=E[xa|, where x is the
characteristic function of A, i.e. xa{w)=1 if we A, and x(w)=0 otherwise.

3.2.2 Universal Prior Probability Distribution

Every inductive inference problem can be brought into the following form:
Given a string x ¢, take a guess at its continuation z;. We will assume that the
strings that have to be continued are drawn from a probability distribution
1. This includes deterministic environments as a special case, in which the
probability distribution p is 1 for some sequence 1., and 0 for all others.
We call probability distributions of this kind deterministic. The maximal prior
information a prediction algorithm can possess is the exact knowledge of u, but
in many cases (like for the probability of sun tomorrow) the true generating
distribution is not known. Instead, the prediction is based on a guess p of
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1. We expect that a predictor based on p performs well, if p is close to u or
converges, in a sense, to u. Let M:={v1,15,...} be a countable set of candidate
probability distributions on strings. Results are generalized to continuous sets
M in Section 3.7.2. We define a weighted average on M

Ex1m) = Em(zrn) = Z Wy, V(T1.m), Z w, =1, w,>0.(3.5)

vEM veM

It is easy to see that £ is a probability distribution as the weights w, are
positive and normalized to 1 and the v € M are probabilities! For finite M
a possible choice for the w is to give all v equal weight (w, = [7147) We call
& universal relative to M, as it multiplicatively dominates all distributions in

M
E(x1n) = wyv(ry,) forall ve M. (3.6)

In the following, we assume that M is known and contains the true distribu-
tion, i.e. p€ M. If M is chosen sufficiently large, then u€ M is not a serious
constraint.

3.2.3 Universal Posterior Probability Distribution

All prediction schemes in this book are based on the conditional probabilities
p{xi|x<e). Tt is possible to also express the conditional probability &(x;|z<;)
as a weighted average over the conditional v(zs|z.¢), but now with time-
dependent weights:

v(zi|z
Ealra) = 3 wolev(mloa), wolere) = w,(ea) A2 (37)
by (x| <t)
and w,(€) := w,. The denominator just ensures correct normalization

>, wy{z14) = 1. By induction and the chain rule we see that w,(z<¢) =
wyv(2<t)/€(x<s). Inserting this into > w,(z<¢)v(zi|x<s) using (3.5) gives
&(x¢|<t), which proves the equivalence of (3.5) and (3.7). If w, is interpreted
as the prior (subjective) belief in v, then w,(x<:) is the posterior belief in v
after having seen x.;. The expressions (3.7) can be used to give an intuitive,
but non-rigorous, argument why £(z;|x<;) converges to u(x¢|z<:): The weight
wy(Z<¢) of v in £ increases/decreases if v assigns a high/low probability to the
new symbol z;, given ;. For a p-random sequence 1.4, pu(z1.¢) > v(x1.4) if
v (significantly) differs from p. We expect the total weight for all v consistent
with ¢ to converge to 1, and all other weights to converge to 0 for £ — oc.
Therefore we expect £(z;|x<;) to converge to p(zi|z<,) for p-random strings
Tlico-

! The weight w, may be interpreted as the initial degree of belief in v and £(z1...2,,)
as the degree of belief in z1...z,. If the existence of true randomness is rejected
on philosophical grounds, one may consider M containing only deterministic en-
vironments. £ still represents belief probabilities. See Section 2.3 for details..
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Expression (3.7) seems to be more suitable than (3.5) for studying conver-
gence and loss bounds of the universal predictor £, but it will turn out that
(3.6) is all we need, with the sole exception in the proof of Theorem 3.66 and
in Section 5.5. Expression (3.7) is useful when one tries to understand the
learning aspect in &.

3.2.4 Convergence of Random Sequences

A classical (nonrandom) real-valued sequence a: is defined to converge to
a., short a; — a., if VetgVE >ty : |la; —a«| <e. We are interested in con-
vergence properties of random sequences z(w) for t — oo (e.g. z(w) =
E(wilwer) — lwi|w<e)). We define six convergence concepts for random se-
quences and relate them.

Definition 3.8 (Convergence of random sequences) Let 21 (w),
zo(w). ... be a sequence of real-valued random variables (and probability
measure be p1). z; is said to converge for t — oo to (random variable) z,

(i) with probability 1 (w.p.1) & P{w:z(w)—z.(w)}] =1
& Ve > 0:Plsup,s;|zs—2+| =€) — 0 for t — o0,

in the mean (i.m.) :& E[(z,—2.)%]—0 for t — oo,

)

() in mean sum (i.m.s.) :& 37 | E[(2—z.)%] < o0,
) in probability (i.p.) & Ve>0:P[|z;—z.|=>¢] —0 for t — o0,
)

for every p-Martin-Lof random sequence (p.M.L.) <
Yw: [BeVn: €y (wian) <cp(wry)] implies 2 (w) — z.(w) for ¢ — o0,

(vi) for every pu/&random sequence (p.£.r.) &

Yw: [FeVn:£(win) < cp(wr., )] implies 2 (w) — 2. (w) for t—oc.

See Section 2.4 for a definition of {y = {aqsem: £ M and Martin-Léf ran-
domness. In statistics, (¢) is the “default” characterization of convergence of
random sequences. Definitions (i), (i47), and (iv) are also well known and are
often more convenient to deal with than (¢). Further, convergence i.m.s. is very
strong: it provides a “rate” of convergence in the sense that the expected num-
ber of times ¢ in which z; deviates more than £ from z, is finite and bounded
by ¢/e? and the probability that the number of e-deviations exceeds 55 s
smaller than &, where c:=3 o | E[(z;—2.)?]. Definition (v) uses Martin-Lof’s
notion of randomness of individual sequences to define convergence M.L. Since
this chapter mainly deals with general Bayes mixtures £, we generalized in (vi)
the definition of convergence M.L. based on £y to convergence p.£.r. based on
¢ in a natural way. For finite M or if £ € M, the definition of u/&-randomness
depends only on M, and not on the specific weights used in £. Convergence
in one sense often implies convergence in another. The following implications
for convergence of random sequences are true. Unconnected criteria (in the
transitive hull) are incomparable (see also Problem 3.9).
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Lemma 3.9 (Relations between random convergence criteria)

‘ in mean sum (i.m.s.) liy-Martin-Liif random sequences (p.M.L.) ‘

4 W v
J in the mean (i.m.) ‘ | with probability 1 (w.p.1) for-every 14/¢-random
sequence (p.€.r.)
' 4

‘ in probability (i.p.}—‘

3.2.5 Distance Measures between Probability Distributions

We need several distance measures between vectors y = (y;) and z=(z;) in
general, and probability distributions/vectors for which y; >0, 2; >0, and
S yi=>.z;=1 in particular, i=1.....N, namely the?

absolute (or Manhattan) distance: a(y, 2) :=>_; |yi — 2
quadratic (or squared Euclidian) distance: s(y,z) := > ,(y; — 2:)?

(squared) Hellinger distance:  h(y, 2z) := Y, (V¥i—v/Z)* (3.10)
(y,2) =2, ysln ¥

absolute divergence: b(y,z) := 3, y;|In |

relative entropy or KL divergence: d

The relative entropy is not a metric, but for probability distributions, for
which it is defined, it is at least nonnegative and zero if and only if y=2. All
bounds we prove in this chapter rely heavily on the following inequalities:

Lemma 3.11 (Entropy inequalities) Let {y;} and {z;} be two prob-
ability distributions, i.e. y; >0, z; >0, and ) .y; =) .z;=1, and f be a

convex and even (f(z)=f(—=)) function with f(0)<0. Then the following
inequalities hold:?

(f)
ISR §Y fmz) < f(

§<d:

b—d<a<+/2d:

) [h) ag.
h<d: Z(\/U_;_\/Ef)z = Zy;]n‘ff—r_

i

2 0In2:=0Vz>0 and yln¥ : =00 Vy>0.
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A proof of the lemma, is deferred to Section 3.9. Inequality (3.11s) is a gener-
alization of the binary N =2 case used in [Sol78, HutOlc, LV97]. If we insert

X={1,.,N}, N=|X|, i=w yi=plre|re), z=E&xelr<s) (3.12)

into (3.10) we get various instantaneous distances (at time t) between i and &.
If we take the expectation E and sum over Y ;. , we get various total distances
between p and ¢&:

3

ay(z<y) = ZIH Tilrat) — $t|$<t)l Ap = ZE[at (z<)] (3.13)

t=1

3

Il

se(T<t) = Z (H(Itlxq) —5($t|$<t))2» Sy Elsi(z<:)] (3.14)

) o= 3 (Voo - VAl <)), Hy= Y Elh(z<)] (315)
dy(zey) = quxd Ez"i:g D, =Y Eldy(z)] (3.16)
b(z<t) o= ZH |7 <t) ‘ Ez:l’jzg‘ Bp 1=ZE[bt($<t)] (3.17)

For D,, the following can be shown [Sol78, Hut0lc, LV9T7]:

D, = Y Eld(e<)] = ZE[Et[lnmﬂ (3.18)

t=1 t=1 §(@elr<t)

N M(mlzn) -1
- E{ln §(I1n)] = III’UJ#] - k“

|
=
e
=]
=
MR
N~
8|5
A A
L RN
g N
[ I

In the first line we inserted (3.16) and used the definition of E;. Using
E[E,[..]] = E[..], the ¢ sum can thereafter be exchanged with the expecta-
tion E and transforms to a product inside the logarithm. In the last equality
we used the chain rule (3.3) for p and £. Using universality (3.6) of &, i.e.
In[p(21:0) /€ (21:0)) <Imwj;t for e M yields the final inequality in (3.18).

% In (b) if some z=0 we define y|In¥|—yIn¥:=0.
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3.2.6 Convergence of £ to

Theorem 3.19 (Convergence of & to u) Let there be sequences
T122... over a finite alphabet X drawn with probability pu(x;.,) for the
first n symbols. The universal posterior probability &(z}|z<;) of the next
symbol x} given x-; is related to the true posterior probability p(a}|r<)
in the following way:

(i) iE[Z (p(;:f:|.z'<,} - E(.I‘H.I‘(J))g] = S,
=1

<
T

[

P = luu-'ﬁ' < 00

-2 .
(i) Z (!’-‘(-"”-’"a) = f(-’"”-"qr)) = si(var) < di(<t) =0 w.p. 1
(i1t) E(x}|ret) — plap|ee) = 0 for t — oo w.u.p.1 (and i.m.s) for any x}
2

—-I) < H. = DB = hlu‘;] < oo

§(ry|v< E(xy )|
M — 1 im.s and t‘(—"l -<—"l — 1 w.pu.pl forli—oc
(we|zt) @e|ra)

(vi) b(zer) —di(zey) < ap(voy) <V 2di(x2y), Bpn—D, < A, <\/2nD,

where d; and D,, are the relative entropies (3.16), w,, is the weight (3.5)
of g in &, and 2. an arbitrary (nonrandom) sequence.

Proof. Inequality (i¢) follows from the Definitions (3.14) and (3.16) and from
the entropy inequality (3.11s). From the definition and finiteness of Dy, (3.18),
and from di{x¢) > 0, one sees that /di(z<:) — 0 for £ — oo i.m.s., which
implies di(z<¢) — 0 w.pu.p.1. The inequality (i) follows from (ii) by taking
the E expectation and the Y ;' , sum. Convergence (éii) follows from (i) by
dropping Y__.. The reason for the astonishing property of a single (universal)
function £ to t(:onverg;e to any pe M lies in the fact that the sets of y-random
sequences differ for different p. Properties (iv) and (v) are related to (i) and
(#2), but are incomparable convergence results. To prove (iv) we use the
abbreviations p; =p(2¢2<:) and & =£(z|x<:). For p{z<:)#0 we have

(V5 1] = X staben (5 1) o0

= Z/ (\/f_lf"\/lLTt)2 < hil(z) < dizcs)

The two inequalities follow from (3.15) and (3.11h). Bound (iv) now follows
by taking the E expectation and the >} ; sum. Convergence (v) follows from
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(w) from Definition 3.8(¢4¢) of convergence i.m.s., which implies convergence
w..p.1. The first two inequalities in (vi) immediately follow from inequalities
(3.11a,b) and Definitions (3.13), (3.16) and (3.17). The third inequality follows
from the first by linearity of E and ). The last inequality A, <+/2nD,, follows

from
1« 1
LA, EZ [as) IE[V 2dy] < \/;éEpdt] = \/£Dn, (321)

where we have used Jensen’s inequality for exchanging the averages (%Z?zl
and E) with the concave function /™.

Since the conditional probabilities are the basis of all prediction algorithms
considered in this book and £ converges rapidly to i (see Problem 3.11), we
expect a good prediction performance if we use £ as a guess of u. Performance
measures are defined in the following sections.

Relations (i) —(i%i) generalize Solomonofl’s result [Sol78] to an arbitrary
finite alphabet. Without the use of the Hellinger distance (iv), a somewhat
weaker statement than (v) can be derived from (vi):

x|z <) e
oo ~ Pl =B E[d,] + E[v2d)] < E[di] + v2E[di] = 0,

since El[d] — 0. le |n g(%:—llf—jfj)!l/z — 0 im., which implies
Emilzes)/{ztfr<y) — 1 ip. The explicit appearance of n in the last
expression of (vi) prevents proving stronger convergence w.u.p.1 from (vi).

The elementary proof for (v) w.u.p.1 given here does not rely on the
semi-martingale convergence theorem [Doo53, p324-325] as the proof of
Gécs [LV97, Thm.5.2.2]. Furthermore, (iv) gives the “speed” of conver-
gence. Note the subtle difference between (iii) and (v). For any sequence
Z}.o (possibly constant and not necessarily p-random), pu(z;|x <) —&(z)|z<t)
converges to zero w.p.1 (referring to z)..), but no statement is possible
for &(zilz<s)/p(ziz<t), since liminfu(z}|z<,) could be zero. On the other
hand, if we stay on the p-random sequence (x}... = Z1:00), (v) shows that
(zelx<e)/u(zi|z<t) — 1 {whether infu(zijz:) tends to zero or not does not
matter). Indeed, it is easy to give an example where £(z}|x<:)/p(zilx<:) di-
verges. If we choose

Eln

M= {p,p2}, p=p, m(llze) =507° and  w(llzc) = 5t

b

the contribution of us to £ causes £ to fall off like yo ~#~2, much slower than
u~t"3, causing the quotient to diverge:

k3
n—oo

p1(01n) = [J(1 = 367 =5 ¢ = 0.450... > 0
t=1
= 01.0 IS & g-random sequence,


file:///J1nDn
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n
2(01:m) H ) 2% 6y = 0.358... > 0

t=1
= g(olzn) — W11 + WelCy =: Cg > 0,

£(0<:1) = wip(1|0<s)p1(0<e) + wopa(1|0<s)p2(0<e) — %w202t_2

§(0<:1)  waco, N E(1|0<) _, Waee

0 =60 7 2 10 ce

t — oo diverges.

3.2.7 Convergence in Martin-L6f Sense

An interesting open question is whether £ converges to u (in the sense of (i4)
or (v)) individually for all Martin-Lof random sequences, short &€ =5 4 (see
Problem 3.10). Clearly, convergence p.M.L. implies (44i) and (v) w.u.p.1 by
Lemma 3.9, but the converse may fail on a set of sequences with y-measure
zero. A convergence M.L. result would be particularly interesting and natural
for the universal prior &y, since M.L. randomness can be defined in terms
of &y £ M. Attempts to convert (ii) or (iv) to effective p.M.L.-randomness
tests fail, since &y (z4|z<,), and hence (i7) and (iv) are not enumerable. The
argurnent given in [LV97, Thm.5.2.2] and [VLOO, Thm.10] is incomplete. The
implication “€y{x1.n) < ¢ p(21.2)Vn => limy 0oy (1.0 ) /1(21.n) exists” has
been used, but not proven, and may indeed be wrong (cf. Problem 2.3). Vovk
[Vov87] shows that for two finitely computable semimeasures p and p and
Z1.00 being p and p M.L. random that

S5 (Vidalle<d) - v/olall<) <oo and Z( PlT|7 <t) _1>2<oo.

(z¢|z
t=1 & tlT<t)

If &y were recursive, then &y — p and &y /u — 1 for every u.M.L.-random
sequence ..o, since every sequence is £y.M.L. random (see Definition 2.31).
Since &y is mot recursive, Vovk’s theorem cannot be applied and it is not
obvious how to generalize it. Indeed, one can show that M.L.-convergence fails
for some choices of weights in £y, but there are non-universal semimeasures
which M.L.-converge to u [HMO04]. It is unknown whether there exists a M.L.-
converging universal semimeasure. More generally, one may ask whether £4¢—
u for every p/€-random sequence. It turns out that this is true for some M,
but false for others.
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Theorem 3.22 (u/é-convergence of € to pu) Let X = IB be binary
and Mg := {1 : po(1|r<y) = O¥t, 0 € O} be the set of Bernoulli(#) dis-
tributions with parameters 6 € @. Let @p be a countable dense subset of
[0,1], e.g. [0,1]N@, and let @¢ be a closed countable subset of (0,1) with a
gap, e.g. {3,1} or @N([2.2]U[2,2]). Then

(2) I 2105 18 ;.'/SM,_,“ random with g€ Meg,,,
then Eag, , (4 | <) — ple|w <)

(i7) There are pe Mg, and ;r./e‘fMé_,{_‘ random ..
for which EMeog (zt|Tat) 7 (@) T <),

Our original or main motivation of studying u/€é-randomness is the implication

of Theorem 3.22 that £y == p cannot be decided from ¢ being a mixture dis-
tribution (3.5) or from the dominance property (3.6) alone. Further structural
properties of My have to be employed. For Bernoulli sequences, convergence
p-€ae 1. is related to denseness of Mg. Maybe a denseness characterization
of MS¢™ can solve the question of convergence M.L. of &. The property
&y € My is also not sufficient to resolve the question, since there are M3 ¢

for which & 4 p and M 3¢ for which € ’;ﬁg—: t (see also Problem 3.10). The-
orem 3.22 can be generalized to i.i.d. sequences over general finite alphabet
X.

The idea to prove (%) is to construct a sequence .o, that is pg, /é-random
and pg, /&-random for g ##6;. This is possible if and only if © contains a gap
and 6y and 6, are the boundaries of the gap. Obviously, £ cannot converge to
6o and 0y, thus proving nonconvergence. For no 6 €[0,1] will this 1., be pg
M.L.-random. Finally, the proof of Theorem 3.22 makes essential use of the
mixture representation of £, as opposed to the proof of Theorem 3.19, which
only needs dominance £ > M.

An example for (i¢) is M = {uo,p1}, po(llz<s) = pu1(0lz< )= 1 Tloo =
(01)* =01010101... = uo($1;2n)=u1($1;2n)=€(.Z‘1;2n) (Hyn ( ) = Tieo 1S
1o/ &-random and (1 /€é-random, but u0($2n|$<2n)*% oz n+1|:z1 on) = %,
251 ($2n|$<2n) 4, p1(Zont1|T1.20) = q 7 and §($2nl$<2n)=% §(T2nt1]Tr2n) = 5

for wo=w1 =35 = &(xnlT<n) 7 toj1(@n|T<n)-
Proof. Let X =B and M = {up : § € ©} with countable © C [0,1] and
po{1l]21:) =0=1—p9(0)21.,}, which implies
A 4 n

/“"B(wlzn) :6)"1(1 _0)n—n17 ny =T+ ... 2y, 0=0,:= ';1
6 depends on n; all other used/defined # will be independent of n. We assume
6. € ©, where .. stands for some (possible empty) index, and #€0,1] (possibly
#0), where"stands for some superscript, i.e. pg. and wy_ make sense, whereas
pg and w; do not. £ is defined in the standard way as

g(xl:n) - Z w@uQ(xl:n) = §(x1:n) _>_ wﬂﬂa(-z'l:n), (323)
fco
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where ), wg =1 and wg >0V0. In the following let u= g, € M be the true
environment.

W= Tloo I8 pfé-random & ey E(T1m) < Corpg, (T1n) VR (3.24)

For binary alphabet it is sufficient to establish whether £(1]21.,) "~ 6 =
p(1|z1:p) for p/é-random z1.o in order to decide &(@n|T<n) — p(Tn|r<r). We

need the following posterior representation of &:

X1 w, €T
E(z1n) = anug Uz1m), wd:=w 9/‘0( 1-n)< o Ho(T1n) Zw 1

beo f(l'lzn) Wy, ,er Ty. n Py
(3.25)
The ratio pg/ug, can be represented as follows:
N0($1:n> _ enl(l_g)nq” _ ( 4 )én ( 1-0 )1_0 (3 26)
,U/Go(xl:n) 931(1’90)71'_”‘ 00 1—00 ’

= en[D(énHGO)—D(énHG)]’ where  D(0]10) = @lng%—(l—é)ln}%g

is the relative entropy between 6 and 9, which is continuous in 8 and 6, and is
0 if and only if §=60. We also need the following implication for sets £2C O:

If w? <wege(n) =30 and gy(n) <cVheL, (3.27)
then Zwﬁug(llmlm) < Zwﬁ =30,
fen ges?

which easily follows from boundedness 3 ,w% <1 and pg<1 (Lemma 5.284).
We now prove Theorem 3.22. We leave the special considerations necessary
when 0,1 €6 to the reader and assume henceforth 0,1¢6.

() Let O be a countable dense subset of (0,1) and 1.0 be p/€-random.
Using (3.23) and (3.24) in (3.26) for § € © to be determined later we can
bound
n[D(0.]160)- D0 110)] _ FoT1m) _ Co . (3.28)

e <
P (Z1m) ~ we

Let us assume that 6=8, 7 6o. This implies that there exists a cluster point
97&00 of sequence 6,,. That is, 0, is infinitely often in an e-neighborhood of 6,
e.g. D(H [|18) <e for infinitely many n. §€[0,1] may be outside 6. Since §# 6,
this implies that 6, must be “far” away from 6, infinitely often. For example,
for e=1(0—6o)?, using D(6}(0)+D(8]|60) > (8—00)?, we get D(8]60) >3e. We
now choose € © so near to § such that |D(0]|8) — D(0]|0)| < (here we use
denseness of ©). Chaining all inequalities we get D(]|0,)—D(8]|0) >3 —e—e=
¢>0. This, together with (3.28) implies €™ <c¢ for infinitely many n, which is
impossible. Hence, the assumption én -+ 8y was wrong.



3.2 Setup and Convergence 79

Now, 6, — 0g implies that for arbitrary 6 # 6, 6 €9, and for sufficiently
large n there exists dg >0 such that D(6,]|0) > 28y (since D(6,{|0) #0) and
D(6,,|6) <dg. This implies

w® < 28 enlDEali60)-DEII0)] < WO o-mds n2e
Wo, Wey,
where we used (3.25) and (3.26) in the first inequality, and the second inequal-
ity holds for sufficiently large n. Hence ), 7&9011)791 —0 by (3.27) and wl —1
by normalization (3.25), which finally gives

Ee1n) = wid gy (La1n) + Z whps(Lz1m) "3 gy (12 10).
6#60

(zz) We first consider the case © = {6;,61}: Let us choose 6 (=
(1 5 )/1n(g(1) 1=f g°)§29) in the {KL) middle of 6, and #; such that

D(8)|6o) = D(8)61), 0<f<b<b; <1, (3.29)

and choose 71..o such that 8, := "L satisfies lén -0 < % (= 6, =% 6).
We will show that 1.0 is pe,/é-random and pe, /&-random. Obviously no £
can converge to g and 1, thus proving u/&-nonconvergence. (.00 is obvi-
ously not pg,,, M.L.-random, since the relative frequency 6, /8g/1. Z1.00 is nOt

even pg M.L.-random, since f,, converges too fast (~ L), 2100 is indeed very
regular, whereas 7% of a truly s M.L.-random sequence has fluctuations of
the order 1/+/n. The fast convergence is necessary for doubly x/é-randomness.
The reason that z1.0 is p/&-random, but not M.L.-random is that p/¢-
randomness is a weaker concept than M.L.-randomness for M C M3¢™ . Only
regularities characterized by v € M are recognized by u/¢-randomness.)

In the following we assume that n is sufficiently large such that 65 < én <#.
We need
\D(6]16) — DO < clf —0] V6,0,0€[85,0:] with c:=Ingi=g) < oo,

(3.30)

which follows for §>8 (similarly § <8) from

4

9
D(6119) — D(8))9) = /8 In% —Inl=2dp < /9 [ln 9 —In 101140 = (6~ 9),

where we have increased 6’ to §; and decreased @ to 6; in the inequality. Using
(3.30) in (3.26) twice we get

11 (Zim) _ a(D(01160)~D@u101)] < onlD(B1160) Heldn—01~D@I101) +eldn 31 < g2,
u@o(xlzn)
(3.31)
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where we used (3.29) in the last inequality. Now, (3.31) and (3.25) lead to
8y _ 1o, (T1:m) -0 We, 6, (l'lzn)]—l > [1 + %6201_1 =i ¢y >0,
(3.32)

" ’ g(ajlzn) B We, Mo, (xlzn) Weq
which shows that 1. is pg, /é-random by (3.24). Exchanging 6y <6, in (3.31)
and (3.32) we similarly get w% >¢; >0, which implies (using w? +w? =1)

w

E(Mz1m) Z w o (1|z 1) = w800 + w01 # 0 = pg, (1]21.0). (3.33)
0€{00,01}

This shows &(1|z1.,) i w(1]x1.,). One can show that £(1|xy.,) does not
only not converge to 8y (and 6, ), but that it does not converge at all. The fast
convergence demand |0,, — 0] < % ON Z1.00 Can be weakened to 6, < 9+O(%) Vn

and 6,, > 60— O( ) for infinitely many n, then ;. is still g, /é-random, and
wih > ¢} >0 for mﬁmtely many n, which is sufficient to prove £ /4 pu.

We now consider general © with gap in the sense that there exist 0 <8y <
6y <1 with [6y,0,]NO={8y.0, }: We show that all £6,,6, give asymptotically
no contribution to £(1{x1.,), i.e. (3.33) still applies. Let € ©\ {6,601 }; all other
definitions as before. Then dg:=D(0]|6)—D(8]|6p/1) >0, since 6 is farther than
bo;1 away from 8 (|6—0|>]00,, ~0|). Similarly to (3.31) with 0 instead 6,, we
get

H8(Tin) _ (D@1100)-DOI0)] < g2e. nlD(@1160)~D@IIO)] _ (2eq-nds "2 ()
He, (mlzn)

Hence wj < 22e*e™% — (0 from (3.25) and &, =
(4]

>seon (o6} Wnke(lT1n) =5 0 from (3.27). Hence £(llrin) =
wd g +wh -0, +e, # 6 = pp,(1l71.,) for sufficiently large n, since

en—0, wl >} >0 and 6 #0;. a

3.2.8 The Case where pug M

In the following we discuss two cases in which p & M, but most parts of
this book still apply. Actually all theorems remain valid for p being a finite
linear combination p(21.n) = >, 0¥ (T1:0) of ¥’s in £ C M. Dominance
E(x1:n) > wy - p(r1.m) is still ensured with w, ::minl,e[;%‘)’j" > ming,ccw,. More
generally, if 4 is an infinite linear combination, dominance is still ensured if
w, itself dominates v, in the sense that w, > av, for some >0 (then w, >a).

Another possibly interesting situation is when the true generating dis-
tribution y ¢ M, but a “nearby” distribution # with weight w, is in M.
If we measure the distance of i to p with the Kullback-Leibler divergence

D, (pllp) = len“(xln)lnﬁﬁgi:g and assume that it is bounded by a con-

stant ¢, then
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D, = E[ln/g((g:ﬂ = E[lnggzll:;] +E[ln%§%} < lnw;' te

So Dnglnw;1 remains valid if we define w, :=w;-e

—C

3.2.9 Probability Classes M

In the following we describe some well-known and some less-known probability
classes M. This relates our setting to other works in this area, embeds it into
the historical context, illustrates the type of classes we have in mind, and
discusses computational issues.

We get a rather wide class M if we include all computable probability
distributions in M. In this case, the assumption y € M is very weak, as it
only assumes that the strings are drawn from any computaeble distribution;
and all valid physical theories (and hence all environments) are computable
to arbitrary precision (estimable in a probabilistic sense).

It is favorable to assign high weights w, to the v. Simplicity should be
favored over complexity, according to Occam’s razor. In our context this means
that a high weight should be assigned to simple v. The prefix Kolmogorov
complexity K(v) is a universal complexity measure [Kol65, Lev74, GicT4,
Cha75s, LV97]. It is defined as the length of the shortest self-delimiting program
on a universal Turing machine computing v(x1.,) given x1., (cf. Section 2.2).

If we define
w, = 2-K®

then distributions that can be calculated by short programs have high weights.
The relative entropy is bounded by the Kolmogorov complexity of u in
this case (D, < K{u)-In2). Solomonoft [Sol64, Eq.(13)] considered the class
M=MZ,, of all computable measures, which unfortunately leads to an in-
approximable mixture £. Levin obtained the universal semimeasure £ by tak-
ing M=My=M:3" to be the (multi)set enumerated by a Turing machine
that enumerates all enumerable semimeasures [ZL70, LV97] (see Section 2.4
for details). Recently, M was further enlarged to include all cumulatively enu-
merable semimeasures [Sch02a]. In the enumerable and cumulatively enumer-
able cases, £ is not estimable, but can be approximated to arbitrary but not
pre-specifiable precision. If we consider all approximable (i.e. asymptotically
computable) distributions, then the universal distribution £, although still well
defined, is not even approximable (like £ Mumsn ). An interesting and quickly
approximable distribution is the Speed prior 'S defined in [Sch02b]. It is related
to Levin complexity and Levin search [Lev73b, Lev84] (Section 7.1.2), but it
is unclear for now which distributions are dominated by S (Problem 3.2). If
one considers only finite-state automata instead of general Turing machines, &
is related to the quickly computable, universal finite-state prediction scheme
of Feder et al. [FMG92], which itself is related to the famous Lempel-Ziv data
compression algorithm. If one has extra knowledge on the source generating
the sequence, one might further reduce M and increase w. Note that £ € M
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in the enumerable and cumulatively enumerable case, but £ € M in the com-
putable, approximable and finite-state case. If £ is itself in M, it is called a
universal element of M [LV97]. As we do not need this property here, M may
be any countable set of distributions. In the following we consider generic M
and w.

We have discussed various discrete classes M, which are sufficient from
a constructive or computational point of view. On the other hand, it is con-
venient to also allow for continuous classes M. For instance, the class of all
Bernoulli processes with parameter # € [0,1] and uniform prior wy =1 (Prob-
lems 2.11 and 5.14) is much easier to deal with than computable € only, with
prior wg =25 Other important continuous classes are the class of i.i.d.
and Markov processes. Continuous classes M are briefly considered in Sec-
tion 3.7.2.

3.3 Error Bounds

In this section we derive error bounds for predictors based on the mixture .
We introduce the concept of Bayes optimal predictors @, that minimize p-
expected error. We bound E®: — E®» by O(v/E®«), where E®¢ is the expected
number of errors made by the optimal universal predictor &, and E®: is the
expected number of errors made by the optimal informed prediction scheme

0,.

3.3.1 Bayes Optimal Predictors

We start with a very simple error measure: making a wrong prediction counts
as one error, making a correct prediction counts as no error. This serves as
an introduction to the more complicated model with arbitrary loss function.
Let ©,, be the optimal prediction scheme when the strings are drawn from
the probability distribution u, i.e. the probability of z; given x«; is p(2|z <),
and g is known. ©, predicts (by definition) z» when observing z«;. The
prediction is erroneous if the true t* symbol is not £+ . The probability of this
event is 1 — (2P |z.;). It is minimized if ¥+ maximizes p(zP»|z ). More
generally, let ©, be a prediction scheme predicting z9# :=argmax,, p(z: [z <)
for some distribution p. Every deterministic predictor can be interpreted as
maximizing some distribution.

3.3.2 Total Expected Numbers of Errors

The p-probability of making a wrong prediction for the #** symbol and the
total p-expected number of errors in the first n predictions of predictor 6,
are
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() = 1—paPrlecy),  ESe = > Elefr(va)]. (3.34)
t=1

If p is known, 6, is obviously the best prediction scheme in the sense of
making the least number of expected errors

E®+ < E°» forany 6,, (3.35)
since
e (T<r) = 1—pla [2.<s) = min{1—p(ze|r<e)} < 1—p(afelr<) = e (z<:)

for any p. Of special interest is the universal predictor &;. As £ converges
to p the prediction of ©@¢ might converge to the prediction of the optimal
O,.. Hence, ©; may not make many more errors than €, and, hence, than
any other predictor ©,. Note that 227 is a discontinuous function of p, and
29¢ — 2P does not follow from & — . Indeed, this problem occurs in related
prediction schemes, where the predictor has to be regularized so that it is
continuous [FMG92]. Fortunately this is not necessary here. We prove the
following error bound.

Theorem 3.36 (Error bound) Let there be sequences xa5... over a fi-
nite alphabet A drawn with probability p(x;.,) for the first n symbols.
The O,-system predicts by definition @7 € X' from 2, where 2P max-
imizes p(a|x<t). G¢ is the universal prediction scheme based on the uni-
versal prior £, and ©,, the optimal informed prediction scheme. The total
p-expected number of prediction errors E9¢ and E€» of O¢ and O, as
defined in (3.34) is bounded in the following way?

0 < E9 — E® < \/2(E®<+E®:)S,

Sp + VAE®: S, + §2 < 28, +2y/E®xS,,,

“n

A

where S, <D,, Elnuf; L. S, is the squared distance (3.14), D,, is the relative
entropy (3.18). and w,, is the weight (3.5) of y in £.

The first bound actually contains E9¢ on the r.h.s., so it is not particularly
useful, but this is the major bound we will prove; the others follow easily.
Furthermore, it has a somewhat nicer structure than the second bound. In
Section 3.6 we show that the second bound is optimal. The last bound, which
we discuss in the following, has the same asymptotics as the second bound.
First, we observe that the number of errors E€¢ of the universal ©; predic-
tor is finite if the number of errors ES# of the informed 8, predictor is finite.

4 Note that the error bound in terms of S, actually holds for any two distributions
§ and p. The mixture property of £ is only used to bound S,, by lnw;l.
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This is especially the case for deterministic y, as ET? » =0 in this case®, i.e. B¢
makes only a finite number of errors on deterministic environments. This can
also be proven by elementary means. Assume z125... is the sequence generated
by 1 and ©; makes a wrong prediction x&¢ #z;. Since £(z¢ |z <) > €(zi] <),
this implies &(z;z<;) < 3. Hence eP¢ =1 < —Iné(z¢|z<;)/In2 =d;/In2. If O
makes a correct prediction, eP¢ =0<d;/In2 is obvious. Using (3.18) this proves
E% <Dy, /In2< logQwijl. A combinatoric argument given in Section 3.6 shows
that there are M and € M with EQ¢ >log,|M|. This shows that the upper
bound E2¢ <log,| M| for uniform w is sharp. From Theorem 3.36 we get the
slightly weaker bound EZ¢ < 2S., < 2Dy < 21nw;1. For more complicated
probabilistic environments, where even the ideal informed system makes an
infinite number of errors, the theorem ensures that the error regret £E9¢ — E©«
is only of order \/ES«. The regret is quantified in terms of the information
content Dy, of u (relative to &), or the weight w, of u in §. This ensures that
the error deusities F,, /n of both systems converge to each other. Actually, the
theorem ensures more, namely that the quotient converges to 1, and also gives
the speed of convergence E9¢ /ES» =1+O((ES+)"1/2) —1 for ES* —c0. If
we increase the first occurrence of ES» in the theorem to E2 and the sec-
ond E® to E9 we get the bound EC > E9¢ -2, /E®¢S, | which shows that
no (causal) predictor © whatsoever makes significantly fewer errors than ©.
In Section 3.6 we show that the second bound for E&¢ — E+ given in The-
orem 3.36 can, in general, not be improved, i.e. for every predictor © (and
especially ©¢) there exist M and pu € M such that the upper bound is es-
sentially achieved. See [HutOlc| for some further discussion and bounds for
binary alphabet.

3.3.3 Proof of Theorem 3.36

The first inequality in Theorem 3.36 has already been proven (3.35). For the
second inequality, let us start more modestly and consider constants A >0
and B >0 that satisfy the linear inequality

E®: — E®« < A(ES: 4 E°+) 4 BS,. (3.37)
If we could show
et (zy) — e (xar) < Alefe(xce) + €8 (x<t)] + Bsi(z ) (3.38)

for all t<m and all x;, (3.37) would follow immediately by summation and the
definition of E,, and S,. With the abbreviations (3.12) and the abbreviations
m=1x% and s=1P¢ the, various error functions can then be expressed by
ePe =1-y,, €€ =1—y,, and sy =), (y;—2z)*. Inserting this into (3.38) we

get

5 Remember that we named a probability distribution deterministic if it is 1 for
exactly one sequence and 0 for all others.
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N
Ym—Ys < A2—(ym+ys)] + B (yi — 2:)%. (3.39)
1=1 ,
By definition of :vte“ and :ctef we have y,, >y, and zs > z; for all i. We prove
a sequence of inequalities which show that

BZ(yi ~2:)° + A2~ (Ym+Ys)] = Wm—ys) = - (3.40)

is positive for suitable A>0 and B >0, which proves (3.39). For m=3s (3.40) is
obviously positive. So we will assume m##s in the following. From the square
we keep only contributions from i=m and i=s.

-2 B[(ym_zm)2 + (ys—zs)2] + A[2“(ym+ys)] ~ (Ym—Ys) = ...

By definition of y, z, M and s we have the constraints y,, +ys <1, 2, +25s <1,
Ym 2> Ys >0 and 25> 2, >0. From the latter two it is easy to see that the square
terms (as a function of z,, and z,) are minimized by zm, = 25 = 5 (Ym +¥s)-
Furthermore, we define z:=1y,, —y, and increase (y.,+ys) to 1.

. > iBx+A-z > .. (3.41)

Expression (3.41) is quadratic in z and minimized by z* = %. Inserting x*

gives
1

Inequality (3.37) therefore holds for any A >0, provided we insert B = ﬁ.
Thus we might minimize the r.h.s. of (3.37) w.r.t. A, leading to the upper
bound

 2(E9: + ESn)’

which is the first bound in Theorem 3.36. For the second bound we have to

prove
V2(E® +E®¥)S, — Sy < \/AE®:S, + SI. (3.44)
If we square both sides of this expression and simplify we just get (3.43).

Hence, (3.43) implies (3.44). The last inequality in Theorem 3.36 is a simple
triangle inequality. This completes the proof of Theorem 3.36. a

E®¢ — E®+ < \/2(E®: + E®+)S,  for A’ 3.43)

Note that also the third bound implies the second one:

Ep¢ —Epr < 2(B2<+ED)S,
& (Eps—Egn)? < 2B +EP")S,
& (ES<—~ES+-5,)? < 4ES:S, + §?
& EJf—EJv—S, < \J4E3:5,+ 52

where we only have used ES¢ > E@«. Nevertheless, the bounds are not equal.
In Section 3.9 we give an alternative direct proof of the second bound.
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3.4 Loss Bounds

We now generalize the prediction framework to an arbitrary loss functions. A
system is allowed to take an action y;, given x;...2;_1 and receives loss Z,,,
if 2+ is the next symbol of the sequence. No assumptions on £ are necessary,
besides boundedness. Bayes optimal universal A; and Bayes optimal informed
A, prediction schemes are defined and the total loss of A¢ is bounded in
terms of the total loss of A,, similar to the error bounds. Convergence of
instantaneous losses is also established. Various example loss functions are
discussed.

3.4.1 Unit Loss Function

A prediction is very often the basis for some decision. The decision results in
an action, which itself leads to some reward or loss. If the action itself can
influence the environment we enter the domain of acting agents, which will
be analyzed in the context of universal probability in later chapters. To stay
in the framework of (passive) prediction we have to assume that the action
itself does not influence the environment. Let £;,,, € IR be the received loss
when taking action y, € V, and z; € X is the tth symbol of the sequence.
We assume that ¢ is bounded, which is trivially satisfied for finite X and
Y. Without loss of generality we normalize ¢ by linear scaling such that 0<
£y,,, <1. For instance, if we make a sequence of weather forecasts X' = {sunny,
rainy} and base our decision, whether to take an umbrella or wear sunglasses
Y={umbrella, sunglasses} on it, the action of taking the umbrella or wearing
sunglasses does not influence the future weather (ignoring the butterfly effect).
The losses might be

Loss sunny | rainy
umbrella | 0.1 0.3
sunglasses | 0.0 1.0

Note the loss assignment even when making the right decision to take an
umbrella when it rains because sun is still preferable to rain.

In many cases the prediction of z; can be identified or is already the action
yi. The forecast sunny can be identified with the action wear sunglasses, and
rainy with take umbrella. X =) in these cases. The error assignment of the
previous section falls into this class together with a special loss function. It
assigns unit loss to an erroneous prediction (£y,,, =1 for z; #y;) and no loss
to a correct prediction (£;,,, =0).

For convenience we name an action a prediction in the following, even
if X #Y. The true probability of the next symbol being z, given z«;, is
plxi|z<s). The expected loss when predicting y, is E;[€y,,,]. The goal is
to minimize the expected loss. More generally, we define the A, prediction
scheme
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A .
yie = arg ;1611)1} ; pledz<e)le,y,, (3.45)

which minimizes the p-expected loss® As the true distribution is u, the actual
p-expected loss when A, predicts the #*" symbol and the total y-expected loss
in the first n predictions are

fo(z<t) = Billowpel,  Liv = ) Elf*(z<)]. (3.46)
t=1

Let A be any (causal) prediction scheme (deterministic or probabilistic) with
no constraint at all, predicting any y;* €Y with losses I and LA similarly
defined as (3.46). If y is known, A, is obviously the best prediction scheme in
the sense of achieving minimal expected loss

LA < LA forany A4, (3.47)

since
A ~ ot 1A
lt “($<t) = Eteztytllu = H;ltn Etﬁwtyt < Etfmty{x = Zt (x<t)

for any A. The predictor A¢, based on the universal distribution ¢, is, again,
of special interest. Theorem 3.36 generalizes to arbitrary loss functions.

Theorem 3.48 (Unit loss bound) Let there be sequences z13... over
a finite alphabet X drawn with probability p(x;.,) for the first n symbols.
A system taking action (or predicting) y, €Y given x« receives loss (., €
[0.1] if @, is the true t*" symbol of the sequence. The A -system (3.45)
acts (or predicts) as to minimize the p-expected loss. A¢ is the universal
prediction scheme based on the universal prior & and A, the optimal
informed prediction scheme. The total p-expected losses L of A¢ and
LA of A, as defined in (3.46) are bounded in the following way:

0 < LAc— L% < D,++ALMD, + D2 < 2D, +2,/LA:D,,

where D, gllm';] is the relative entropy (3.18), and w), is the weight (3.5)
of p in &.

The loss bounds have the same form as the error bounds when substituting
S, < D, in Theorem 3.36, so most of the discussion of Theorem 3.36 also
applies here. Replacing D,, by S, in Theorem 3.48 gives an invalid bound, so
the general bound is slightly weaker. For instance, for X =Y = {0,1}, oo =

5 argmin,(-) is defined as the y that minimizes the argument. A tie is broken
arbitrarily. If ) is finite, then y{*# always exists. For an infinite action space )
we assume that a minimizing y;'» € exists. This is, for instance, the case if ) is
compact and £y is continuous in y, or for Y=IV, if lim,_.ocfey exists for all
and is larger or equal to £;, for most y.
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01 =0, byo=1, lpn=c< 3, p(1)=0, v(1)=2¢, and w,=w, =1, we get £(1)=c,
s1=2c%, yiu =0, 1 =Loo =0, y{'¢ =1, I{¢ =fy; =c; hence Lt —Lin=¢ £ 4c?=
251 +24 /lelﬂ 5. For convenience we collect the most important consequences
of Theorem 3.48 in the following corollary.

Corollary 3.49 (Unit loss bound) Under the same conditions as in
Theorem 3.48 the following relations hold:
(i) LAs is finite <= LZ» is finite,
(1) Lis < 2D, < 2111':1;';' for deterministic p if Va3yl,, =0,
(iii) LAs /LA 1+ O((LA)=12) — 1 for LA — co.
(iv) L — LA O(/Lw),

Let A be any prediction scheme.

Il

Il

(v) Lg» < Ly, I (2<t) < UMNa<)s
(vi) L? > LA« —2,/L&D,,
(vii) Lide/LA < 1+ O((LA)~?).

3.4.2 Loss Bound of Merhav & Feder

The first general loss bound with no structural assumptions on p and ¢ (ex-
cept boundedness) was derived in a survey paper by Merhav and Feder in
[MF98, Sec.IIL.A.2]. They showed that the regret Li¢— LA« is bounded by
lrnaz 20Dy, for £€(0,fm0z)- Assuming £, =1 (general £,,,, can be recov-
ered by scaling) their bound reads (in our notation)

L — L& < A, < /2nD,. (3.50)
Later in Theorem 3.59 we prove

e(zee) = 1M (1<) < arlzar) < V2(zce).

Taking the expectation E and the average %E?:l and using Jensen’s inequal-
ity for the concave square root similarly to (3.21) or directly Theorem 3.19(vi)
shows (3.50).

Bound (3.50) and our bound (Theorem 3.48) are in general incomparable.
Since 2D, is finite and LA+ <n, bound (3.50) can be at best a factor V2 and
an additive constant better than our bound. On the other hand, for large n
and for Li» < % our bound is tighter. The latter condition is satisfied if the
best predictor A, suffers small instantaneous loss < % on average. Significant
improvement occurs if L2+ does not grow linearly with n, but is, for instance,
finite (see Corollary 3.49, especially (¢) and (47)).
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3.4.3 Example Loss Functions

The case X =) with unit error assignment gy =1—08¢y (8zy=1 for =y and
055 =0 for £ #y) has already been discussed and proven in Section 3.3.

gl = argmin ¥ p(@ifzci)(l — Ooiy,) = argmaxp(zilzcy) = g
Yt Tt
Tt

In this case Li» = E9- is the total expected number of prediction errors.
For X =) = {0,1}, like in the weather example above, A, is a threshold
strategy with y{'» =argminge (o 13{p1f1y+poloy} =0/1 for p1 Z v, where v:=
ﬁ‘o_ﬁ and p; = p(ilz<). In the special error case £, =1—0,,, the bit
with the highest p-probability is predicted (y= %) In the following we consider
some standard loss functions for binary outcome X = {0,1} and continuous
action y in the unit interval ¥ =[0,1]. The absolute loss is defined as £,, =
|z—y|€[0,1]. The A, scheme predicts y;'» =argminyep,11{p1(1—y)+poy}=0/1
for po 2 p1. Since all predictions y lie in the subset {0,1} C[0,1], and |z—y|=
1—4gy for y € {0,1}, this case coincides with the binary error case above.
The same holds for the a-loss [z—y|* with 0 <a <1. The p-expected loss is
I{'* = ju(i|w<;) for the ¢ with p; > L. For the quadratic loss €z =(z—y)? €[0,1]
the action/prediction y;'s =argminye(o 1;{p1 (1—y)*>+poy? } =p1 is proportional
to the p-probability of z; = 1 and I{'» = E,(1— p(z:|x<;))?. For the a-loss
|z—y|* with a>1 we get y{** =(1+ *¥/pe/p:)~*. For arbitrary finite alphabet
X and vector-valued predictions y the quadratic loss may be generalized to
loy=3yT Acy+bly+c,. The Hellinger loss can be written for binary outcome
in the form £, = 1—+/|[l—z—y| € [0,1] with y* = p2/(p3+p?) and f» =
1—(popotp1p1)// pi+p3. The logarithmic loss £y, = —In|l —z —y| € [0,00]
is unbounded. But since the corresponding action is y;i» = p; the expected
loss is 1/ = ~E¢lnp(z:|z<¢). Hence I{*¢ —» =d;, and the total loss regret
LAs— M =D, < 1nw;1 is finite anyway and Theorem 3.48 is not needed.
Continuous outcome spaces X are briefly discussed in Section 3.7.5.

3.4.4 Proof of Theorem 3.48

The first inequality in Theorem 3.48 was already proven in (3.47). For the
second and last inequality, we start, as in Theorem 3.36, by looking for small
constants A>0 and B >0, which satisfy the linear inequality

LA« < (A+ 1)L 4 (B+1)D,,. (3.51)
If we could show
l{lg ($<t) S A,l{i“ (x<t) + B,dt(m<t), A, = A + 1, B, =B +1 (352)

for all t<n and all x4, (3.51) would follow immediately by summation and
the definition of L, and D,. With the abbreviations m =y and s =yl
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and the abbreviations (3.12) the loss and entropy can then be expressed by
Ife = .yilss, v = Y Yilim and dy = Ziyiln—i—’:—'. Inserting this into (3.52) we

get
N N N v
Z yilis < A’ Z Yilim + B’ Z yiln (3.53)
i=1 i=1 i=1

By definition (3.45) of y{* and y/'¢ we have

Zyigim < Zyi&j and Zziéis S Zziéij for all j (354)

Actually, we need the first constraint only for j=s and the second for j=m.
In Section 3.9 we reduce the problem to the binary N =2 case, which we will
consider in the following. We take Zg:o instead of Zle for convenience.

B’Zyz hl +Zyz A/ zm zs) _?_ 0 (355)

The cases £, > £;5Vi and £;5 > £;,, Vi contradict the first/second inequality
(3.54). Hence we can assume £g,, > £y, and £y, < ¥¢;5. The symmetric case
Lom < {fgs and {4y, > ¢ is proven analogously or can be reduced to the first
case by renumbering the indices (0 1). Using the abbreviations a:=£g,, —£gs,
bi=l1s~l1m, c:=y1lim+volos, y=y1=1—1yo and z=2; =1— 2z, we can write
(3.55) as

fly,2) == B'lyln¥ + (1-y)In =¥] + A'(1—- y)a—yb+Ac> 0 (3.56)

for zb<(1—z)a and 0<a,b,c,y,2<1. Constraint (3.54) on y has been dropped
since (3.56) will turn out to be true for all y. Furthermore, we can assume
that d:=A’(1-y)a—-yb<0 since for >0, f is trivially positive. Multiplying
d with a constant >1 will decrease f. Let us first consider the case z < % We
multiply the d term by 1/b>1, i.e. replace it with A’(1~y)¢~y. From the
constramt on z we know that %> 12 We can decrease f further by replacing

, (3.56) is proven for z <1 5 if we can
prove

?
Y A(1-y)E -y > 0 for z2< 1. (357)

B'lylm¥ + (1-y)

In Section 3.9 we prove that it holds for B> %-{_1; the case z 2—;— is treated
similarly. We scale d with 1/a>1, i.e. replace it with A’(l—y)~y§. From the
constraint on z we know that g < 1%2 We decrease f further by replacing g
by 1= and by dropping Ac. Hence (3.56) is proven for z > 3 if we can prove

?
Blyln?+(1-y)n =Y+ A(l-y)—y2 >0 for z>3.  (3.58)
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In Section 3.9 we prove that it holds for B> 1 +1. So, in summary we proved
that (3.51) holds for B> 4 +1. Inserting B=%+1 into (3.51) and minimizing
the r.h.s. w.r.t. Aleads to the last bound of Theorem 3.48 with A=+/D,,/LAx.
Actually, inequalities (3.57) and (3.58) also hold for B> 1A+ %, which, by
the same minimization argument, proves the slightly tighter bound in The-
orem 3.48. Unfortunately, the current proof is very long and complex, and
involves some numerical or graphical analysis for determining intersection
properties of some higher-order polynomials. This or a simplified proof will
be postponed. The cautious reader may check the inequalities (3.57) and (3.58)
numerically for B=1A4+ 4. O

3.4.5 Convergence of Instantaneous Losses

Since LA¢ — LA+ is not finitely bounded by Theorem 3.48, it cannot be used
directly to conclude /¢ — [ — 0. Tt would follow from £ — y by continuity if
I8¢ and I« were continuous functions of £ and p. I is a continuous piecewise
linear concave function of y, but l{‘ﬁ is, in general, a discontinuous function
of £ (and u). Fortunately, it is continuous at the one necessary point, &= p.

This allows us to bound ¢ I/ in terms of &(xs|z ;) —p(ze|z<s)-

Theorem 3.59 (Instantaneous loss bound) Under the same condi-
tions as in Theorem 3.48, the following relations hold for the instanta-
neous losses [ (x<;) and 1% (2,) at time ¢ of the informed and universal
prediction schemes A, and Ag:

ZE[ (T<t) — I (@<e))?] < 2Dn < 2lnw)' < oo

(i) 0 < 1 (2<e) = " (x<e) ZIE relece) = ez <)
< /2di(xey) — 0 for 1‘—> oo w.u.p.l.

t—oo

(#i3) 0 < Ide(zey) — I (zy) < 2di(at) + 2 SO

vet) di(<y)

Bound (i) implies that the expected number of times ¢ in which [ exceeds
I by more than ¢ is finite and bounded by 2¢~ zlnwu , and the probability
that the number of these events exceeds 2e 726~ 1lnwu is smaller than 4.

Proof. (ii) follows from

Be(e) =1 (<) = ) vilis — > yifim < O _ (Wi — 2)(lis — bim)
< D lwi—ml s — bl < Yl -al < 23w ® = V2di(ea).
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To arrive at the first inequality we added ), z;(¢;m —{is), which is positive
due to (3.54). |4;s—¥im| <1 since £ € [0,1]. The last inequality follows from
Lemma 3.11a, and d; —0 was proven in Theorem 3.19(:4).

(¢) follows by squaring (i), taking the expectation E and sum )} |, and
using (3.18).

(#7i) follows from the proof of Theorem 3.48 by inserting B =4 +1 =
VI8 /d;+1 into (3.52). Convergence to zero holds with p-probability 1, since
I8 <1 is bounded. The losses [{'# (x ;) itself need not converge. D

Note, that the inequalities in (7¢) and (i) hold for all individual sequences.
The sum/average is only taken over the current outcome xz;, but the history
T« 1s fixed. Bounds (i) and (444) are in general incomparable, but for large
t and for [ < 1 (especially if [{'» —0) bound (44i) is tighter than bound (47).

3.4.6 General Loss

Very few restrictions were iinposed on the loss £,,, in Theorem 3.48, namely
that it is static and in the unit interval [0,1]. If we look at the proof of The-
orem 3.48, we see that the time-independence has not been used at all. The
proof is still valid for an individual loss function £, , € [0,1] for each step
t. The loss might even depend on the actual history z.;. The case of a loss
E;tyt (<¢) bounded to a general interval [£,1in,fmaz] can be reduced to the
unit interval case by rescaling ¢. We introduce a scaled loss ¢

Etztyt (x<t) - gmin

la

0 < glt ($<t) = < 1, where fa:={lnoe — lmin.

— TTtYt

The prediction scheme A, based on ¢’ is identical to the original prediction
scheme A, based on ¢, since argmin in (3.45) is not affected by linear transfor-
mation of its argument. From y*» =y it follows that [ = (I —lpin)/€a
and L' = (L2 —£,3,.) /€A (D}, =D, since £ is not involved). Theorem 3.48 is
valid for the primed quantities, since # €[0,1]. Inserting L/#/¢ and rearranging
terms we get
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Theorem 3.60 (General loss bound) Let there be sequences xjas...
over a finite alphabet A drawn with probability p(x,.,) for the first n
symbols. A system taking action (or predicting) y, € Y given x-; receives
loss 01, g (T<t) € [ConinsCmin+€4] if 2, is the true ¢ symbol of the sequence.
The A,-system (3.45) acts (or predicts) as to minimize the p-expected loss.
Ag¢ is the universal prediction scheme based on the universal prior €. A, is
the optimal informed prediction scheme. The total p-expected losses L
and L of A¢ and A, as defined in (3.46) are bounded in the following
way

0 < L — LM < £aDy+ \JA(L ~nlmin)eaDy + (D

where D,, *:Elnu‘;l is the relative entropy (3.18), and wy, is the weight (3.5)
of p in &.

3.5 Application to Games of Chance

This section applies the loss bounds to games of chance, defined as a sequence
of bets, observations, and rewards. After a brief introduction, we show that if
there is a profitable scheme at all, asymptotically the universal A scheme will
also become profitable. We bound the time needed to reach the winning zone.
It is proportional to the relative entropy of x4 and £ with a factor depending
on the profit range and the average profit. We present a numerical example
and attempt to give an information-theoretic interpretation of the result.

3.5.1 Introduction

Cousider investing in the stock market. At time ¢ an amount of money s;
is invested in portfolio y;, where we have access to past knowledge z.; {e.g.
charts). After our choice of investment we receive new information z;, and
the new portfolio value is r;. The best we can expect is to have a probabilis-
tic model p of the behavior of the stock market. The goal is to maximize
the net p-expected profit p; =7 —s;. Nobody knows p, but the assumption
of all traders is that there is a computable, profitable u they try to find or
approximate. From Theorem 3.19 we know that Solomonoff-Levin’s universal
prior £(x¢|z<:) converges to any computable p(7:|z<¢) with probability 1. If
there is a computable, asymptotically profitable trading scheme at all, the A,
scheme should also be profitable in the long run. To get a practically useful,
computable scheme we have to restrict M to a finite set of computable dis-
tributions, e.g. with bounded Levin complexity Kt [LV97, Sec.7.5]. Although
convergence of £ to u is pleasing, what we are really interested in is whether
A¢ is asymptotically profitable and how long it takes to become profitable.
This will be explored in the following.
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3.5.2 Games of Chance

We use Theorem 3.60 to estimate the time needed to reach the winning thresh-
old when using A¢ in a game of chance. We assume a game (or a sequence of
possibly correlated games) that allows a sequence of bets and observations. In
step ¢ we bet, depending on the history z.;, a certain amount of money s,
take some action y;, observe outcome x;, and receive reward r;. Qur profit,
which we want to maximize, is p; =7 —5; € [Dmin,Pmaz), Where [Pmin,Pmaz) 18
the [minimal,maximal] profit per round, and pA ‘= Pimazr — Pmin is the profit
range. The loss, which we want to minimize, can be defined as the negative
profit, £z,,, =—p:. The probability of outcome z;, possibly depending on the
history 2, is p(x¢|x<s). The total p-expected profit when using scheme A,
is PA» =—LA¢. If we knew p, the optimal strategy to maximize our expected
profit is just A,. We assume P2Au >0 (otherwise there is no winning strategy at
all, since P/« > P+ Yp). Often we are not in the favorable position of knowing
i, but we know (or assume) that p€ M for some M, for instance, that u is
a computable probability distribution. From Theorem 3.60 we see that the
average profit per round pi¢ := L P3¢ of the universal A¢ scheme converges
to the average profit per round p+ := %P,{‘ﬂ of the optimal informed scheme,
i.e. asymptotically we can make the same money even without knowing p, by
just using the universal A¢ scheme. Theorem 3.60 allows us to lower-bound
the universal profit P¢

B¢ > Pl —paDy = \/4(nppag — P )paDn + p3 D2 (3.61)

The time needed for A, to perform well can also be estimated. An interesting
quantity is the expected number of rounds needed to reach the winning zone.
Using P/» >0 one can show that the r.h.s. of (3.61) is positive if and only if

QPA(2pmaz _f)ﬁu)
(P )?

-D,. (3.62)

Theorem 3.63 (Time to win) Let there be sequences xjxz... over a fi-
nite alphabet X drawn with probability p(x;.,) for the first n symbols.
In step £ we make a bet, depending on the history z.,. take some action
ys, and observe outcome z;. Our net profit is p¢ € [Pmaz —PAPmaz). The
A,-system (3.45) acts as to maximize the p-expected profit. PAr is the
total and pir = ﬁ}’;‘,‘ﬂ' is the average expected profit of the first n rounds.
For the universal A¢ and for the optimal informed A, prediction scheme
the following holds:

() ple = pAe — O(n~1/2) — pAx  for n— oo,
2
(i1) n > (—ﬁé) Jy N PS>0 = pls>0,

A
Pt

where w,, =e % is the weight (3.5) of y in &.
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By dividing (3.61) by n and using D, <k, (3.18) we see that the leading order
of pAs —pAu is bounded by +/ 4P APmazku/n, which proves (). The condition
in (i1) is actually a weakening of (3.62). P« is trivially positive for pmin >0,
since in this wonderful case all profits are positive. For negative p.i, the
condition of {#7) implies (3.62), since pa > Pmaz, and (3.62) implies positive
(3.61), i.e. PA< >0, which proves (ii).

If a winning strategy A with p2 > >0 exists, then A¢ is asymptotically
also a winning strategy with the same average profit.

3.5.3 Example

Let us consider a game with two dice, one with two black and four white faces,
the other with four black and two white faces. The dealer who repeatedly
throws the dice uses one or the other die according to some deterministic
rule, which correlates the throws (e.g. the first die could be used in round ¢
iff the t** digit of 7 is 7). We can bet on black or white, the stake s is 3% in
every round, and our return r is 5% for every correct prediction.

The profit is p; =78z,4, —5. The coloring of the dice and the selection strat-
egy of the dealer unambiguously determine . pu(|r<¢) is § or 2, depending
on which die was chosen. One should bet on the more probable outcome
(v=1 in Section 3.4.3). If we knew p the expected profit per round would be
pAn = plu = %r—s = %$ > 0. If we do not know p we should use Solomonoff-
Levin’s universal prior with D, <k, =K(u)-In2, where K(y) is the length of
the shortest program coding p (see Subsection 3.2.9). Then we know that bet-
ting on the outcome with higher £ probability leads asymptotically to the same
profit (Theorem 3.63(¢)), and A¢ reaches the winning threshold no later than
Nthresh =900In2- K(p) (Theorem 3.63(i%)) or sharper ngnpesp = 330In2- K ()
from (3.62), where pyqr =7—5=2% and pa=r=>5% have been used.

If the die selection strategy reflected in g is not too complicated, the A,
prediction system reaches the winning zone after a few thousand rounds. The
number of rounds is not really small because the expected profit per round is
one order of magnitude smaller than the return. This leads to a constant of
two orders of magnitude size in front of K(u). Stated otherwise, it is due to
the large stochastic noise, which makes it difficult to extract the signal, i.e.
the structure of the rule u (see next subsection). Furthermore, this is only a
bound for the turnaround value of ngp,esn. The true expected turnaround n
might be smaller. However, for every game for which there exists a computable
winning strategy with p/ >¢>0, A¢ s guaranteed to get into the winning zone
for some n~ K (u).

3.5.4 Information-Theoretic Interpretation

We try to give an intuitive explanation of Theorem 3.63(é{). We know that
§(xt|r <) converges to p(xi|r<;) for t—o0. In a sense, A¢ learns p from past
data x <. The information content in p relative to § is Do, /In2<%, /In2. One
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might think of a Shannon-Fano prefix code of v€ M of length (k, /In2, which
exists since the Kraft inequality ZVQJ’“"/ m2! < >, wy <1 is satisfied. So,
k,./In2 bits have to be learned before A¢ can be as good as A,. In the worst
case, the only information conveyed by x; is in form of the received profit p;.
Remember that we always know the profit p, before the next cycle starts.

Assume that the distribution of the profits in the interval [pmin,Pmaz] 18
mainly due to noise, and there is only a small informative signal of amplitude
pAu. To reliably determine the sign of a signal of amplitude g2+, disturbed by
noise of amplitude pa, we have to resubmit a bit O((pa/p2+)?) times (this
reduces the standard deviation below the signal amplitude p2#). To learn u,
k,/In2 bits have to be transmitted, which requires n>O((pa/p2*)?)-k,/In2
cycles. This expression coincides with the condition in (i¢). Identifying the
signal amplitude with p» is the weakest part of this consideration, as we
have no argument why this should be true. It may be interesting to make
the analogy more rigorous, which may also lead to a simpler proof of (i) not
based on Theorems 3.48 and 3.60 with its rather complex proof.

3.6 Optimality Properties

In this section we discuss the quality of the universal predictor and the bounds.
We show that there are M and p & M and weights w, such that the derived
error bounds are tight. This shows that the loss bounds cannot be improved
in general. We show Pareto optimality of £ in the sense that there is no
other predictor which performs at least as well in all environments v € M
and strictly better in at least one. Optimal predictors can always be based on
mixture distributions £. This still leaves open how to choose the weights. We
give an Occam’s razor argument that the choice w, =2 %®) where K(v) is
the length of the shortest program describing v, is optimal.

3.6.1 Lower Error Bound

We want to show that there exists a class M of distributions such that any pre-
dictor @ ignorant of the distribution g€ M from which the observed sequence
is sampled must make some minimal additional number of errors as compared
to the best informed predictor ©,. For deterministic environments a lower
bound can easily be obtained by a combinatoric argument. Consider a class
M containing 2" binary sequences such that each prefix of length n occurs ex-
actly once. Assume any deterministic predictor @ (not knowing the sequence
in advance), then for every prediction 28 of © at times ¢t <n there exists a
sequence with opposite symbol z, =1—2z2. Hence, EC > E® =n=log,| M| is
a lower worst-case bound for every predictor ©, (this includes O, of course).
This shows that the upper bound ES¢ <log,|{M]| for uniform w obtained in
the discussion after Theorem 3.36 is sharp. In the general probabilistic case
we can show by a similar argument that the upper bound of Theorem 3.36 is
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sharp for ©¢ and “static” predictors, and sharp within a factor of 2 for general
predictors. We do not know whether the factor-2 gap can be closed.

Theorem 3.64 (Lower error bound) For every n there is an M and
L€ M and weights w,, such that for all t <n

(i) e —el* = V25, and ES¢—EJ* = S, +\/4E®:S, + S2,

where E€<and E9» are the total expected number of errors of ©¢ and @,,,
and s; and S, are defined in (3.14). More generally, the equalities hold
for any “static” deterministic predictor @ for which 3 is independent of
r<y. For every n and arbitrary deterministic predictor ©. there exists an
M and p € M such that for all t<n

(i) e —ePr > 1\/25(x;) and EP-ES» > 1[S,++/AE®+S,+52].

Proof. (i) The proof parallels and generalizes the deterministic case. Consider
a class M of 2" distributions (over binary alphabet) indexed by a=a,...a, €
{0,1}". For each ¢t we want a distribution Wlth posterior probability 2(1 +€)
for z; =1 and one with posterlor probability 5 1(1—¢) for z;=1 independent of
the past r.; with O<5§ . That is

f(1+¢) for o = a

a o) = Ha teeetHa njs h a =
Ha(120) = fhay (21) o fan (), Where g, () {ak@ﬁnm#m

We are not interested in predictions beyond time n, but for completeness we
may define u, to assign probability 1 to ;=1 for all t >n. If p=p,, the
informed scheme 6, always predicts the bit that has highest p-probability,
: 2

ie. yor=ay

= P =l-p @) =i1-0) = B =31-o)

Since E&» is the same for all a, we seek to maximize E for a given predictor
© in the following. Assume © predicts y© (independent of history ;). Since
we want lower bounds, we seek a worst-case . A success y© =z, has lowest
possible probability (1—¢) if a;=1-yp.

= & =1-pa, () =3(1+e) = E7=%(1+¢)

So we have € —ef» =¢ and ES — ES» = ne for the regrets. We need to
eliminate n and ¢ in favor of s, Sy, and E9». If we assume uniform weights
wy, =277 for all p, we get

k(]

&(z1m) Zw%uamln)—-Q”‘H Z Mo, (xe) = 27 "Hl: 27",

t=1q,e{0,1}
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i.e. £ is an unbiased Bernoulli sequence (§(z¢|z<;)=1).

= s(zey) = Z(%-uat(%)f = 1% and S, = Ze2

Tt

So we have £ =4/2s;, which proves the instantaneous regret formula £ —e&« =
V28 for static ©. Inserting e =,/ %Sn into E9» and solving w.r.t. v/2n, we
get V2n=+/S,+/4EC: +5,. So, we finally get

Ef —E% = ne = \/5,V2n = S, + /4E®:S, + S2,

which proves the total regret formula in (i) for static ©. We can choose”
yZ¢ =0 to be a static predictor. Together this shows (7).

(i1) For non-static predictors, a; =1—y® in the proof of (¢) depends on z;,
which is not allowed. For general, but fixed a; we have e (z<;)=1—pa, (¥°).
This quantity may assume any value between 3(1—¢) and % (1+¢) when aver-
aged over x.; and is, hence, of little direct help. But if we additionally average
the result over all environments p,, we get

<ES >, =< Elef(za)] > = Y _El<ef(zar) > = 3 Ef}]=1in
t=1 t=1

t=1

whatever © is chosen: a sort of no-free-lunch theorem [WM97], stating that on
uniform average all predictors perform equally well/poorly. The expectation
of ES w.r.t. a can only be in if ES > 1n for some a. Fixing such an a and

choosing p=piq, we get E€ — E9u > ine=1[G, +,/4FE9: S, +52], and similarly
ed —efn > Ze=13/2s(z<1). ]

Since d; /s; =1+0(e?) we have D, /S, — 1 for e—0. Hence the error bound
of Theorem 3.36 with S, replaced by D, is asymptotically tight for E» /D,, —
oo (which implies € — 0). This shows that without restrictions on the loss
function that exclude the error loss, the loss bound in Theorem 3.48 can also
not be improved. Note that the bounds are tight even when M is restricted
to Markov or i.i.d. environments, since the presented counterexample is i.i.d.

Finally, ES — E» =ne=n,/ 2= —/2nD,,, which shows that the bound (3.50)
of Merhav and Feder is also asymptotically tight.

A set M independent of n leading to a good (but not tight) lower bound
is M = {ug,u2} with py,5(llz<) = %:tet with &, = min{%,\/lnw;}/\/flnt}.
For w,, < w,, and n— oo one can show that £ — EOu ~ ﬁ\/E,?ulnw;}
(Problem 3.6).

Unfortunately, there are many important special cases for which the loss
bound (3.48) is not tight. For continuous Y and logarithmic or quadratic loss

7 This choice may be made unique by slightly non-uniform w,,, :HLI [% -l—(% —a¢)d)
with 6 < 1.
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function, for instance, we have seen that the regret Ls —Lé‘o“ Slnw;l < oo is
finite. For arbitrary loss function, but g bounded away from certain crit-
ical values, the regret is also finite. For instance, consider the special er-
ror loss, binary alphabet, and |u(z¢|z<:)— 2| >¢ for all ¢ and z; ©, pre-
dicts 0 if u(0jzes) > % If also £(0|z<;) > 1, then ©; makes the same pre-
diction as 6,, while for £(0|z<;) < £ the predictions differ. In the latter
case |£(0lz<t) —p(0lz<t)] > . Conversely for p(0|z<:) < 5. So in any case
eP¢ —efr < L[¢(me|war) — plai]w<e)]?. Using Definition (3.34) and Theo-
rem 3.19(i) we see that E9¢ — F9 < Elflnw;l < oo is finite too. Neverthe-
less, Theorem 3.64 is important as it tells us that bound (3.48) can only be
strengthened by making further assumptions on £ or M.

3.6.2 Pareto Optimality of £

In this subsection we want to establish a different kind of optimality property
of £. Let F(u,p) be any of the performance measures of p relative to p con-
sidered in the previous sections (e.g. s¢, or D, or Ly, ...). It is easy to find p
more tailored toward g such that F{u,p)}<F(@,£). This improvement may be
achieved by increasing w,,, but probably at the expense of increasing F for
other v, i.e. F(v,p) > F(v,f) for some v € M. Since we do not know p in ad-
vance, we may ask whether there exists a p with better or equal performance
for all v € M and a strictly better performance for one v € M. This would
clearly render ¢ suboptimal w.r.t. to F. We show that there is no such p for
all performance measures studied in this book.

Definition 3.65 (Pareto optimality) Let F(ju.,p) be any performance
measure of p relative to y. The universal prior £ is called Pareto optimal
w.r.t. F if there is no p with F(wv,p) < F(r.€) for all v € M and strict
inequality for at least one v.

Theorem 3.66 (Pareto optimal performance measures) A prior £
is Pareto optimal w.r.t. the instantaneous and total squared distances s,
and S,, (3.14). entropy distances d; and D,, (3.16), errors ¢; and E,, (3.34),
and losses I; and L,, (3.46).

Proof. We first prove Theorem 3.66 for the instantaneous expected loss I;.
We need the more general p-expected instantaneous losses

lip(@<r) = Y p(@ifact)lsyp (3.67)

for a predictor A. We want to arrive at a contradiction by assuming that
£ is not Pareto optimal, i.e. by assuming the existence of a predictor® A

8 According to Definition 3.65 we should look for a p, but for each deterministic
predictor A there exists a p with A=A,.
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with I}, <1/ for all v € M and strict inequality for some v. Implicit to this
assumption is the assumption that 17, and I]'¢ exist; I exists iff v(2|z<;)
exists iff v(z<s) >0 iff wy(z<¢)>0.

= Y w (@)l < D> wylwa)lis = I < 1t

The two equalities follow from inserting (3.7) into (3.67). The strict inequality
follows from the assumption and w, (z;) >0. The last inequality follows from
the fact that A, minimizes by definition (3.45) the £-expected loss (similarly
0 (3.47)). The contradiction ltAg <ltA€ proves Pareto optimality of £ w.r.t. l;.

In the same way we can prove Pareto optimality of & w.r.t. the total loss
L,, by defining the p-expected total losses

ZZP Tl tp (z<t) ZZP Ti:t) Cryyn (3.68)

=1 Ty =1 Z1:¢

for a predictor A, and by assuming LA <L/ for all v and strict inequality for
some v, from which we get the contradlctlon LnE = Zuw,,L,/}V < ZquLQE =
L <L\, with the help of (3.5). The instantaneous and total expected errors
e: and E,, can be considered as special loss functions.

Pareto optimality of £ w.r.t. s; (and hence S,) can be understood from
geometric insight. A formal proof for s; goes as follows: With the abbreviations
i=2t, Yoi =V(Te)T<t), 20 =E(e|T <), Ti=p(21]T<4), ADd W, =w, (T <) 20, We
ask for a vector » with > (y,; —7;)? Szi(yui_zi)Q Vv. This implies

> w, [Z(ym—n—)z - Z(yui”zi)Q]

Z wy[z —2ui7i + 17 + 2y — zf}

Z —2zmi + 17+ 222 — 27 = Z(r,-—zi)Q > 0,
i

i

0

Y

It

1l

where we have used > w, =1 and Y w,y.; =2 (3.7). 0> 3 ,(ri—2)*>0
implies r = z, proving Pareto optimality of & w.r.t. s;. Similarly for d;, the
assumption 3 _,ypiln% <3 "y, In% Vi implies

> Zwy[Zyyiln%~yml ym] ZwVZyuzln~ = Z'Ziln% >0

which implies r = z, proving Pareto optimality of £ w.r.t. d;. The proofs for
S, and D,, are similar. O

We have proven that £ is Pareto optimal w.r.t. s;, S,, dy and D,, in a
strong sense, that is, there is also no p # ¢ with same performance as { in
all environments. In the case of e;, F,, l; and L,, there are other p # £
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with F(v,p) = F(v,£)¥r, but the actions/predictions they invoke are unique
(yf» =yf¢) (if ties in argmax,, are broken in a consistent way), and this is all
that counts.

Note that £ is not Pareto optimal w.r.t. to all thinkable performance mea-
sures. Counterexamples can be given for F(1,§)=3__ [v(2:|v<t)—&(Te|T<t)|*
for @ #£2 (see Problem 3.5). Nevertheless, for all measures that are relevant
from a decision-theoretic point of view, i.e. for all loss functions [; and L, £
has the welcome property of being Pareto optimal.

3.6.3 Balanced Pareto Optimality of §

Pareto optimality should be regarded as a necessary condition for a prediction
scheme aiming to be optimal. From a practical point of view, a significant
decrease of F for many v may be desirable, even if this causes a small increase
of F for a few other v. The impossibility of such a “balanced” improvement
is a more demanding condition on & than pure Pareto optimality. The next
theorem shows that A¢ is also balanced Pareto optimal. We only consider the
performance measure L,, and suppress the index n for convenience.

Theorem 3.69 (Balanced Pareto optimality w.r.t. L)

A= L,‘j - L;,If. A= Z w, A, = AZ=0.
reEM

This implies the following: Assume A has larger loss than Ag¢ on environ-
ments £ by a total weighted amount of Ag:=3 ", ,wxAy. Then A can
have smaller loss on 1€ H:= M\ L, but the improvement is bounded by
Ap:=13, Wyl £ Az, In particular [A,|< w; 'maxye g Ay

This means that a weighted loss decrease Ay by using A instead of Ag is com-
pensated by an at least as large weighted increase A, on other environments.
If the increase is small, the decrease can also only be small. In the special case
of only a single environment with increased loss Ay, the decrease is bound
by A, < %ﬂl |Ayl, i.e. an increase by an amount Ay can only cause a decrease
by at most the same amount times a factor z—j’ An increase can only cause a
smaller decrease in simpler environments, but can cause a scaled decrease in
more complex environments. Finally, note that pure Pareto optimality (3.66)

follows from balanced Pareto optimality in the special case of no increase
A L= 0.

Proof. A>0 follows from A=)" w, [L{}—L{}E} :Lgi—Lgi >0, where we have
used linearity of L, in p and Lgﬁ < Lg‘. The remainder of Theorem 3.69 is

obvious from 0 < A=A, — Ay and by bounding the weighted average A, by
its maximum. O
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The term Pareto optimal has been taken from the economics literature,
but there is the closely related notion of unimprovable strategies [BM98] or
admissible estimators {Fer67] in statistics for parameter estimation, for which
results similar to Theorem 3.66 exist. Furthermore, it would be interesting
to show under which conditions the class of all Bayes mixtures (i.e. with
all possible values for the weights) is complete in the sense that every Pareto
optimal strategy can be based on a Bayes mixture. Pareto optimality is sort of
a minimal demand on a prediction scheme aiming to be optimal. A scheme that
is not even Pareto optimal cannot be regarded as optimal in any reasonable
sense. Pareto optimality of £ w.r.t. most performance measures emphasizes
the distinctiveness of Bayes mixture strategies.

3.6.4 On the Optimal Choice of Weights

In the following we indicate the dependency of £ on w explicitly by writing
&w. We have shown that the Ag prediction schemes are (balanced) Pareto
optimal, i.e. that no prediction scheme A, whether based on a Bayes mixture
or not, can be uniformly better. Least assumptions on the environment are
made for M which are as large as possible. In Section 2.4 we have discussed
the set M of all enumerable semimeasures, which we regarded as sufficiently
large from a computational point of view (see [Sch02a] for even larger sets,
but which are still in the computational realm). Agreeing on this M still
leaves open the question of how to choose the weights (prior beliefs) w,, since
every &, with w, >0 Vv is Pareto optimal and leads asymptotically to optimal
predictions.

We have derived bounds for the mean squared sum Sz <Inw, ! and for the
loss regret LAsw — LAy <21Inw;, ' +2/Inw; TLAy. All bounds decrease mono-
tonically with increasing w,. So it is desirable to assign high weights to all
v € M. Due to the (semi)probability constraint ) w, <1, one has to find
a compromise. In the following we argue that in the class of enumerable
weight functions with short program there is an optimal compromise, namely
w, =275 which gives Solomonoff-Levin’s prior.

Consider the class of enumerable weight functions with short programs,
namely V:={v ;:M—R" with }_, v, <1and K(v)=0(1)}. Let w, =2-KW)
and vy €V. Theorem 2.10(vii) says that K(z) <—log, P(x)+K (P)+O(1) for
all z if P is an enumerable discrete semimeasure. Identifying P with v and =
with (the program index describing) v we get

Inw, ! <lInwv, !+ 0(1).

This means that the bounds for ¢, depending on Inw;! are at most O(1)
larger than the bounds for ¢, depending on Inv,'. So we lose at most an
additive constant of order 1 in the bounds when using £, instead of £,. In
using Solomonoff-Levin’s prior &, we are on the safe side, getting (within
O(1)) best bounds for all environments.
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Theorem 3.70 (Optimality of universal weights) Within the set V
of enumerable weight functions with short program, the universal weights
w, =2"K") Jead to the smallest loss bounds within an additive (to Inw; ')
constant in all enumerable environments.

Since the above justifies the use of Solomonoff-Levin’s prior, and Solomonoft-
Levin’s prior assigns high probability to an environment if and only if it has
low (Kolmogorov) complexity, one may interpret the result as a justification
of Occam’s razor. But note that this is more of a bootstrap argument, since
we used Occam’s razor in Section 2.1 to justify the restriction to enumerable
semimeasures. We also considered only weight functions v with low complexity
K(v)=0(1). What did not enter as an assumption but came out as a result is
that the specific universal weights w, =25 ®) are optimal. See Problem 3.7
for a discussion of the (non)uniqueness of w,,.

3.6.5 Occam’s razor versus No Free Lunches

We do not regard Theorem 3.69 as a no-free-lunch (NFL) theorem [WM97].
Since most environments are completely random, a small concession on the
loss in each of these completely uninteresting environments provides enough
margin Ay to yield distinguished performance on the few nonrandom (in-
teresting) environments. Indeed, we would interpret the NFL theorems for
optimization and search in [WM97] as balanced Pareto optimality results. In-
terestingly, whereas for prediction only Bayes mixtures are Pareto optimal, for
search and optimization every algorithm is Pareto optimal. There is an ongo-
ing battle between believers in Occam’s razor and believers in no-free-lunches
that cannot be dealt with here {Sto01, SH02].

3.7 Miscellaneous

This section generalizes the setting and results obtained so far in various ways.
First, we consider multistep/delayed predictions, where the next h / the h"-
next symbol shall be predicted. We show convergence of £ to u i.m.(s. for
bounded h). Second, we generalize the setup to continuous probability classes
M={ps} consisting of continuously parameterized distributions ps with pa-
rameter € IR®. Under certain smoothness and regularity conditions a bound
for the relative entropy between p and &, which is central for all presented
results, can still be derived. The bound depends on the Fisher information
of i and grows only logarithmically with n, the intuitive reason being the
necessity to describe 6 to an accuracy O(n~'/2). Third, we describe two ways
of using the prediction schemes for partial sequence prediction, where not ev-
ery symbol needs to be predicted. Performing and predicting a sequence of
independent experiments and online learning of classification tasks are spe-
cial cases. Fourth, we compare the universal prediction scheme studied here
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to the popular predictors based on expert advice (PEA). Although the al-
gorithms, the settings, and the proofs are quite different, the PEA bounds
and the error bound derived here have the same structure. Finally, we outline
possible extensions of the presented theory and results, including infinite al-
phabets, more active systems influencing the environment, learning aspects,
a unification with PEA, and the minimal description length principle.

3.7.1 Multistep Predictions

Introduction. In multistep prediction we want to predict z;.,, from z ;. For
instance, every day a weather forecaster in the morning of day ¢ predicts
the weather for the next three days ¢, t+1, and {+2 =n. Up to now we
have considered prediction problems with a lookahead of one time-step only:
Given x4, predict z;. Greedy minimization of the expected loss l;(z<;) at
time t was optimal. Looking farther ahead (>t) was not necessary, because
the prediction/decision/action y; has no influence on the environment . For
acting agents, described in detail in later chapters, multistep lookahead is
necessary for optimal actions. Another application of multistep predictions
is ‘delayed sequence prediction’, in which not the next, but next-to-next or
htP-next symbol shall be predicted.

Notation and basic relations. We are interested in multistep posteriors
p(zenlr<t) = p(x1.0)/p(2 <), which generalize the one-step posteriors (n=t)
considered so far. We abbreviate p;., := p(2;.,|T<:), where ~ are any su-
perscripts (e.g. empty or '). We define the conditional probability vector
Prin =P (-|T<:) € RN, where N =|X "1 and the i component of vec-
tOr Py 18 e (ilT<¢) with identification {1,...,N}3i = @4, € X" 11 Let f€
{a,b,d,h,s} be any of the distances defined in (3.10), i.e. f(y,2) :Z?’:lf(yi,zi)
with a(y.2) = ly— 2|, b(y,2) = y/n2|, d(y,2) = yln¥, h(y,2) = (V§-2)%,
3(y,2)=(y—2)% We define fr.,(z<t):=f(fs:n,Et:n), generalizing (3.13)-(3.17).
The definitions fi(z<¢):= fre(r<¢) and F,, =37 |E[fi], F € {4,B,D,H,S}
are consistent with (3.13)(3.17). Lemma 3.11 (b—d < a < v2d, h < d,
s S d) lmphes bt:n_dt:n S At:n S \/2dt:n» ht:n S dt:na St:n S dt:n~ VVe de’
fine Eyi[f(z15)] = Z;t:km;kf(arl;k), cf. (3.4). For the relative entropy we
have D,, = di., and Eii[dit1.n] = den —dex for ¢ < k < n, which implies
E[din]=Dn—Di—1=3_,E[di] >0, and dy., is monotone increasing in n.

Convergence i.m.s. for bounded horizon. Henceforth, we no longer need
the Hellinger distance, and we use h for the horizon. Assume we want to
predict the next h symbols, ie. n =n, =t+h—1. We want to determine
how fast &, =&(x}.,,,_11T<¢) converges to py.,, =zt _|7<t). To prove
convergence i.m.s. we have to bound the expectation sum of s;.,, or af:m =

(Zzg:nt ‘gézni ;p’/t:nt !)21
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%i at my [ i Eldin,] = ii iE[dk] =h-Dy < h~1nw;l < oo,
t=1 =1 =1 ket Pt

(3.71)
In the second inequality we have used that the number of times di, >0 occurs
for some k in the double sum is min{h,k} <h. The bound implies as.n, —0

i.m.s., which implies &;,,, iy Bt., 1.m.8. by dropping the sum in the definition
of a4., . The bound loosens by a factor of h for h-step prediction as compared
to 1-step prediction. The same bound holds for bounded horizon h;:=n;—t+
1<h<ooVt (increase Y .-, to th b, ie.

E(@hn, |Bct) = (., 1<) Lmes. for t— o0 if hy:=mny—t+1<h <ooVt.

Delayed sequence prediction. A delayed feedback, where at time £, x is
only known up to time t—h for some delay h, is common in many practical
problems. This is equivalent to predicting z,, from z¢ with ny=t+h—1. The
probability of z,,, given x<, is

P, T<t) = Z Piin, = Z P(T<n, T, )/ P(T<t)-

’

CEt:nt—l Trimg—1
Using Z l§($;t|x<t) - ﬂ(mizgiiﬂq)] < Z |§£;nt - ﬂ;:nJ = Qg
and bound (3.71) we get
xD 2 o
ZE(Z |€(a,, |z<s) — ;L(x:ztlzvq)!) < ZE[aim] < 2hnw,’ < oo,
t=1 :E;% t=1

which implies {(z7,, |z<:) oy p{xy, |z <¢) im.s. The loss bounds of Theorem
3.59(4,i%) also generalize to the delayed case. Loss bounds similar to Theo-
rem 3.59(i¢7) and Theorem 3.48 should also be derivable.

Convergence i.m. for arbitrary horizon. Convergence i.m.s. does gen-

erally not hold for unbounded horizon h; (see Problem 3.15). Remarkably,

convergence i.m. holds nevertheless: For any limit path n>{-—oco we have
lim Eld;.,] = lim [D,—-D;_4] = lim D, —hm Di; i = Do—Do =

t,n—o0 t,n—o0 n—00
So for any n; =t+h;—1 we have JE[a?,, ] §E[dt;nt]tl°>°0, which implies
t— t—
g(xlt:ntlx<t) ;:*o p’(x;:ntix<t> and '5(37’nt|x<t) f #(x’mliU«) for any h;.

Convergence i.m. is weaker than convergence w.p.1 and i.m.s., and is poten-
tially slow. We expect cases where convergence is very slow when h; grows
very fast. We do not know whether convergence is reasonably fast for slowly
growing horizons, e.g. for Ay =logt (or hy=%).
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3.7.2 Continuous Probability Classes M

We have considered thus far countable probability classes M, which makes
sense from a computational point of view as emphasized in Section 3.2.9. On
the other hand, in statistical parameter estimation one often has a continuous
hypothesis class (e.g. a Bernoulli() process with unknown 6¢€0,1]). Let

M = {ung)eegle}

be a family of probability distributions parameterized by a d-dimensional
continuous parameter #. Let p=pg, € M be the true generating distribution
and g be in the interior of the compact set ©. We may restrict M to a
countable dense subset like {ug} with computable (or rational) 8. If 8y is
itself a computable real (or rational) vector then Theorem 3.60 applies. From
a practical point of view, the assumption of a computable 0y is not so serious. It
is more from a traditional analysis point of view that one would like quantities
and results depending smoothly on 8, and not depending in a weird fashion
on the computational complexity of 6. For instance, the weight w() is often
a continuous probability density

E(z1m) = /@d&w(@)-ug(l‘lm), /@d&w(()) =1,  w(®) >0 (3.72)

The most important property of £ used in this book is &(z1.,) > w, -v(21.n)
which was obtained from (3.5) by dropping the sum over v. The analogous
construction here is to restrict the integral over @ to a small vicinity Ny of 6.
For sufficiently smooth pg and w(f) we expect £(x1.,) 2| Ns,, |- w(8)- po(z1.m),
where | N5, | is the volume of Nj, . This in turn leads to Dy, Slnw, ' +In|Ns, |71,
where wy, :=w(6p). N;, should be the largest possible region in which Ingy is
approximately flat on average. The averaged instantaneous, mean, and total
curvature matrices of Inu are

Ji(z<e) = Et[V0111#0(%}1'«)‘76?1n#0($t|w<tﬂ|e:90, In = %Jn,

Ju =Y Eljiz<)] = E[Velnpe(@1:n)V5 Inpo(@1:0)]9=0, (3.73)

They are the Fisher information of  and may be viewed as measures of the
parametric complexity of ug at §=~0y. The last equality can be shown by using
the fact that the p-expected value of Vinu-V7TIny coincides with ~VVTIny
(since X is finite) and a similar line of reasoning as in (3.18) for D,.
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Theorem 3.74 (Continuous entropy bound) Let iy be twice contin-
uously differentiable at 6y € © C IR? and w(#) be continuous and positive
at fy. Furthermore we assume that the inverse of the mean Fisher infor-
mation matrix (7,)! exists, is bounded for n — oo, and is uniformly (in
n) continuous at y. Then the relative entropy D,, between 1= g, and &
defined in (3.72) can be bounded by
el i il 1 1 : g
D, = Eln s I' e lnu-“ + §Ing= + 5 Indet j, +o(1) =: k,,

where w, =w(fp) is the weight density (3.72) of p in &, and o(1) tends to
zero for n— oc.

For independent and identically distributed distributions pg(z1.n)=pe(z1)-...-
116(5,) V6 this bound was proven in [CB90, Thm.2.3]. In this case JI€B%1(4;) =
Fn = jn independent of n. For stationary (k*"-order) Markov processes 7, is
also constant. The proof generalizes to arbitrary g by replacing JI€B%l(g,)
with 7, everywhere in their proof. For the proof to go through, the vicinity
Nj, ={60:]|0—6|]5, <d,} of 6y must contract to a point set {fy} for n— oo and
8, —0. 7, is always positive semi-definite, as can be seen from the definition.
The boundedness condition of 7! implies a strictly positive lower bound
independent of n on the eigenvalues of 7, for all sufficiently large n, which
ensures N, — {fp}. The uniform continuity of 7, ensures that the remainder
o(1) from the Taylor expansion of D, is independent of n. Note that twice
continuous differentiability of D,, at 8y [CB90, Con.2] follows for finite &
from twice continuous differentiability of ug. Under some additional technical
conditions one can even prove an equality D, = lnu);1 + %ln# + %lndetjn—l—
o(1) for the i.i.d. case [CB90, (1.4)], which is probably also valid for general
78

The lnw;1 part in the bound is the same as for countable M. The g—ln%‘;
contribution can be understood as follows: Consider #€[0,1) and restrict the
continuous M to 8 that are finite binary fractions. Assign a weight w(f) ~
27! to a @ with binary representation of length I; D,<[/-In2 in this case.
But what if € is not a finite binary fraction? A continuous parameter can
typically be estimated with accuracy O(n~1/2) after n observations. The data
do not allow to distinguish a 6 from the true 8 if |§—0| < O(n~1/2). There
is such a 6 with binary representatmn of length [ = 1og20(\/’ ). Hence we
expect D, S1lnn+0(1), or —lnn+O( ) for a d-dimensional parameter space.
In general, the O(1) term depends on the parametric complexity of g and is
explicated by the third %lndetjn term in Theorem 3.74. See [CB90 p454] for an
alternative explanation. Note that a uniform weight w(f)= i 9| does not lead
to a uniform bound, unlike the discrete case. A uniform bound is obtained for
Bernando’s (or in the scalar case Jeffreys’) reference prior w(8) ~ y/detjoo (8
if yo0 exists [Ris96].
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For finite alphabet X’ we consider throughout this book, j; ' < oo indepen-
dent of ¢ and z; in case of i.i.d. sequences. More generally, the conditions of
Theorem 3.74 are satisfied for the practically very important class of station-
ary (k''-order) finite-state Markov processes (k=0 is i.i.d.).

Theorem 3.74 shows that Theorems 3.19-3.60 are also applicable to the
case of continuously parameterized probability classes. Theorem 3.74 is also
valid for a mixture of the discrete and continuous cases, =" [df w*(6) ug
with 3, [dfw?(8)=1.

3.7.3 Further Applications

Partial sequence prediction. There are at least two ways to treat partial
sequence prediction. By this we mean that not every symbol of the sequence
needs to be predicted, say, given sequences of the form zyx;...2,2,, we want
to predict the x’s only. The first way is to keep the A, prediction schemes of
the last sections mainly as they are and to use a time-dependent loss function
that assigns zero loss ﬂiy =0 at the z positions. Any dummy prediction y is
then consistent with (3.45). The losses for predicting z are generally nonzero.
This solution is satisfactory as long as the z’s are drawn from a probability
distribution. The second and preferable way does not rely on a probability
distribution over the z. We replace all distributions p(z1.,) (p= u, v, £) ev-
erywhere by distributions p(z1.,]21.,) conditioned on z1.,,. The z1.,, conditions
cause nowhere problems as they can essentially be thought of as fixed (or as
oracles or spectators). So the bounds in Theorems 3.19-3.74 also hold in this
case for all individual z’s. Applications are:

Independent experiments and classification (CF). A typical experi-
mental situation is a sequence of independent (i.i.d) experiments, predictions
and observations. At time ¢ one arranges an experiment z; (or observes data
2z¢), then tries to make a prediction, and finally observes the true outcome z;.
Often one has a parameterized class of models (hypothesis space) pe(z¢|2t)
and wants to infer the true 6 in order to make improved predictions. This
is a special case of partial sequence prediction, where the hypothesis space
M ={pe(x1.n121.0) = po(w1]21) ...  po(xnlzs )} consists of 1.i.d. distributions,
but note that £ is not i.i.d. This is the same setting as for online learning of
classification tasks, where a 2z € Z should be classified as an z € X" (cf. Prob-
lem 3.12). The previous paragraph reduced this setting to sequence prediction.

3.7.4 Prediction with Expert Advice

There are two schools of universal sequence prediction: We considered ex-
pected performance bounds for Bayesian prediction based on mixtures of en-
vironments, as is common in information theory and statistics [MF98]. The
other approach uses predictors based on expert advice (PEA) algorithms with
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worst-case loss bounds in the spirit of Littlestone, Warmuth, Vovk and oth-
ers. The two schools usually do not refer to each other much. We briefly
describe PEA and compare both approaches. For a more comprehensive com-
parison see [MF98]. In the following we focus on topics not covered in [MF98].
PEA was invented in [LW89, LW94| and [Vov92] and further developed in
[CB97, HKW98, KW99] and by many others. Many variations known by many
names (prediction/learning with expert advice, weighted majority/average,
aggregating strategy, boosting, hedge algorithm, ...} have since been invented.
Early works in this direction are [Daw84, Ris89)]. See [Vov01] for a review and
further references. We describe the setting and basic idea of PEA for binary
alphabet. Consider a finite binary sequence z1z2...%, € {0,1}"™ and a finite
set £ of experts e € £ making predictions z¢ in the unit interval [0,1] based
on past observations xizs...z;—1. The loss of expert e in step ¢ is defined as
|z —xf|. In the case of binary predictions zf € {0,1}, |z;—z§| coincides with
our error measure (3.34). The PEA algorithm pg,, combines the predictions of
all experts. It forms its own prediction® z} €[0,1] according to some weighted
average of the expert’s predictions xf. There are certain update rules for the
weights depending on some parameter . Various bounds for the total loss
Ly(x):=3"7_,|zi—2%| of PEA in terms of the total loss L. (@)= ., |zs—z§|
of the best expert € €& have been proven. It is possible to fine-tune § and to
eliminate the necessity of knowing n in advance. The first bound of this kind
was obtained in [CB97]:

Ly(®) < L(x)+28In|E|+ 4/ L(x)In|&|. (3.75)

The constants 2.8 and 4 were improved in [ACBG02, YEYS04]. The last
bound in Theorem 3.36 with S, < D,, <In|M| for uniform weights and with
E®: increased to EY reads

ES: < ES +2In|M|+2y/ESIn|M]|.

It has a quite similar structure to (3.75}, although the algorithms, the set-
tings, the proofs, and the interpretation are quite different. Whereas PEA
performs well in any environment, but only relative to a given set of experts
£, our O¢ predictor competes with the best possible ©,, predictor (and hence
with any other © predictor), but only in expectation and for a given set of
environments M. PEA depends on the set of experts, ¢ depends on the set
of environments M. The basic pg, algorithm was extended in different di-
rections: incorporation of different initial weights (|€]~»w, ') [LW89, Vov92],
more general loss functions [HKW98], continuous-valued outcomes [HKW98],
and multidimensional predictions [KW99] (but not yet for the absolute loss).
The work [Yam98] lies somewhat in between PEA and this book; “PEA”

® The original PEA version [LW89] had discrete deterministic prediction zf € {0,1}
with (necessarily) twice as many errors as the best expert and now is only of
historical interest.
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techniques are used to prove expected loss bounds, but only for sequences
of independent symbols/experiments and limited classes of loss functions. Fi-
nally, note that the predictions of PEA are continuous. This is appropriate
for weather forecasters, who announce the probability of rain, but the de-
cision to wear sunglasses or to take an umbrella is binary, and the suffered
loss depends on this binary decision, not on the probability estimate. It is
possible to convert the continuous prediction of PEA into a probabilistic bi-
nary prediction by predicting 1 with probability 27 € [0,1]. The probability
of making an error is then |z; —z}|. Note that the expectation is taken over
the probabilistic prediction, whereas for the deterministic & algorithm the
expectation is taken over the environmental distribution p. The multidimen-
sional case [KW99] could then be interpreted as a (probabilistic) prediction of
symbols over an alphabet X = {0,1}¢, but error bounds for the absolute loss

have yet to be proven. In [FS97] the regret is bounded by In|E|+ /2L In|&|
for arbitrary unit loss function and alphabet, where L is an upper bound on
L., which has to be known in advance. It is possible to generalize PEA and
bound (3.75) to arbitrary alphabet and weights and to general loss functions
with probabilistic interpretation [HP04].

3.7.5 Outlook

In the following we discuss several directions in which the findings of this book
may be extended.

Infinite alphabet. In many cases the basic prediction unit is not a letter,
but a number (for inducing number sequences), or a word (for completing
sentences), or a real number or vector (for physical measurements). The pre-
diction may either be generalized to a block-by-block prediction of symbols, or,
more suitably, the finite alphabet X could be generalized to countable (num-
bers, words) or continuous (real or vector) alphabets. The presented theorems
are independent of the size of X and hence should generalize to countably in-
finite alphabets by appropriately taking the limit |X]| — oo and to continuous
alphabets by a denseness or separability argument. Since the proofs are also
independent of the size of X', we may directly replace all finite sums over X’ by
infinite sums or integrals and carefully check the validity of each operation.
We expect all theorems to remain valid in full generality, except for minor
technical existence and convergence constraints.

An infinite prediction space J was no problem at all as long as we assumed
the existence of y{'» €Y (3.45). In case y{l» € does not exist one may define
yfl» €Y in a way to achieve a loss at most €, =o(t~!) larger than the infimum
loss. We expect a small finite correction of the order of e=3>"> &; <oo in the
loss bounds somehow.

More active systems. Prediction means guessing the future, but not influ-
encing it. A small step in the direction to more active systems was to allow the
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A system to act and to receive a loss £,,,, depending on the action y; and the
outcome x;. The probability p is still independent of the action, and the loss
function £¢ has to be known in advance. This ensures that the greedy strategy
{3.45) is optimal. The loss function may be generalized to depend not only on
the history x ., but also on the historic actions y.; with p still independent
of the action. It would be interesting to know whether the scheme A and/or
the loss bounds generalize to this case. The full model of an acting agent influ-
encing the environment is developed in the next chapter, but non-asymptotic
loss bounds have yet to be proven.

Miscellaneous. Another direction is to investigate the learning aspect of
universal prediction. Many prediction schemes explicitly learn and exploit a
model of the environment. Learning and exploitation are melted together in
the framework of universal Bayesian prediction. A separation of these two as-
pects in the spirit of hypothesis learning with MDL [VL00] could lead to new
insights. Also, the separation of noise from useful data, usually an important
issue [GTVO01], did not play a role here. The attempt at an information-
theoretic interpretation of Theorem 3.63 may be made more rigorous in this
or another way. In the end, this may lead to a simpler proof of Theorem 3.63
and maybe even for the loss bounds. A unified picture of the loss bounds ob-
tained here and the loss bounds for predictors based on expert advice (PEA)
could also be fruitful. Yamanishi [Yam98] used PEA methods to prove ex-
pected loss bounds for Bayesian prediction, so maybe the proof technique
presented here could be used vice versa to prove more general loss bounds for
PEA. Maximum-Likelihood predictors may also be studied. Since 2~%(=) (or
some of its variants) is a close approximation of &y, it is generally believed
that predictions based on K are as good as predictions based on £;;. Conver-
gence and loss bounds for predictors based on K would prove this conjecture,
but it is easy to see that K completely fails for predictive purposes [Hut03d].
Also, more promising variants like the monotone complexity Km and univer-
sal two-part MDL, both extremely close to £y, fail in certain situations (see
Problems 2.8 and 3.17 or [Hut03d, PHO4al). Finally, the reader is invited to
apply the A, predictor to his favorite induction problem by choosing a suitable
M with computable £.

3.8 Summary

We compared universal predictions based on Bayes mixtures £ to the infeasible
informed predictor based on the unknown true generating distribution u. We
showed that the universal posterior £ converges to g and that £/ —1. Our
main focus was on a decision-theoretic setting, where each prediction y; € X' {(or
more generally action y; €)) results in a loss £,,,, if 4 is the true next symbol
of the sequence. We showed that the A predictor suffers only slightly more
loss than the A, predictor. We also showed that the derived error and loss
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bounds cannot be improved in general, i.e. without making extra assumptions
on ¥, u, M, or w,. Within a factor of 2 this is also true for any p-independent
predictor. We demonstrated Pareto optimality of £ in the sense that there is
no other predictor that performs better or equal in all environments v € M
and strictly better in at least one. Optimal predictors can (in most cases)
be based on mixture distributions £. Finally, we gave an Occam’s razor ar-
gument that Solomonoff-Levin’s prior with weights w, =2"¥®) is optimal,
where K(v) is the Kolmogorov complexity of v. Of course, optimality always
depends on the setup, the assumptions, and the chosen criteria. For instance,
the universal predictor was not always Pareto optimal, but at least for many
popular, and for all decision-theoretic performance measures it was. Bayes
predictors are also not necessarily optimal under worst-case criteria [CBLO1].
We also derived a bound for the relative entropy between £ and p in the case
of a continuously parameterized family of environments, which allowed us to
generalize the loss bounds to continuous M. Furthermore, we discussed the
duality between the Bayes mixture and expert-mixture approaches and re-
sults, classification tasks, games of chances, infinite alphabet, active systems
influencing the environment, and others.

3.9 Technical Proofs

3.9.1 How to Deal with =0

Some expressions {like conditional or inverse probabilities) are undefined for
zero p. We thought of the following solutions:

Avoid the problem. We may restrict ourselves to p(x1.,) >0VZ1 ..

+ The treatment in this book is then rigorous, and a zero i can be approx-
imated to an arbitrary precision. From a practical point of view, this is a
completely satisfactory approach.

— Theoretically unsatisfactory, because deterministic environments (for
which p(z¢lz<:) =0 for all but one x;) are of special interest, and not
just esoteric limits.

Take the limit. Develop all theorems for pf9 >0 and finally perform the

limit £ =% 4, where g might be zero for some strings. For instance,
W (21.,) = (1—e)p(z1.) +€/2™ and €0 will do.

+ Rigorous treatment with the advantage not having to deal with the prob-
lem until the end. If all spaces are finite, then interchange of finite sums
or maxs with lim;_, ., is safe.

— Problematic for infinite spaces (e.g. alphabet, time, ...), since limits may
not be interchangeable.

Face the problem. A way of facing the problem, which is different from Sec-
tion 3.2.1, is to restrict the set of strings to one with nonzero p-probability.
Define the critical set Z:= UweX*:u(z):OF$7 where I :={w:wy.gz) =2}
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is defined as the cylinder set containing all infinite sequences w starting
with z.

+ Since Z is a countable (for countable alphabet) union of cylinder sets I, of
measure zero, Z itself is measurable with py-measure zero. So all theorems
proven with p-probability 1 on I\ Z still hold on Iy with u-probability
1, since u(Z)=0.

— All sums over z have to be restricted appropriately. More seriously, other
measures on I, especially £, deteriorate to semimeasures on I\ Z (see
Section 2.4 and Problem 3.1).

Ignore the problem. Address other more severe or interesting problems
first. Why waste time fooling with exceptions when everything seems to
work well anyway and there are more important problems to solve.

+ Time-efficient “physicist” approach (like: always exchange limits and in-
tegrals until you get into trouble).

— The approach is risky and a mathematician would turn in his grave.

We usually faced the problem, but decided to avoid/ignore these subtleties in
the main text (see Problem 3.8). We will also not explicate every subtlety in
the following proofs. Subtleties regarding y,2=0/1 have been checked but will
be passed over. Oln— =0 even for z; =0. Positive means >0. The probability
constraints in (3. 76) on y and z are assumed to hold throughout this section.
Finally, z>0 if y>0.

3.9.2 Entropy Inequalities (Lemma 3.11)
We show that

N N
%Zf(yi_zi) < S for 4,20, 2>0, Zyi:1=22i
' =1 i=1

1 Ui
52%111 Z—i)
(3.76)

for any convex and even (f(z)=f(—z)) function with £(0)<0. For f(z)=x2
we get inequality (3.11s), and for f(z)=|z| we get inequality (3.11a). To
prove (3.76) we partition (for the moment arbitrarily) i€ {1,....N}=GtUG™,
GtNG~={}, and define y* := Z y; and 2% = Z z;. It is well known that

i€GE i€eGE
the relative entropy is positive, i.e.

Dopinl >0 for pi20, 020, Yop=1=3 @ (377
1EGE ieGE ieGE

Note that there are four probability distributions (p; and ¢; for i€ G* and
i€G™). For i€ G*, p;:=y;/y* and g;:=2;/2% satisfy the conditions on p and
g. Inserting this into (3.77) and rearranging terms, we get

Z yzlnyf > yiln—.
i€EGE
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If we sum over + and define y=y" =1-y~ and z=zt=1—2", we get

@

|

Z ¥ T 1- 2
yiln > > Zy Imz—i = yln;+(1—y)ln > 2(y—2)°. (3.78)
+

[
™

The last inequality is elementary and well known. For the special choice G*:=
{#:v; ; 2;}, we can upper-bound ). f(y; —2;) as follows

Zf(yz ()Zf|yz z]) <fZ|yz Zzi |Zyz )

i€GTE ieGE i€GE i€eGE
N

;> win®

5 yiln =)

2 i=1 Zi

(a) follows from the symmetry of f. (b) follows from the convexity of f and
from f(0)<0: Inserting y=0 and z=a-+b in the convexity definition af(x)+
(1-a)f(y) > flax+(1—a)y) leads to af{a+b)+(1—a)f(0) > fla(a+b)).
Inserting o= %5 and o= aLer and adding both inequalities gives f{a+b)+
f(0)> f(a)+ f(b) for a,b>0. Using f(0) <0 we get f(> ,x:) >, f(x;) for
z; >0 by induction. (c) is true, since all y; —2; are positive/negative for i€ G*
due to the special choice of G*. (d) and (e) follow from the definition of y*)
and z(¥)| and (f) is obvious. (g) follows from (3.78) and the monotonicity
of v/ and f for positive arguments: Inserting b=y =—z and a:% into the
convexity definition and using the symmetry of f we get f(b)> f(0). Inserting
this into f(a+b)+f(0)> f(a)+ f(b) we get f(a+b)> f(a), which proves that
f is monotone increasing for positive arguments (a,b > 0). Inequality (3.76)
follows by summation of (3.79) over  and noting that f(y/) is independent
of +. This proves Lemma 3.11f.

Inserting f(z) = 2% yields Lemma 3.11s; inserting f(z) = [z| yields
Lemma 3.11a. Lemma 3.115 follows from

N
Zyz Zylln*‘ = ‘QZyzln : < 222i_yi = Z|yi_zilv
=1

i€G™ €G-
where we have used —Inz < %f 1. Lemma 3.11h is proven differently. For
arbitrary y>0 and z>0 we define

fly,z) = yln% —(T-V2)? +2—y=2yg(\/z/y) with g(t):=—Int+t—1>0.

This shows f>0, and hence Y, f(y:,2;) >0, which implies

Zylln——z\/— \/—)2>Zyz Zzi:1~1:0.

i

(9)

D iyt —22) 9 fy -2 Y r (=208 < S

(3.79)

1n

This proves Lemma 3.11A. O
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3.9.3 Error Inequality (Theorem 3.36)

Here we give a direct proof of the second bound in Theorem 3.36. Again, we
try to find small constants A and B that satisfy the linear inequality

EP < (A+1)ES» + (B +1)S,. (3.80)
If we could show
et65 (zet) < (A+1)e?“ (Z<t) + (B4+1)si(zey) (3.81)

for all ¢ <n and all ¢, (3.80) would follow immediately by summation and the
definition of E, and S,. With the abbreviations (3.12) and the abbreviations
m=2P» and s=zP%, the various error functions can then be expressed by
ePe =1—y,, efr =1—ym and s, =3, (y;—z)? Inserting this into (3.81) we

get
N

-y < (A+D(1 —ym) + B+ D (5 — )% (3.82)
i=1
By definition of xt@H and a:t@ﬁ we have y,, > 1; and z, > z; for all i. We prove
a sequence of inequalities which show that

N
(B+1) Y (i —2:)* + (A+1)(1 —ym) — (1 —ys) > .. (3.83)

i=1

is positive for suitable A>0 and B >0, which proves (3.82). For m=s (3.83) is
obviously positive. So we will assume m 3 s in the following. From the square
we keep only contributions from i=m and i=s.

02 (B =~ 2m)® + s ~ 26) + (AF DA~ ym) = (1~ ys) > ...

By definition of y, z, M and s we have the constraints y,, +y: <1, 2, +2, <1,
Ym > Ys >0 and z, > z,, > 0. From the latter two it is easy to see that the square
terms (as a function of z,, and z;) are minimized by z, =z; = %(ym+ys).
Furthermore, we define x:=y,,, —y, and eliminate y,.

e > (B2 Al —yp) —x > . (3.84)

The constraint on Y., +ys <1 translates into yn, < %L, hence (3.84) is mini-

mized by y,, =%

. > 3(B+1)2? ~ (A+2)z + A] > ... (3.85)
(3.85) is quadratic in z and minimized by z* = ﬁiﬁﬁ' Inserting * gives

4AB — A? -4

> T > >1 L >1). (3.
Z 3BT >0 for B>3A4+ 5, A>0, (=B2>1). (3.86)
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Inequality (3.80) therefore holds for any A4 >0, provided we insert B= %A—k i;.
Thus we might minimize the r.h.s. of (3.80) wr.t. A, leading to the upper
bound

S
o o \/ﬁ 2__  “n
Y S ED S JAERS, 1S, for A= piie

which completes the proof of Theorem 3.36. ]

3.9.4 Binary Loss Inequality for = S% (3.57)
With the definition
2

1._
fy,2) = B lymZ+ (1 —y)ln—Y| + 4-(1-y)
z 1-2z

- Y < S %7
(3.87)
we show f{y,z) >0 for suitable A’ = A+1 and B'= B+1. We do this by
showing that f >0 at all extremal values and “at” boundaries. Keeping y
fixed, f — +oo for 2 — 0, if we choose B’ > 0. For the boundary z = % we
lower-bound the relative entropy by the sum over squares (Lemma 3.11s)

fw,3)z2B'(y— 5P+ A(1-y) -y

1—-z

The r.h.s. is quadratic in y with minimum at y* = ‘—4—1%%3,1"'—1, which implies
. 4AB — A% -4
Hyz) 2 f6"3) 2~y 20 for B2gd+g, A>0

(which implies B > 1). Furthermore, for A>4 and B >1 we have f(y,3)>
2(1—y)(3—2y) > 0. Hence f(y,2)>0 for B>+ +1, since for A>4 it implies
B>1, and for A<4 it implies B> A+ 7.

The extremal condition 0f/0z=0 (keeping y fixed) leads to

_ — B(1-2)+ A
y=v o= B'(1-z)+ A’z

*

Inserting ¢* into the definition of f, and again replacing the relative entropy
by the sum over squares (Lemma 3.11s), we get

JW2) = 2By =2 + A1 —y*)i%5 —y* = @ﬁ%ﬂ(z),
g(z) = 2B'A?z(1—2)+ [(A' - 1)B'(1—2) - A'}(B"+ A’ {£).
We have reduced the problem to showing g > 0. If the bracket [...] is positive,

then ¢ is positive. If the bracket is negative, we can decrease g by increasing

Z-<1in (B'+A'{%) to 1. The resulting expression is now quadratic in 2
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with minima at the boundary values z=0 and z= % It is therefore sufficient
to check

g(0) > (AB-1)(A+B+2)>0 and g(3)>:(AB-1)(2A+B+3)>0

which is true for B> 4. In summary, we have proved (3.87) for B> 4+1and
A>0. a

3.9.5 Binary Loss Inequality for z_>_% (3.58)

With the definition

1-—- 1-
T T | R I IR =Y

we show f(y,2z) >0 for suitable A’=A+1>1 and B’= B+1 > 2, similarly
as in the last subsection by proving that f >0 at all extremal values and
“at” boundaries. Keeping y fixed, f — +oc for z— 1. The boundary z :%
was already checked in the last paragraph. The extremal condition 8f/9z=0

(keeping y fixed) leads to
e s B’z
VEY T A1

Inserting y* into the definition of f and replacing the relative entropy by the
sum over squares (Lemma 3.11s), we get

fy,2) > 2By - 22+ A(L—y") —y 552 = it 9(),

g(z) = (A —1)B'z— A +22(1 - 2)|(B'+1-1) + 2(1 — 2)2.

We have reduced the problem to showing g > 0. Since (B'+1-1)>0 it is
sufficient to show that the bracket is positive. We solve [...] >0 w.r.t. B and
get
1-22(1—2) 1 1-2

S— 4 .

B>
- A z
For B> %-H this is satisfied for all %S z< 1. In summary, we have proved
(3.88) for B> % +1 and A>0. 0

3.9.6 General Loss Inequality (3.53)

We reduce

N N N
W
,2):= B ;In 22 4 A il — lis > 0 3.89
fly, 2z) ;:1 yiln = ;:1 Yilim ;:1 Y (3.89)
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for ZZNzl Zidi > Oa dz = E’Lm - Eis (390)

to the binary N =2 case. We do this by keeping y fixed and showing that
f as a function of z is positive at all extrema in the interior of the simplex
A:={z:)".2;=1,2; >0} of the domain of z and “at” all boundaries. First,
the boundaries z; — 0 are safe as f— oo for B’ >0. Variation of f w.r.t. to z
leads to a minimum at z=y. If }.y;d; >0, we have

Zyz Agzm zs Zyz im zs Zyzd > 0.

In the first inequality we used A’ >1. If Y _.y;d; <0, z=y is outside the valid
domain due to constraint (3.90), and the valid minima are attained at the
boundary ANP with P:={z:}",2;d;=0}. We implement the constraints with
the help of Lagrange multipliers and extremize

L(y,2) = f(y,2) + BAY z+BpY  zd;.

OL/0z; =0 leads to y; =y} := z;(A+pud;). Summing this equation over ¢, we
obtain A=1. u is a function of ¢ for which a formal expression might be given.
If we eliminate y; in favor of z;, we get

W z) =Y ez with ¢ o= (1+ pdi)(B' In(1+ pd;) + A'li, — is).

i

In principle u is a function of y, but we can treat p directly as an independent
variable, since y has been eliminated.

The next step is to determine the extrema of the function f=> ¢z for
z€ ANP. For clarity we state the line of reasoning for V=3 first. In this case
A is a triangle. As f is linear in 2z it assumes its extrema at the vertices of
the triangle, where all z; =0 except one. But we have to take into account a
further constraint z € P. The plane P intersects triangle A in a finite line (for
ANP ={} the only boundaries are z; —0, which have already been treated).
Again, as f is linear, it assumes its extrema at the ends of the line, i.e. at
edges of the triangle A on which all but two z; are zero. Similarly for V>3,
the extrema of f, restricted to the polytope ANP, are assumed in the corners
of ANP, which lie on the edges of simplex A, where all but two z; are zero. We
conclude that a necessary condition for a minimum of f at the boundary is
that at most two z; are nonzero. But this implies that all but two y; are zero.
If we had eliminated z in favor of y, we could not have made the analogous
conclusion because y; =0 does not necessarily imply z; =0. We have effectively
reduced the problem of showing f(y*.z)>0 to the case N=2. We can go back
one step further and prove (3.89) for N =2, which implies f(y*,z) >0 for
N=2. A proof of (3.89) for N =2 implies, by the arguments given above, that
it holds for all N. This is what we set out to show here. m]

The N =2 case was proven in Section 3.4 and the two previous subsections.
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3.10 History & References

There are good introductions and surveys of Solomonoff sequence prediction
[LV92a, LV97], inductive inference in general [AS83, Sol97, MF98], competi-
tive online statistics [Vov01], and reasoning under uncertainty [Grii98]. The
latter also contains a more serious discussion of the case p & M in a related
context. The convergence & —  of Theorem 3.19(4%) was first proven in [BD62]
in a more general framework with the help of martingales, but the martingale
proof does not provide a speed of convergence. Solomonoff’s contribution was
to focus on the set of all computable distributions [Sol64, Eq.(13)] and to prove
Theorem 3.19(3) for binary alphabet, which shows that convergence (%) of £
to p is rapid [Sol78]. The generalization of () to arbitrary finite alphabet was
probably first shown by the author in [Hut0la], but may have occurred earlier
somewhere in the statistics literature. Convergence (v) of the ratio {/u to 1
w.jt.p.1 was first shown by Gécs with the help of martingales [LV97], again not
allowing one to estimate the speed of convergence. The elementary proof of
¢/p—11ims., ie. of (4v) and (v) is from [Hut03a], showing that convergence
is rapid. (vi) directly follows from Lemma 3.11(a). Lemma 3.11(a) is due to
Pinsker [Pin64] and Csiszar [Csi67], and can be found in [CT91, Lem.12.6.1]. A
proof of Lemma 3.11(h) can be found in [BM98, p178]. Lemma 3.11(b) is also
known [Bar00]. Most other results in this chapter are from [Hut03a, Hut03c|.

3.11 Problems

3.1 (Semimeasures) [C30u/C400] All results in this chapter were obtained
for probability measures p1, and € and w,, ie. 3°, &(@14) =3, p(T14)=
> ,wy, =1. On the other hand, the primary class M of interest in this book
is the class of all enumerable semimeasures and ) w, <1, (see Section 2.4).
In general, each of the following four items could be semi (<) or not (=): (¢,
i, M, w,), where M is semi if some elements are semi.

Which of the 2* combinations make sense? (Hint: 6 of the 16). Show that
the entropy inequalities (Lemma 3.11) hold for (<,=,<,<), but not for {<,<
,<,<). Nevertheless, show that £ — x (Theorem 3.194i%) for (<,<,<,<) with
maximal p semi-probability, i.e. fails with i semi-probability 0. Generalize all
other theorems in this chapter as far as possible to the semi case.

3.2 (Dominance of the Speed prior) [C400i] Which (semi)measures are
multiplicatively dominated by the Speed prior defined in [Sch02b]? Show that
computable deterministic environments are not dominated by the Speed prior,
but for quickly computable deterministic environments domination holds with
a slowly decreasing “constant”. Does the Speed prior dominate quickly com-
putable truly probabilistic environments for some suitable definition of ‘quick’
and ‘truly’? Is there an easily characterizable class of {all?} dominated prob-
abilistic environments?
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3.3 (Comparing two mixtures) [C05u/C400] Consider two mixtures &

and &' over M. Show that 377 B[>", (£(ziz<s) &' (i <:))?] < 2[lnw; 1+

Inw;_l] <00, ie. &(z|zet) — & (2] <4) fOr t— 00 with u-probability 1 for all

p € M (cf. Theorem 3.19i). Furthermore, show that LA¢ — L4 < O(,/Lx)
(cf. Theorem 3.48). Is the stronger result L — L4s < 0o also true?

3.4 (Convergence and loss bounds with high probability) [C30oi]
Show that P} (u(xi]z<s) — E(zilzer))® > flnw,'] < e and
Py (e —if)* > 2Inw;'] < &, where P denotes p-probability. Use
Theorem 3.19(¢) and Theorem 3.59(¢) and Markov’s inequality. Is it possible
to prove similar high-probability bounds for the ratio [f¢/I+, possibly
exploiting Theorem 3.48 and Corollary 3.49(¢i)? High-probability bounds
on [}z<;) still involve an expectation over z, (see definition of I!). Is it
possible to prove high-probability bounds on the difference or ratio of £,
and £z, , which do not involve any expectations?

3.5 (Pareto optimality) [C30u] Show that £ is not Pareto optimal w.r.t.
the a-norm F(v,€) =|lv—€la= §/5,, [v(wlw <) ~E(alo )] if a2, Further,
Pareto optimality of £ w.r.t. F; and F» is neither a necessary nor a sufficient
condition for £ being Pareto optimal w.r.t. their sum F; +F;. Finally, if £ is
Pareto optimal w.r.t. F, then £ is also Pareto optimal w.r.t. any monotone
increasing function of F (e.g. F*, a>0).

Hint: Intuition on this problem can be gained by considering probabil-
ity vectors &,y,z2€ AC IR®, where A is the two-dimensional probability tri-
angle, and z = wz+(l—w)y is a mixture of  and y. Consider the sets
Mg = {r: F(z,r) < F(a,z)} and analogously M,. M;NM,y is not empty;
it contains z. If M;NM, has an interior, then z is not Pareto optimal. Vi-
sualize the one-dimensional boundaries of the two-dimensional areas M, and
M, qualitatively for the varjous performance measures J. Now consider mix-
tures of three vectors in JR*. This should give you enough intuition to prove
Pareto optimality and to construct counter examples.

3.6 (Lower error bound) [C30u] It is possible to derive good (but not
tight) lower error bounds with a fixed (n independent) set M and weights, as
opposed to the n dependent set M chosen in the proof of Theorem 3.64.
For instance, choose M = {uiuo} with pi/2(llz<y) = 3+e with & =
min{%,\/lnw;ll/\/ﬂnt}. For w,,, < w,, and n-— oo show that ES¢ —ESs ~
L /E9: D,,. Is it possible to derive a tight(er) lower bound for different, but

Inn

n independent M?

3.7 ((Non)uniqueness of universal weights) [C25ui] Section 3.6.4
showed that the universal weights w, = 275(*) are optimal in a sense
precisely stated in Theorem 3.70. Show that this choice for w, is not unique
(not even within a constant factor). For instance, for v, = O(1) for v =¢§,
and v, arbitrary (e.g. 0) for all other v, the obvious dominance £, >v,v can
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be improved to &, § w,v. Indeed, formally every choice of weights v, >0Vv
leads within a multiplicative constant to the same universal distribution,
but this constant is not necessarily of “acceptable” size. Suitably define
“acceptable size” by considering the implications for the loss bounds.
Construct (counter)examples and necessary/sufficient conditions for weights
to be acceptable.

3.8 (Deal with zero u) [C35u0] Verify that all results in this chapter re-
main valid even if y is allowed to take value zero for some arguments. Take
the limit or face the problem as discussed in Section 3.9.1. Note, that when
facing the problem, £ deteriorates to a semimeasure (see Section 2.4 and Prob-
lem 3.1).

3.9 (Relations between random convergence criteria) [C30sm] Prove
the relations in Lemma 3.9 between the various convergence criteria given in
Definition 3.8. Show that no other implications hold by constructing example
random sequences. More precisely, implications are strict with reverse being
wrong, and disconnected criteria (in the transitive hull) are incomparable.
Show that convergence i.m.s. implies that z; deviates from z, by more than ¢
only finitely many times and give a bound on the number.

3.10 (Individual £ — & convergence) [C450m] In Problem 2.3 the open
question whether £y (x|z<;) converges to u(x:|z<;) (in ratic or difference
sense) individually for all Martin-Lof random sequences was posed (short
£y 5 ). Theorem 3.22 shows that &7 2% i cannot be decided from &y being
a mixture distribution (3.5) or from the dominance property (3.6) alone. £ .M
for the classes used in Theorem 3.22. Construct £,q € M and prove a theorem
analogous to Theorem 3.22 for these M’s (Start with two-element classes M,
then enlarge M as far as possible). Hence &y € My is also not sufficient to re-
solve &y 5 pi. Convert Theorem 3.19(ii/iv) to potential p.M.L.-randomness
tests, but show that they are not effective. Try also to generalize Vovk’s re-
sult [Vov87] to nonrecursive distributions. Where is the problem? With these
insights, try again to sclve Problem 2.3.

3.11 (Speed of £ — 1 convergence) [C350] Theorem 3.19(:) shows that
> o 8 < oo. If s; were monotone decreasing (s;41 < s¢) this would imply
that s; tends to zero faster than 1/¢, i.e. sy =0(1/t). Show (or refute) that
this monotonicity is generally wrong for some class M of measures. For the
semimeasure £ =¢y, instantaneous convergence is extremely slow {see Prob-
lem 2.7), although s, converges fast to zero in an average sense. Provide nec-
essary and/or sufficient conditions on M such that s;=0(1/t).

3.12 (Learnability of the universal Turing machine) [C05u] Consider
the problem of learning a function f:2Z — X. A sequence of sample pairs
(z1,21), (22,22), vy (Zn—1,Tn—1) With z; = f(2z;) is given. The task is to pre-
dict z, = f(zn) from z,. This setup is a special case of the one described
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in Section 3.7.3. Show that if f is a recursive function, then the ©¢ predic-
tor makes at most a finite number of prediction errors, more precisely, at
most 2In2- K (f)+O(1) errors. Consider now the universal (partial) function
f(z):=U(z), where U is some universal Turing machine. Show that U is learn-
able in the sense that after finite time n, ©; correctly predicts z; =U(z;) for
all i>n as long as all z; are in the domain of f. What happens if for some z;,
U does not halt?

3.13 (Posterization) [C30ui] Show that many properties of Kolmogorov
complexity, Solomonoft’s prior, and (policies based on) Bayes mixtures re-
main valid after “posterization”. By posterization we mean replacing L,
wy, K(v), v(z1:n), etc., by the posteriors Li, :==3 7 Elly,qy, [t<k], wo(z<k),
K(v|zck), u(mk;n|x<k), etc. Show that, strangely enough, for M = My and
w, =2"K®) it is not true that w, (x) 22~ K¥5<t) (not even logyw, (i) =
—K(v|z<r)+0(log) holds). The important > direction fails. Is the other direc-
tion < true? So bounds, of e.g. L, in terms of Inw,, (z<x) cannot be converted
to bounds in terms of K{plxk) unlike the k=1 case. But if we go one step
back, we see that a bound on In[p(zg.n|T<k)/E(@k.n|T<k)] is sulicient to bound
L. Use Problem 2.6(iii) to bound this expression by In2- K (u)z<x)+O(?).
The more information the history z ., contains about the environment pu, the
smaller the bounds get.

3.14 (Probabilistic error bounds) [C35s/C350] Instead of making (deter-
ministic) predictions that minimize the p-expected loss or error, we may
define probabilistic p-predictors that predict x; from x.; with probability
plxilzy), and compare the performance of the ¢-predictor with the u- or
other p-predictors. For simplicity, consider binary sequences (drawn from p)
and the error loss. Let ef (z<¢):=E¢[l—p(z¢|x<:)] be the error probability in
the t'" prediction, and E£:=3""_ Ele}(z:)] be the p-expected total number
of errors in the first n predictions. Prove the following error relations between
universal (p=¢), informed (p=yp), and general (p) predictors:

(4) iE < 14, < D,++2EiD,

i B > s
(iii) ES > E,'j + D, —~+/2ELD, > D, for E¥ > 2D,
(iv) EF < 2E?, el < 2ef  for any p

(v) B < 2E°+ D, -+ A4ELRD, for any p,

where A, and S, < D, <Inw; ' are defined in (3.13)-(3.16), and w), is the
weight (3.5) of p in £ ((i)—(v) were proven in [HutO1c]). This shows that the -
predictor performs well as compared to the p-predictor (B — E#=0(VER)),
but does not exclude the possibility that it makes twice as many errors as
other (better) predictors (there is a factor 2 in E§/EP <2+O((ER)~1/2)).
Give an example for ES/ES« > 2, showing that the factor 2 in (iv) and (v)
cannot be improved in general. Generalize (¢)—(v) to nonbinary alphabet and
arbitrary loss functions.
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3.15 (Posterior convergence for unbounded horizon) [C15ui/C300]
Show that for unbounded horizon h; — oo, there exist M, u, and w, such
that > io  E[dpsqn,~1] =00 (whereas Y ;o E[d;] < 00). Show that condition
sup;h; = oo is not sufficient. Show that convergence can be (very) slow
when h; grows (very) fast. To answer this question one has to define ‘(very)
slows/fast’, e.g. as logarithmical/exponentially increasing, or slower/faster
than any unbounded computable function. Is convergence reasonably fast for
slowly growing horizon, e.g. for hy=logt? What about h; =17

3.16 (Distance bounds) [C25u] Consider the distance measures a, d, A,
and s defined in (3.10) for probabilities 3 > 0 with ) ,y; =1 and semi-
probabilities z; >0 with 3,2, <1; 1 <¢ < N. Show that the bounds s < d,
a?<2d, h<d, h<a, s<4h, s<a?, a®?<Ns hold and are tight in the sense that
the ratio of the lh.s. to the r.h.s. is bounded by 1 and can get {arbitrarily
close to) 1. Show that s<a? and s<4h can be improved to s< 1a? and s<2h
if (2;) is restricted to a probability Y . z;=1.

3.17 (Prediction by minimum description length) [C40s] Instead of
the mixture distribution £ = ) w,v, consider the maximum a posteriori
estimator o(z) := max{w,v(z): v € M} or equivalently the two-part min-
imum description length (MDL) estimator g := argmin, e {log,v(z) 1+
logow; '}, where as before, M is a countable set of (semi)measures and
3 encty < L. Show that 375, BIY,, (4(} 2<t) — normy (whfr<s))?] Z w7,
where Q($t|$<t) = Q(Ilzt)/9($<t) and Qnorm($t|$<t) = Q(zl:t)/thg(mlzt).
Show that these bounds are (within a multiplicative constant) tight (even for
i.i.d. environments). This shows that MDL converges i.m.s. but convergence
speed can be exponentially worse than for £ (cf. Theorem 3.19(¢)).

Hint: Show that £—p is a semimeasure, although p is not. Bound the rel-
ative entropy “D,” between p and g,.rm and the absolute distance “A,”
between gnorm and p. For the lower bound consider the deterministic envi-
ronments 10 (or Bernoulli(§; = %+2‘i)) for 1 <i< N with uniform weights.
See [PHO4a, PHO4b] for solutions.

3.18 (Reduced prediction of aspects) [C20u] Assume we want to predict
only certain reduced aspects x} of z; € A, e.g. z; are detailed meteorological
data of day £, but we are only interested whether it rains (x} =0) or there is
sunshine (z} =1). Formally, let =} = f(2) € X', and loss £,,,, =€;;yt depend
on z; through z; only. Assume ;. is sampled from u. Let M":={v":v e M}
and w), :=w,,, where v/(z}.,,) ::sz:f(zt):z'twgtgn’/(mlm)' Show that z}., is
sampled from g’ and regret bound (3.48) also holds for the reduced (primed)
quantities, although in general A,, /, #-A:‘ Je Furthermore, show that the bound
can significantly improve, e.g. for M = My, w, =2"5W K(f)=0(1), if
K (') < K{p). This does not mean that to predict in the reduced space X’
is to be preferred, since what matters is not a bound on the regret, but the
true loss LA¢ o L%, Give examples for which LAwe =0 but LAwse > n-l ie.
it sometimes does much harm to go to the reduced space (the regret improves
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simply because A,, deteriorates). Show that always LA > LA ie. reduction
never helps if y is known, but Lﬁe <lkn-—1 SLﬁé is possible, i.e. reduction
may help or harm if y is unknown. Is L,‘}/& ;;Lﬁﬁ possible for M =My (cf.
Problem 2.9)7

Hint: All examples can be chosen of the form X = X' x X" with X' =
X'"=B (z;=x}x}) and £ being the error loss. (a) pu(z1.n)=p' (z].,) 1" (z}.,,)
with K(i/) = O(1) and K(u") £ K(p) large, (b) @, =2}, with z” being
Bernoulli(1), (¢) M ={vo,....un} with 15((01)>®) =1, 1;((00)*~1(10)) =1 for
1<i<n, w; =271 p=v,.



Napoleon: How is it that, although you say so much
about the Universe, you say nothing about its Creator?

Laplace: No, Sire, I had no need of that hypothesis.

Lagrange: Ah, but it is such a good hypothesis: it ex-
plains so many things!

Laplace: Indeed, Sire, Monsieur Lagrange has, with his
usual sagacity, put his finger on the precise difficulty
with the hypothesis: it explains everything, but predicts
nothing. Alan Turing

— Conversation between Laplace and Lagrange medi- (1912-1954)
ated by Napoleon
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The general framework for Al might be viewed as the design and study of
intelligent agents [RN95]. An agent is a cybernetic system with some internal
state, which acts with output y; on some environment in cycle &, perceives
some input xzj from the environment and updates its internal state. Then the
next cycle follows. We split the input zj into a regular part o, and a reward
ri, often called reinforcement feedback. From time to time the environment
provides nonzero reward to the agent. The task of the agent is to maximize
its utility, defined as the sum of future rewards. A probabilistic environment
can be described by the conditional probability p for the inputs z;...z, to
the agent under the condition that the agent outputs #i...y,. Most, if not
all, environments are of this type. We give formal expressions for the outputs
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of the agent that maximize the total u-expected reward sum, called value.
This model is called the Al model. As every Al problem can be brought into
this form, the problem of maximizing utility is hence being formally solved,
if 41 is known. Furthermore, we study some special aspects of the Aly model.
We introduce factorizable probability distributions describing environments
with independent episodes. They occur in several problem classes studied
in Chapter 6 and are a special case of more general separable probability
distributions defined in Section 5.3. We also clarify the connection to the
Bellman equations of sequential decision theory and discuss similarities and
differences. We discuss minor parameters of our model, including (the size of)
the input and output spaces A and ) and the lifetime of the agent, and their
universal choice, which we have in mind. There is nothing remarkable in this
chapter; it is the essence of sequential decision theory [NM44, Bel57, BT96,
SB98], presented in a very general form. Notation and formulas needed in
later sections are simply developed. There are two major remaining problems:
the problem of the unknown true probability distribution p, which is solved
in Chapter 5, and computational aspects, which are addressed in Chapter 7.

4.1 The Alu Model in Functional Form

4.1.1 The Cybernetic Agent Model

A good way to start thinking about intelligent systems is to consider more
generally cybernetic systems, in Al usually called agents. This avoids hav-
ing to struggle with the meaning of intelligence from the very beginning. A
cybernetic system is a control circuit with input x and output y and an inter-
nal state. From an external input and the internal state the agent calculates
deterministically or stochastically an output. This output (action) modifies
the environment and leads to a new input (perception). This continues ad
infinitum or for a finite number of cycles.

Definition 4.1 (The agent model) An agent is a system that interacts
with an environment in cycles k= 1,2,3,.... In cycle k the action (out- |
put) yi €Y of the agent is determined by a policy p that depends on the l
[/O history y12y...yk—12r—1. The environment reacts to this action, and
leads to a new perception (input) x; € X determined by a determinis-
tic function ¢ or probability distribution g, which depends on the history
Y11 Yk—1Tk_1Y%- Then the next cycle k+1 starts.

There is significant overlap between control theory studied by engineers and
agent theory studied in AI, but both fields differ in notation and emphasis.
Table 4.2 compares notation and emphasis in both fields. Only the interchange
of input<soutput can cause confusion. With few exceptions we use the notion
common in Al
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Table 4.2 (Notation and emphasis in AI versus control theory)
The upper part (=) of the table compares notation used in Al or
reinforcement learning to notation used in control theory. The lower part
(<) compares the objectives of both fields.

artificial intelligence

control theory

agent

environment

policy

transition matrix
input=perception
observation
action=output
(instantaneous) reward
cumulative reward=value
model learning
exploitation

reactive agent

prewired agent?
Markov decision process
belief state

Bellman equation
reinforcement learning
reinforcement learning
i

?

?

controller

system

control=policy

transition matrix?
output+reward

output

input

immediate or one-period cost
expected (total) cost(-to-go)
system identification
(optimal?) stochastic control?
closed-loop control
open-loop control

controlled Markov chain
information state

Bellman equation (Ricatti eq.?)
sequential decision theory
adaptive control

consistent control
self-tuning control
self~optimizing control

exploration—exploitation problem

estimation—control problem

qualitative solution

complex environment
temporal difference learning
temporal difference learning?

| e | 1 1 A T (| P (3 1 PO DA _”j (VR | D D | | | D P (P 1

high precision

simple machine
value/policy iteration
dynamic programming

As mentioned, we need some reward assignment to the cybernetic system. The
input z is divided into two parts, the standard input o and some reward input
r. If input and output are represented by strings, a deterministic cybernetic
system can be modeled by a Turing machine p, where p is called the policy of
the agent, which determines the (re)action to a perception. If the environment
is also computable it might be modeled by a Turing machine ¢ as well. The
interaction of the agent with the environment can be illustrated as follows:
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[7'1‘01J7'2I02lr3t03JT4IO4TT5IOSITSIOGl"‘

Agent Environ-
l work tape ... l work tape ...
P ment q

v [ e | ows | owe | s | w [

Both p as well as ¢ have unidirectional input and output tapes and bidirec-
tional work tapes. What entangles the agent with the environment is the fact
that the upper tape serves as input tape for p, as well as output tape for
q, and that the lower tape serves as output tape for p as well as input tape
for ¢. Further, the reading head must always be left of the writing head, i.e.
the symbols must first be written before they are read. Both p and ¢ have
their own mutually inaccessible work tapes containing their own “secrets”.
The heads move in the following way. In the k** cycle p writes yy, ¢ reads yi,
q writes xg =710, p reads xx =710k, followed by the (k‘+1)th cycle and so
on. The whole process starts with the first cycle, with all heads on tape start
and work tapes being empty. We call Turing machines behaving in this way
chronological Turing machines. Before continuing, some notations on strings
and probability distributions are appropriate.

4.1.2 Strings

We denote strings over the alphabet X by s=xz1xs...2,, with 2, € X, where
X is alternatively interpreted as a nonempty subset of IV or itself as a prefix-
free set of binary strings. The length of s is ¢(s) =£¢(z1)+...+£€(z,). Analogous
definitions hold for y; € Y. We call z; the k** input word and y; the k"
output word (rather than letter). The string s =y121...ynZn represents the
input/output in chronological order. Due to the prefix property of the z,
and v, s can be uniquely separated into its words. The words appearing in
strings are always in chronological order. We further introduce the following
abbreviations: € is the empty string, Tn.m :=ZnpZTny1--Tm—1Zm for n<m and e
for n>m. x<p:=z..2n 1. Analogously for y. Further, y@r, :=y,Zn, Wn:m =
YnTn--YmTm, and so on.

4.1.3 AI Model for Known Deterministic Environment

Let us define for the chronological Turing machine p a partial function also
named p: X* — YV* with y1.x = p(x<k), where y;.x is the output of Turing
machine p on input z. in cycle k, i.e. where p has read up to zx—1 but
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no further! In an analogous way, we define q: V* — X* with z1.x = g(y1.k)-
Conversely, for every partial recursive chronological function we can define a
corresponding chronological Turing machine. Each (agent,environment) pair
(p,q) produces a unique I/O sequence w?? := {72 ?y8%207 .. When we look
at the definitions of p and ¢ we see a nice symmetry between the cybernetic
system and the environment. Until now, not much intelligence is in our agent.
Now the credit assignment comes into the game and removes the symmetry
somewhat, We split the input z; € X :=R x O into a regular part o, € O and
a reward 7y € R C IR. We define z3 =rio, and ry =7(zk). The goal of the
agent should be to maximize received rewards. This is called reinforcement
learning. The reason for the asymmetry is that eventually we (humans) will
be the environment with which the agent will communicate and we want to
dictate what is good and what is wrong, not the other way round. This one-way
learning, the agent learns from the environment, and not conversely, neither
prevents the agent from becoming more intelligent than the environment,
nor does it prevent the environment learning from the agent because the
environment can itself interpret the outputs y; as a regular and a reward
part. The environment is just not forced to learn, whereas the agent is. In
cases where we restrict the reward to two values r€ R=B:={0,1}, r=11is
interpreted as a positive feedback, called good or correct, and r=0 a negative
feedback, called bad or error. Further, let us restrict for a while the lifetime
(number of cycles) m of the agent to a large but finite value. Let

m
Vim = >_r(al)
i=k
be the future total reward (called future utility}, the agent p receives from
the environment g in the cycles k to m. It is now natural to call the agent p*,
which maximizes Vi, (called total utility), the best one:2

primargmax Vi = VRIS VEL vpryf =yl (43)
For k=1 the condition on p is nil. For k> 1 it states that p shall be consistent
with p* in the sense that they have the same history. If X', V and m are finite,
the number of different behaviors of the agent, i.e. the search space, is finite.
Therefore, because we have assumed that ¢ is known, p* can effectively be
determined by pre-analyzing all behaviors. The main reason for restricting
to finite m was not to ensure computability of p* but that the limit m — co
might not exist. The ease with which we defined and computed the optimal
policy p* is not remarkable. Just the (unrealistic) assumption of a completely
known deterministic environment g has trivialized everything.

! Note that a possible additional dependence of p on y<x as mentioned in Defi-
nition 4.1 can be eliminated by recursive substitution; see below. Similarly for
q.

2 argmax,V (p) is the p that maximizes V'(-). If there is more than one maximum
we might choose the lexicographically smallest one for definiteness.
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4.1.4 Al Model for Known Prior Probability

Let us now weaken our assumptions by replacing the environment ¢ with a
probability distribution f1(q) over chronological functions. Here p might be
interpreted in two ways. Either the environment itself behaves stochastically
defined by p or the true environment is deterministic, but we only have sub-
jective (probabilistic) information of which is the true environment. Combi-
nations of both cases are also possible. We assume here that p is known and
describes the true stochastic behavior of the environment. The case of un-
known p with the agent having some beliefs about the environment lies at the
heart of the AT model described in Chapter 5.

The best agent is now the one that maximizes the ezpected utility {called
value function) VP =V{7:=%" u(q)V]}i. This defines the Alu model.

im Im

Definition 4.4 (The AIx model) The Alp model is the agent with
policy p* that maximizes the p-expected total reward ry+...+r,. ie.
p* =p!:=argmax, V. Its value is V; := I-'}{’“.

We need the concept of a value function in a slightly more general form.

Definition 4.5 (The p/true/generating value function) The

agent’s perception @ consists of a regular observation o€ @ and a reward
r€ RCIR. In cycle k the value V" (yr<y) is defined as the p-expectation
of the future reward sum 7y +...+r, with actions generated by policy p,
and fixed history yr<p. We say that VP (yr<i) is the (future) wvalue of
policy p in environment ¢ given history yr.. or shorter, the p or true or

generating value of p given yr<p. V7= VI is the (total) value of p.

We now give a more formal definition for V2%. Let us assume we are in cycle
k with history ¢t,...ytx—; and ask for the best output yi. Further, let Q=
{q:q(Y<k)=2<} be the set of all environments producing the above history.
We say that g€ O is consistent with history g <x. The expected reward for
the next m—k+1 cycles (given the above history) is called the value of policy
p and is given by a conditional probability:

> gco Vi,

quQk 1(q) (4.6)

Vzﬁi@t<k) =

Policy p and environment u do not determine history g, unlike the deter-
ministic case because the history is no longer deterministically determined by
p and ¢, but depends on p and p and on the outcome of a stochastic process.
Every new cycle adds new information (&;) to the agent. This is indicated
by the dots over the symbols. In cycle £ we have to maximize the expected
future rewards, taking into account the information in the history g «y. This
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information is not already present in p and g/u at the agent’s start, unlike in
the deterministic case.

Furthermore, we want to generalize the finite lifetime m to a dynamic
(computable) farsightedness hy=mi—k+12>1, called horizon. For my=m we
have our original finite lifetime; for Ay =h the agent maximizes in every cycle
the next h expected rewards. A discussion of the choices for my, is delayed to
Section 5.7. The next hi rewards are maximized by

x L pp (e
b = argmaXVkmk(yr<k),
PE Py

where Py := {p:3yr :p(E<k) = Y<ryx} is the set of policies consistent with
the current history. Note that pj depends on k and is used only in step k
to determine g by pi(Z<k|¥<k) = Y<k¥r. After writing ¢, the environment
replies with #; with (conditional) probability u(Qsr1)/p(Qx). This proba-
bilistic outcome provides new information to the agent. The cycle k+1 starts
with determining gx1 from p}_ ; (which can differ from pj for dynamic my)

and so on. Note that p} implicitly also depends on .x because Py, and Q4
do so. But recursively inserting p;_; and so on, we can define

P (Eck) = Pr(E<klPi_1(E<ho1]..0]))- (4.7)

It is a chronological function and is computable if X', }V and my, are finite and
 is computable. For constant m one can show that the policy (4.7) coincides
with the Aly model (Definition 4.4). This also proves

Vit (ge) > VEE (<) Vp € Py, ie. for all p consistent with g2,
(4.8)
similarly to (4.3) (see Problem 4.1). For k=1 this is obvious. We also call
(4.7) Alp model. For deterministic? u this model reduces to the deterministic
case discussed in the last subsection.
1t is important to maximize the sum of future rewards and not, for instance,
to be greedy and only maximize the next reward, as is done e.g. in sequence
prediction. For example, let the environment be a sequence of chess games,
and each cycle corresponds to one move. Only at the end of each game is a
positive reward r =1 given to the agent if it won the game (and made no
illegal moves). For the agent, maximizing all future rewards means trying to
win as many games in as short as possible time (and avoiding illegal moves).
The same performance is reached if we choose hg much larger than the typical
game lengths. Maximization of only the next reward would be a very bad chess
playing agent. Even if we would make our reward r finer, e.g. by evaluating the
number of chessmen, the agent would play very bad chess for hy =1, indeed.
The Alx model still depends on p and my; my is addressed in Section 5.7.
To get our final universal Al model the idea is to replace g by the universal
probability &, defined later. This is motivated by the fact that £ converges to u

3 We call a probability distribution deterministic if it assumes values 0 and 1 only.
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in a certain sense for any p. With £ instead of i our model no longer depends
on any parameters, so it is truly universal. It remains to show that it behaves
intelligently. But let us continue step by step. In the following we develop an
alternative but equivalent formulations of the Aly model. Whereas the func-
tional form presented above is more suitable for theoretical considerations,
especially for the development of a time-bounded version in Section 7.2, the
iterative and recursive formulation of the next Section will be more appropri-
ate for the explicit calculations in most of the other sections.

4.2 The AIu Model in Recursive and Iterative Form

4.2.1 Probability Distributions

We use Greek letters for probability distributions, and underline their argu-
ments to indicate that they are probability arguments. Let p,,(z,...z,) be the
probability that an (infinite) string starts with z;...z,,. We drop the index on
p if it is clear from its arguments:

D p@in) =D on(Tr0) = paoi(@y) = p(mey),  ple) = pole) = 1. (4.9)

Tp€X

We also need conditional probabilities. We prefer a notation that preserves
the chronological order of the words, in contrast to the standard notation
p(:|-), which flips it. We extend the definition of p to the conditional case
with the following convention for its arguments: An underlined argument z;
is a probability variable, and other non-underlined arguments zj represent
conditions. With this convention, the conditional probability has the form
p(Ten,) = pl2,.,)/p(Z,,). The equation states that the probability that
a string x1...x,_1 is followed by x, is equal to the probability of z;...x,*
divided by the probability of x;...z,_1%. We use x* as an abbreviation for
‘strings starting with x’.

The introduced notation is also suitable for defining the conditional proba-
bility p(y12;..-ynZ,,) that the environment reacts with x;...x,, under the condi-
tion that the output of the agent is y;...y,. The environment is chronological,
i.e. input z; depends on yr.,;y; only. In the probabilistic case this means that
Py < yx)=>_, () is independent of yj, hence a tailing yx in the argu-
ments of p can be dropped. Probability distributions with this property will
be called chronological. The y are always conditions, i.e. are never underlined,
whereas additional conditioning for the z can be obtained with the chain rule

Pl <ni,) = p(1.,)/P(<,) and (4.10)

p(uy.,) = pluey)-p(yeies) - . p( <nlit,,). (4.11)

The second equation is the first equation applied n times.
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4.2.2 Explicit Form of the Aly Model

Let us define the Aly model p* in a different way. In the next subsection
we will show that the p* model defined here is identical to the functional
definition of p* given in the last section.

Let p{yr<iyr;) be the true probability of input z; in cycle k, given the
history w@w<xyx; p(ur,.;) is the true chronological prior probability that the
environment reacts with xy.; if provided with actions y;., from the agent. We
assume the cybernetic model depicted on page 128 (see also book cover) to be
valid. Next we define the value Vk*&,m(y”l:k) to be the p-expected reward sum
Tkt1+ ...+ 7m in cycles k41 to m with outputs y; generated by agent p* that
maximizes the expected reward sum, and responses z; from the environment,
drawn according to u. Adding r(zx) =7 we get the reward including cycle &.
The probability of i, given .y, is given by the conditional probability
w(yr <2y, ). So the expected reward sum in cycles &k to m given yr<pyx is

Vb (yraryr) = D Ir(@e) + Vity ()] plym<aay)- (4.12)

T

Now we ask how p* chooses yi: It should choose 4 so as to maximize the
future rewards. So the expected reward in cycles k to m given yr and yg
chosen by p* is Vb (yr <k ) :=maxy, Vih (@w<ryk) (see Figure 4.13).

s

Viem (<) =maxViil (yr <y )
ik

action y; with max value.

P . 1 — q* b . ey .

Vik (1 <ryr) = E [re+ Vil o () n(ye <y,
Fk

IH—('XI){‘(‘.Y(‘.(I T'(‘“-TI.T'(] Tk ZIII(I l)h.‘i()l'\"ilt i()l] 0.

Vit k) = max Vil (ke yies)
Wil

rrrrrrrrrrrrrrrrrrr

Figure 4.13 (Expectimax tree/algorithm for O =) = IB)

Together with the induction start
V;il,m(ytl:m) = 0, (414)

Vil is completely defined. We might summarize one cycle into the formula

Vin (k) = rgf:xz{r(:vk)+Vk*fl,m(wlzk)]-ﬂ(yrdwk). (4.15)
LTr

We introduce a dynamic (computable) farsightedness hy =mg—k+1>1, called
horizon. For my =m, where m is the lifetime of the agent, we achieve optimal
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behavior, for limited farsightedness hy =h (m =my =h+k—1), the agent
maximizes in every cycle the next h expected rewards. A discussion of the
choices for my, is delayed to Section 5.7. If my is our horizon function of p*
and gk« is the actual history in cycle k, the output g of the agent is explicitly
given by

Yk = arg max Vi (B <kYi) (4.16)

which in turn defines the policy p*. Then the environment responds z; with
probability p(% <kt ). Then cycle k+1 starts. We might unfold the recursion
(4.15) further and give g, nonrecursively as

U = U = argmax E max E - max g (r(@k )+ oo A7 (@ ) (< kW, )
1 my,
k Th+

x I,nk

(4.17)
This has a direct interpretation: The probability of inputs xg.,, in cycle k
when the agent outputs Y., with actual history %<k is p(% <xUs.pm, )- The
future reward in this case is r(zx)+...+7(2m, ). The best expected reward is
obtained by averaging over the z; (ZI) and maximizing over the y;. This has
to be done in chronological order to correctly incorporate the dependencies
of z; and y; on the history. This is essentially the expectimax algorithm/tree
[Mic66, RN95]. The Aly model is optimal in the sense that no other policy
leads to higher expected reward. The value for a general policy p can be
written in the form

V,ff:b(yz<k) = Z(Tk+ +7“m)/i(?ﬂ<kl£k:m)Iylzm:p(1<m) (4.18)

Ti:m

4.2.3 Equivalence of Functional and Explicit A1 Model

As is clear from their interpretations, the iterative environmental probability
4 relates to the functional form in the following way:

plzy) = Y (g (4.19)

¢:q(y1:6)=T1:k

Theorem 4.20 (Equivalence of functional and explicit AI model)
The actions of the functional Al model (4.7) coincide with the actions
of the iterative (=recursive) Al model (4.15)(4.17) with environments
identified by (4.19).

Proof. We prove the equivalence of (4.7) and (4.16) only for k=2 and my=3.
The proof of the general case is completely analogous, except that the notation
becomes quite messy.
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Let us first evaluate (4.6) for fixed §1#1 and some p € Py, ie. p(z1) =
71yo for some yo. If the next input to the agent is zo, p will respond with
p(Z112) =11y2y3 for some y3 depending on zo. We write y3(z2) in the following.
Dependency on dotted words like &; is not shown, as the dotted words are
fixed. The numerator of (4.6) simplifies to

ST ul@VE = Y w@VE = ) (rlw)+r(za)) Y. wlg)

q€Q2 q:q(31)=i1 T213 q:q(§1y2ys(2))=k1 2223
= > (r(@2)+7(wa))- p(Gh s vazoys(T2)L3).
ToX3

In the first equality we inserted the definition of Q2. In the second equality
we split the sum over ¢ by first summing over ¢ with fixed xox3. This allows
us to pull Voz=r(xs)+r(z3) out of the inner sum. Then we sum over zazxs.
Further, we have inserted p, i.e. replaced p by y2 and y3(-). In the last equality
we used (4.19). The denominator reduces to

S oule) = Y ulg) = uling,).
q€Q2 q:q(91)=%1
For the quotient we get
VB ) = D (r(@2)+7(2s))- pihd1y22sys(02)zs)-
e e oY
We have seen that the relevant behavior of pe P, in cycles 2 and 3 is completely
determined by y2 and the function ys(-).

max Vyy' (f121) = maxmax ) (r(z2)+r(z3)) w(f1d1y225y3(22)2s)
pEP, Y2 ya(") oyt

= ma . 1
yz";fggx xzs(r(wz)“(ws)) {(F181Y229Y2s)

In the last equality we have used the fact that the functional minimization over
y3(-) reduces to a simple minimization over the word y; when interchanging
with the sum over its arguments (max,, )3, =), max,,). In the functional
case ¥ is therefore determined by

g2 = argmax g max ;(T(wz)w(ws)) (I Z1Y2LoY3Ls)-

This is identical to the iterative definition (4.17) with k=2 and mo=3. O

4.3 Special Aspects of the ATy Model

4.3.1 Factorizable Environments

Up to now we have made no restrictions on the form of the prior probability
apart from being a chronological probability distribution. On the other hand,
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we will see that, in order to prove rigorous reward bounds, the prior probability
must satisfy some separability condition to be defined later. Here we introduce
a very strong form of separability, when u factorizes into products. We start
with a factorization into two factors. Let us assume that pu is of the form

p(gy.,) = piluee) - po(u.,) (4.21)

for some fixed | and sufficiently large n > my. For this u the output g in
cycle k of the Alu agent (4.17) for k>1 depends on i1 and uo only and
is independent of Y, and pq. This is easily seen when inserting

P <k Wh ) = pa (G <t) -pr2 (k1 W e, ) (4.22)
N —
=1

into (4.17). For k <! the output ¢ depends on ¢« (this is trivial) and gy
only (trivial if my, <!) and is independent of 2. The nontrivial case, where
the horizon my > 1 reaches into the region us, can be proven as follows (we
abbreviate m :=my, in the following). Inserting (4.21) into the definition of
Vit (yr<r), the factor p; is 1, as in (4.22). We abbreviate V)2 :=V ¥ (1),
as it is independent of its argument. One can decompose

Vinwar) = ViF (war) + V0 (4.23)

For k=1 this is true because the first term on the r.h.s. is zero. For k <! we
prove the decomposition by induction from k41 to k.

V(g <) = H;%XZ[T(%) + Vit o () + Vbl i (we <y,
Tr

= max [Z(r(mk) + Vet () m (g aryey) + ik

T

= V1:7_1(W<k) + Vz:;

Inserting (4.23), valid for k+1 by induction hypothesis, into (4.15) gives the
first equality. In the second equality we have performed the zy sum for the
V& u1 term, which is now independent of yi. It can therefore be pulled
out of max,,. In the last equality we again used the definition (4.15). This
completes the induction step and proves (4.23) for k<. Output g5 can now
be represented as

Ur = arg max Vir (i <kyr) = arg max Vil 1 (@ <ryn), (4.24)

where (4.16) and (4.23) and the fact that an additive constant VJ* does not
change argmax,, have been used. Vk*,!; " 1 (#<ryr) and hence gy is independent
of us for k< l. Note that gy is also independent of the choice of m, as long as
m>1.
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In the general case of an (infinite) sequence of consecutive episodes one
can show an analogous result:

Theorem 4.25 (Factorizable environments p) Assume that the cy-
cles are grouped into independent episodes r=1,2,3...., where each episode
r consists of the cycles k=n,+1.....n,41 for some O=ng<n; <...<ns=n:

s5—1
“(;}il:u) = H J”f‘(yln, + 141 ) (12(-;)

r=0

(In the simplest case, when all episodes have the same length [ then n,.=r-1)
Then, g depends on i, and @ and y of episode r only, with r such that
Thp <k & Mgy -

U = éll‘j_‘,'llbilx Z Il}:ii\' Z{'J'(;t';,-}—i- o+ (@)) e (o, 16— Yy ) (4.27)
K Ll
Tk Ty
with ¢ :=min{my.n,4+1}. The different episodes are completely indepen-
dent in the sense that the inputs x of different episodes are statistically
independent and depend only on y,. of the same episode. The outputs
iy depend on the = and y of the corresponding episode r only, and are
independent of the actual 1/O of the other episodes.

If all episodes have a length of at most [, i.e. n,41—n, <I, and if we choose
the horizon hy to be at least [, then my > k+1—1>n,+1>n,11, and hence
t =n,;1 independent of my. This means that for factorizable u there is no
problem in taking the limit mg — oo. Maybe this limit can also be performed
in the more general case of a sufficiently separable u. The (problem of the)
choice of my will be discussed in more detail in Section 5.7.

Although factorizable p are too restrictive to cover all Al problems, they
often occur in practice in the form of repeated problem solving, and hence,
are worthy of study. For example, if the agent has to play games like chess re-
peatedly, or has to minimize different functions, the different games/functions
might be completely independent, i.e. the environmental probability factor-
izes, where each factor corresponds to a game/function minimization. For
details, see Section 6.3 on strategic games and Section 6.4 on function mini-
mization.

Further, for factorizable p it is probably easier to derive suitable reward
bounds for the universal AI£ model defined in the next chapter, than for the
separable cases which will be introduced in Section 5.3. This could be a first
step toward a definition and proof for the general case of separable problems.
One goal of this subsection was to show, that the notion of a factorizable p
could be the first step toward a definition and analysis of the general case of
separable .
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4.3.2 Constants and Limits

We have in mind a universal agent with complex interactions that is at least as
intelligent and complex as a human being. One might think of an agent whose
input yx comes from a digital video camera, and the output z is some image
to a monitor?, only for the rewards we might restrict to the most primitive
binary ones, i.e. r; € IB. So we think of the following constant sizes:

1 < (flypz)) < b < m < [YxZX|
1 < 216 < 224 < 232 < 265536

The first two limits say that the actual number &k of inputs/outputs should
be reasonably large compared to the typical length (¢) of the input/output
words, which itself should be rather sizeable. The last limit expresses the fact
that the total lifetime m (number of I/O cycles) of the agent is far too small
to allow every possible input to occur, or to try every possible output, or to
make use of identically repeated inputs or outputs. We do not expect any
useful outputs for £<(¢). More interesting than the lengths of the inputs is
the complexity K(z;...zx) of all inputs until now (see Definition 2.9). The
environment is usually not “perfect”. The agent could either interact with
a imperfect human or tackle a nondeterministic world (due to quantum me-
chanics or chaos)®. In either case, the sequence contains some noise, leading
to K(zy...zx) o< (£)-k. The complexity of the probability distribution of the
input sequence is something different. We assume that this noisy world oper-
ates according to some simple computable rules: K (uy) < (£)-k, i.e. the rules
of the world can be highly compressed. We may allow environments in which
new aspects appear for k— oo, causing an unbounded K (uy).

In the following we never use these limits, except when explicitly stated.
In some simpler models and examples the size of the constants will even
violate these limits (e.g. £(xr)=4£(y;)=1), but it is the limits above that the
reader should bear in mind. We are only interested in theorems that do not
degenerate under the above limits. In order to avoid cumbersome convergence
and existence considerations we make the following assumptions throughout
this book:

Assumption 4.28 (Finiteness) We assume that

e the input/perception space X is finite,

e the output/action space Y is finite,

e the rewards are nonnegative and bounded, i.e. 7 € R C[0,r02]
e the horizon m is finite.

l |

* Humans can only simulate a screen as output device by drawing pictures.

5 Whether there exist truly stochastic processes at all is a difficult question. At
least the quantum indeterminacy comes very close to it. See Section 8.6.2 for a
detailed discussion.
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Finite X and bounded R (each separately) ensure existence of p-expectations
but are sometimes needed together. Finite ) ensures that argmax,,cy|...]
exists, i.e. that maxima are attained, while finite m avoids various technical
and philosophical problems (Section 5.7), and positive rewards are needed
for the time-bounded AIXI# model (Section 7.2). Many theorems can be
generalized by relaxing some or all of the above finiteness assumptions.

4.3.3 Sequential Decision Theory

In the following we clarify the connection of (4.15) and (4.16) to the Bellman
equations [Belh7, BT96] of sequential decision theory and discuss similarities
and differences. We consider a Markov decision process (MDP) where, with
probability M, the agent under consideration should reach {environmental)
state j €S when taking action a € A in (the current) state i €S. If the agent
receives reward R(7), the optimal policy p*, maximizing expected utility (de-
fined as the sum of future rewards), and the utility U(7) of policy p* are

p*(i) = argmngijU(j), U(i) = R(i) + mngijU(j). (4.29)

See [RN95, BT96] for details and further references. Let us identify
S=xX), A=Y, a=uyr, M}=plwaury), (1) =1y,

i=wer, R{E)=r(zr-1), UG = Vi, (w<k) = r(@e—1) + Vi (W <k),

J=wrk, RG)=rze),  UU) =Via(wir) = r(ze) + Vipim(®1e),

where we further set M =0 if ¢ is not a starting substring of j or if a # yx.
This ensures the sum over j in (4.29) to reduce to a sum over z. If we set
my =m and insert (4.12) into (4.16), it is easy to see that (4.29) coincides
with (4.15) and (4.16).

Note that despite of this formal equivalence, we were forced to use the
complete history yr<s as environmental state 7. The Aly model assumes nei-
ther stationarity, nor Markov property nor complete accessibility of the en-
vironment, as any assumption would restrict the applicability of Alu. The
consequence is that every state occurs at most once in the lifetime of the
agent. Every moment in the universe is unique! Even if the state space could
be identified with the input space &, inputs would usually not occur twice by
the assumption k< |X|, made in the last subsection. Further, there is no obvi-
ous universal similarity relation on (X' x Y)* allowing an effective reduction of
the size of the state space. Although many algorithms (like value and policy
iteration) have problems in solving (4.29) for huge or infinite state spaces in
practice, there is no principle problem in determining p* and U, as long as
is known and computable, and X, [Y| and m are finite.

Things drastically change if 4 is unknown. Reinforcement learning algo-
rithms [KLM96, SB98] are commonly used in this case to learn the unknown
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w or directly its value. They succeed if the state space is either small or has ef-
fectively been made small by so-called generalization techniques. In any case,
the solutions are either ad hoc, or work in restricted domains only, or have
serious problems with state space exploration versus exploitation, or are prone
to diverge, or have nonoptimal learning rate. There is no universal and op-
timal solution to this problem so far. In the next chapter we present a new
model and argue that it formally solves all these problems in an optimal way.
It is not concerned with learning p directly. All we do is to replace the true
prior probability ¢ by a universal probability £, which is shown to converge
to ¢ in a sense.

4.4 Problems

4.1 (Value dominance p) [C20s] In (4.5) V?" (yr<x) was defined as the -
expected future reward sum ry+...+7r, with actions generated by policy p,
and fixed history yrk. The optimal policy p* was defined as the one with
maximal total p-value, ie. p# := argmax,V}" (¢). The corresponding value
function is Vb (yrcp) = Vkp;”(ykk). Obviously, V;'k(e) > VI (€) Vp. Show
that this implies V2 (yr<x) > VP (yr<x) for all p consistent with yr<,. The
derivation of a result of this form goes hand in hand with the derivation of
Bellman’s equations [Ber95a].

4.2 (Probabilistic policies) [C15usi] In this chapter we only gave formal
definitions of the value function for deterministic policies, but allowed proba-
bilistic environments. Generalize the definition of the value function (4.18) to
probabilistic policies 7 in the following way:

V;:r = Zypl:m (7"1 + o +Tm) u(l.m‘w<mym)7r(ym'yn<m)"'.u($l{yl)ﬂ'(yl)
= Zyphm(rk"f' +Tm) M($1:m|y1:m)ﬂ(y1:ml$<m)
= Zyﬁ;m (Tk+ +Tm)p(y1:m«r1:m)

and similarly for V> (yr<i). We used here the conventional notation u(-|-) for
conditional probabilities to emphasize the following oddity. The last equality
seems to say something like p(z|y)p(ylz) = p(x&y), which would contradict
Bayes’ law p(z|y)p(y) =p(z&y). Show that everything goes right here. What
important property (defined in the main text) is used to arrive at the above
expressions? Show that max, V[ =max,VP, and that among optimal policies
there is always a deterministic one. Since we are mainly interested in optimal
policies, the restriction to deterministic policies is not serious. Generalize the
theorems in this and later chapters involving V/ to V/J'. A serious treatment
of probabilistic policies can be found in game theory, where optimal policies
can also be truly probabilistic [OR94].



The Three Laws of Robotics:

1. A robot may not injure o human being, or, through
inaction, allow a human being to come to harm.

2. A robot must obey the orders given it by human beings

except where such orders would conflict with the First
Law.

8. A robot must protect its own existence as long as such

protection does not conflict with the First or Second Isaac Asimov

1920-1
Law. — Isaac Asimov (1920-1992)

5 The Universal Algorithmic Agent AIXI

Sl EhelUniversal AR Mode s s e 142
5.1.1 Definition of the AIXT Model. .. .q ciminne sy . 142
5:0.2 0 Universalitylofi M2 N andie s e 144
5.1.3 Convergence of €M to p™' ... 145
5.1.4 Intelligence Order Relation.......................... 146

5.2 On the Optimality of AIXT .. ... ... ... .. 147

5.3 Value Bounds and Separability Concepts.................... 149
550 5 B DY 08 KT e 1103 1L e e S o e e e e O s i o 149
5.3.2 (Pseudo) Passive p and the HeavenHell Example ... ... 149
5:3.3° The @nlyGOne Example i siaeaina. s v o 150
.94 AsymptoticiliearnabIliby e e e e S s 151
aaEh) BT B on Y i ey i R e S s i ik 152
5.3.6 Other Concepts. .. ....vvueen e eunenneennns 152
D.3.7  SUIMIMATY oottt ettt et ettt e et et ens 153

5.4 ValueRelated Optimality Results . ... covevvnvin vovmnnesenn. 153
54.1 The Alp Models: Preliminaries ...............coooo... 153
54.2. Pareto Optimality ot ALE | o diiniae st s s et 154
5.4.3  Self-Optimizing Policy p¢ w.r.t. Average Value ........ 156

5.5 Discounted Future Value Function ......................... 159

5.6 Markov Decision Processes (MDP) ... .iunoenuisiiaias senns 165

hriikhel@hoice ofithelHonizon e ctate senl oo on on b s 169

5.8 Outlook ... 172

5.9 Conclusions ... ...ttt 173

5.10 Functions ~ Chronological Semimeasures . .................. 173

3l B B e o e e B e oo o 7 Ve R F L6 i e i ot G s i Ao 175

512 History Qe RelernCes voii v i o oo et issts el Skeiles elios st e e 177

G B BI04 e 5 e O 0 e ) S B e L e o 178




142 5 The Universal Algorithmic Agent AIXI

Active systems, like game playing (SG) and optimization (FM), cannot be
reduced to induction systems. The main idea in this book is to generalize uni-
versal induction to the general agent model described in Chapter 4. For this,
we generalize Solomonoff’s universal prior M to include actions as conditions
and replace p by M in the rational agent model, resulting in the AIXI model.
In this way the problem that the true prior probability u is usually unknown is
solved. Convergence of M — u will be shown, indicating that the AIXI model
could behave optimally in any computable but unknown environment with
reinforcement feedback.

The main focus of Chapter 5 is to investigate what we can expect from a
universally optimal agent and to clarify the meanings of universal, optimal,
etc. Similarly to the induction case, it is convenient to consider a general
mixture distribution € of a weighted sum of distributions v € M, where M is
any class of distributions including the true environment p. We show that the
Bayes optimal policy p® based on the mixture ¢ is self-optimizing in the sense
that the average value converges asymptotically for all 4 € M to the optimal
value achieved by the (infeasible) Bayes optimal policy p# which knows u in
advance. We show that the necessary condition that M admits self-optimizing
policies at all is also sufficient. No other structural assumptions are made on
M.

One can show that bandits, 1.i.d. processes, classification tasks, certain
classes of POMDPs, (k'-order) ergodic MDPs, factorizable environments, re-
peated games, and prediction problems admit self-optimizing policies. Un-
fortunately, the class My of all enumerable semimeasures does not admit
self-optimizing policies. This forces us to lower our expectation about univer-
sally optimal agents and to introduce other (weaker) performance measures.
Finally, we show that p® is Pareto optimal in the sense that there is no other
policy yielding higher or equal value in all environments v € M and a strictly
higher value in at least one. Pareto optimality holds for any choice of M
(including My).

5.1 The Universal AIXI Model

5.1.1 Definition of the AIXI Model

We have developed enough formalism to suggest our universal AIXT model.
All we have to do is to suitably generalize the universal semimeasure M from
Section 2.4 and replace the true but unknown prior probability xA! in the Alu
model by this generalized MAL. In what sense this AIXI model is universal
will be discussed subsequently.

In the functional formulation we define the universal probability MA! of
an environment g simply as 2749
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M(q) = 274@

The definition could not be easier!'2 Collecting the formulas of Section 4.1 and
replacing u(q) by M(q) we get the definition of the AIXI agent in functional
form. Given the history ¢k, the functional AIXI agent outputs

), = argmax max 2~#a) . ype 5.1
Yk & Yo pp(Tan)=V<i¥n .Z_. o (5-1)
¢:q(¥<u)=Z<k
in cycle k, where V7 is the total reward of cycles k to mj when agent p
interacts with environment g. We have dropped the denominator > . u(g) from

(4.6) as it is independent of the p€ Py, and a constant multiplicative factor
does not change argmax,, .

For the iterative formulation, the universal probability M can be obtained
by inserting the functional M(q) into (4.19):

M(g,,) = Y 2749 (5.2)

¢:q(y1:£)=T 1.k

Replacing ¢ by M in (4.17) the iterative AIXI agent outputs
g =g = argmax) max 3 omax Y (r(@e)+ o (@m, ) M <k, )
Tk Tl Ty,
(5.3)

in cycle k given the history ¢ k.

One subtlety has been passed over. Like in the the sequence prediction
(SP) case, M is not a probability distribution but satisfies only the weaker
inequalities

Y Mw,) < M(g.,) and M(e) < L. (5.4)

Tn

Note that the sum on the Lh.s. is not independent of y,,, unlike for chrono-
logical probability distributions. Nevertheless, it is bounded by something
(the r.h.s) that is independent of y,,. This is because the sum in (5.2) runs
over (partial recursive) chronological functions only, and the functions ¢ that
satisfy q(y1.n) = T<n*x (with x € X) are a subset of the functions satisfying
§(Y<n) =ZT<n. We will in general call functions satisfying (5.4) chronological
semimeasures. The important point is that the conditional probabilities (4.10)
are <1, like for true probability distributions.

1 1t is not necessary to use 2~ K@ o something similar as some readers may expect
at this point, because for every program ¢ there exists a functionally equivalent
program § with K{(q) iﬁ(c’j).

2 Here and later we identify objects with their coding relative to some fixed Turing
machine U. For example, if g is a function K(g):=K({g)) with (¢) being a binary
coding of ¢ such that U({g},y)=q{y). Reversely, if g already is a binary string we
define g(y):=U(q,y).
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The equivalence of the functional and iterative Al model proven in Sec-
tion 4.2 is true for every chronological semimeasure p, in particular for M;
hence we can talk about the AIXI model in this respect? It (slightly) depends
on the choice of the universal Turing machine. £({g)) is defined only up to an
additive constant. The AIXI model also depends on the choice of X =R x O
and }V, but we do not expect any bias when the spaces are chosen sufficiently
simple, e.g. all strings of length 2'6. Choosing IV as the word space would be
ideal, but whether the maxima (suprema) exist in this case, must be shown
beforehand. The only nontrivial dependence is on the horizon function my,
which will be discussed in Section 5.7. So, apart from my and unimportant
details, the AIXI agent is uniquely defined by (5.1) or (5.3). It does not de-
pend on any assumption about the environment, apart from being generated
by some computable (but unknown!) probability distribution.

5.1.2 Universality of MA! and £47

In which sense the AIXI model is optimal will be clarified later. In this and
the next subsection we show that MA! defined in (5.2) is universal and con-
verges to p”l analogous to the SP case (2.27) and (2.25). The proofs are
generalizations from the SP case. The y are pure spectators and cause no
difficulties in the generalization. In (2.21) U(p)=z* produces strings starting
with o, whereas in (5.2) we can demand ¢ to output exactly n words z;., as
q “knows” n from the number of input words 4;...y,.

As in the SP case (2.26), there is an alternative definition of M that
coincides with (5.2) within a multiplicative constant of order one:

é(y_t_l:n) = Z2~K(p)p(w_1:n) = ]V[(ﬂlzn)’ (55)
P

where the sum runs over all enumerable chronological semimeasures. The
2~ K(») weighted sum over probabilistic environments p coincides with the sum
over 2749 weighted deterministic environments ¢, as will be proven below. In
Section 5.10 we show that an enumeration of all enumerable functions can be
converted into an enumeration of enumerable chronological semimeasures p.
K(p) is co-enumerable, and therefore £ defined in (5.5) is itself enumerable.
The representation (5.2) is also enumerable. As Zp2‘K(p) <1 and the p’s
satisfy (5.4), £ is a chronological semimeasure as well. If we pick one p in (5.5)
we get the universality property “for free”

3 Tterative AIXI is not equivalent to recursive AIXI. Solomonoff normalization
(2.30) rescues equivalence, but destroys enumerability of the universal value Vkp,fl.
Better is to formally make all partial functions g in (5.2) and elsewhere total by
defining o somehow and 7 =0 if originally undefined, or equivalently replacing
M(...0) by 1_Zm¢oM("'Zk)' Then M becomes a (proper) measure, functional
and iterative and recursive AIXI are equivalent, and V,cpi is enumerable, although
the modified M is not.
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Ezyy) > 27 K@p(my.,). (5.6)

£ is a universal element in the sense of (5.6) in the set of all enumerable
chronological semimeasures.

To prove universality of M we have to prove (5.5). We note that for every
enumerable chronological semimeasure p there exists a Turing machine T with

p(1.,) = >, 279 and

¢T(q,y1:n)=T1:n

=~
3
I+

K(p). (5.7)

We will not prove (5.7) here (see Problem 5.3). Given T, the universality of
M follows from

M(wy.,) = Z 2—Ha) > Z 9—4Tq")

¢:U(q,¥1:n)=C1:n ¢ U(Tq y1:n)=%1:n

= 27U 3 9nta) X K@) e, .

7" :T{q ,Y1:n)=%1:n

The first equality and (5.2) are identical by definition. In the inequality we
have restricted the sum over all g to ¢ of the form g=T4¢'. The third relation
is true as running U on Tz is a simulation of T on z. The last equality follows
from (5.7). All enumerable universal chronological semimeasures coincide up
to a multiplicative constant, as they mutually dominate each other. Hence,
definitions (5.2) and (5.5) are indeed equivalent.

5.1.3 Convergence of £41 to pAl

In Section 3.9.2 we proved the following entropy inequality:

N

N N N
-2 <Y uhL  with  Yp=1, Yas<l (58
i=1 i=1 ¢ i=1

=1

In Section 5.11 we give a different proof since it contains some ideas that could
be interesting for their own sake? If we identify N =|X|, i=zs, v; = p(yr <p1z;)
and z; =£(@w<ryzy ), multiply both sides with p(uw_;), take the sum over z <
and k and use the chain rule p{yr ) p(w<ryzy,) =p(ye; ), we get

3 SR~ w{yr <k )
%;H(yﬁ<k)(H(W<k3£k)_£(yz<ky_ck)> S;%/‘(@l:kﬂnm - ..

(5.9)
In the r.h.s. we can replace >°_  p(w1..) by >_, p(1:.,), as the argument
of the logarithm is independent of zgi1.n. The & sum can now be brought

* Actually, a proof similar to the one in Section 5.11 of an inequality similar to
(5.8), found in [Hut00], in a sense initiated the whole book.
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into the logarithm and converts to a product. Using the chain rule (4.10) for
w and £ we get

,u yp<k@k 1:n>
w(yz,.,,) In ey, .., < In2-K(p
= Svtmn [T EE2ES = Sutmn 8 £ 2

Tin

(5.10)
where we have used the universality property (5.6) of £ in the last step. The
line of reasoning is identical to that in (3.18); the y are, again, pure spec-
tators. This will change when we analyze loss/value bounds analogous to
Theorem 3.48.

Bound (5.9)/(5.10) shows that the p-expected squared difference of p and
¢ is finite for computable p. This, in turn, shows that {(yw<ryz)) converges
to p(ywe<ryey) for k— oo with p-probability 1. If we take a finite product
of &’s and use the chain rule, we see that also {(yw<ruz}.,.,) converges to
W <k ¥4 4r)- More generally, by supplementing the results on multistep
predictions in Section 3.7.1 with action y as conditions we have®

im.s. if hr=mr—k+1 < hper < 00,
im. for general hy = mi—k+1.

(5.11)
This gives hope that the outputs g5 of the AIXI model (5.3) could converge
to the outputs g from the Aly model (4.17).

We want to call an Al model universal, if it is y-independent (unbiased,
model-free} and is able to solve any solvable problem and learn any learnable
task. Further, we call a universal model universally optimal if there is no
program that can solve or learn significantly faster (in terms of interaction
cycles). Indeed, the AIXI model is parameter free, £ converges to y (5.11), the
Al model is itself optimal, and we expect no other model to converge faster
to Alu by analogy to SP (Theorem 3.48):

k—oc
E( <k hom,) — B <k UWhrn,) {

Claim 5.12 (We expect AIXI to be universally optimal)

This is our main claim. In a sense, the intention of the remaining sections is
to define this statement more rigorously and to give further support.

5.1.4 Intelligence Order Relation

We define the &-expected reward in cycles k to m of a policy p similar to (4.6)
and (5.1). We extend the definition to programs p& Py that are not consistent
with the current history.

.. 1 _ 5
VEGEa) = 5 > 20V (5.13)
¢:q(Y<k)=Z<k

5 Here and elsewhere we interpret ax — bx as an abbreviation for ax—br — 0;
limg— oo bi itself may not exist.
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The normalization A is again only necessary for interpreting Vi, as the ex-
pected reward but is otherwise unneeded. For consistent policies p € P, we
define p:=p. For p& Py, p is a modification of p in such a way that its outputs
are consistent with the current history ., hence p€ P, but unaltered for
the current and future cycles > k. Using this definition of Vi, we could take
the maximum over all policies p in (5.1), rather than only the consistent ones.

Definition 5.14 (Intelligence order relation) We call a policy p more
or equally intelligent than p’ and write

prp e VRV VI (GEck) 2 VIS (G<k),

i.e. if p yields in any circumstance higher &-expected reward than p'.

As the algorithm p® behind the AIXI agent maximizes V,fflk, we have p&>p
for all p. The AIXI model is hence the most intelligent agent w.r.t. >=. Relation
> is a universal order relation in the sense that it is free of any parameters
(except my) or specific assumptions about the environment. A proof that
> is a reliable intelligence order (which we believe to be true) would prove
that AIXI is universally optimal. We could further ask: How useful is > for
ordering policies of practical interest with intermediate intelligence, or how can
> help to guide toward constructing more intelligent systems with reasonable
computation time? An effective intelligence order relation >¢ will be defined

in Section 7.2, which is more useful from a practical point of view.

5.2 On the Optimality of AIXI

In this section we outline ways toward an optimality proof of AIXI, which will
be followed thereafter, but not always to the end. Sources of inspiration are the
SP loss bounds proven in Chapter 3 and optimality criteria from the adaptive
control literature (mainly) for linear systems [KV86]. The value bounds for
ATIXI are expected to be, in a sense, weaker than the SP loss bounds because
the problem class covered by AIXI is much larger than the class of induction
problems. Convergence of £ to i has already been proven, but is not sufficient
to establish convergence of the behavior of the AIXI model to the behavior of
the Al model. We will focus on the following approaches toward a general
optimality proof:

What is meant by universal optimality. The first step is to investigate
what we can expect from AIXI, i.e. what is meant by wniversal optimality. A
“learner” (like ATXT) may converge to the optimal informed decision-maker
(like Alu) in several senses. Possibly relevant concepts from statistics are con-
sistency, self-tunability, self-optimization, efficiency, unbiasedness, asymptotic
or finite convergence [KV86|, Pareto optimality, and some others defined in
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Section 5.3. Some concepts are stronger than necessary; others are weaker
than desirable but are suitable to start with. Self-optimization is defined as

the asymptotic convergence of the average true value #Vfiﬁ of AIXI to the
optimal value #Vf;f:. Apart from convergence speed, self-optimization of AIXI
would most closely correspond to the loss bounds proven for SP. We investi-
gate which properties are desirable and under which circumstances the AIXI
model satisfies these properties. We will show that no universal model, in-
cluding AIXI, can in general be self-optimizing. On the other hand, we show
that AIXI is Pareto optimal in the sense that there is no other policy which
performs better or equal in all environments, and strictly better in at least
one.

Limited environmental classes. The problem of defining and proving gen-
eral value bounds becomes more feasible by considering, in a first step, re-
stricted concept classes. We analyze AIXTI for known classes (Markovian, fac-
torizable, predictive, game, optimization, and supervised learning environ-
ments) in Chapter 6 and for the classes (forgetful, relevant, asymptotically
learnable, farsighted, uniform, pseudo-passive, and passive) defined in Sec-
tion 5.3.

Generalization of AIXI to general Bayes mixtures. Another approach
is to generalize AIXI to AI¢, where £() =3 cr,wov() is a general Bayes
mixture of distributions v in some class M. If M is the multi-set of enumer-
able chronological semimeasures, then AI€ coincides with AIXI. If M contains
only passive environments, then AI¢ reduces to the A predictor, which has
been shown to perform well in Section 3.4.1. We show that these loss/value
bounds generalize to wider classes, at least asymptotically. Promising classes
are, again, the ones described in Section 5.3. Especially for ergodic MDPs we
show that Al is self-optimizing. Obviously, the least we must demand from
M to have a chance of finding a self-optimizing policy is that there exists some
self-optimizing policy at all. This necessary condition will also be sufficient.
More generally, the key is not to prove absolute results for specific problem
classes, but to prove relative results of the form “if there exists a policy with
certain desirable properties, then AI{ also possesses these desirable proper-
ties”. If there are tasks that cannot be solved by any policy, AI{ cannot be
blamed for failing. Note that in this approach we have for each environmental
class M a corresponding model AI¢, whereas in the previous approach the
same AIXI model is analyzed for all environmental classes.

Optimality by construction. A possible further approach toward an op-
timality “proof” is to regard AIXI as optimal by construction. This perspec-
tive is common in various (simpler) settings. For instance, in bandit prob-
lems, where pulling arm i leads to reward 1 (0) with unknown probability p;
(1—p;), the traditional Bayesian solution to the uncertainty about p; is to
assume a uniform (or Beta) prior over p; and to maximize the (subjectively)
expected reward sum over multiple trials. The exact solution (in terms of
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Gittins indices) is widely regarded as “optimal”, although justified alterna-
tive approaches exist. Similarly, but simpler, assuming a uniform subjective
prior over the Bernoulli parameter p(;y € [0,1], one arrives at the reasonable,
but more controversial, Laplace rule for predicting i.i.d. sequences. AIXI is
similar in the sense that the unknown g€ M is the analogue of the unknown
p€]0,1], and the prior beliefs w, =2"K ) jystified by Occam’s razor are the
analogue of a uniform distribution over [0,1]. In the same sense as Gittins’ so-
lution to the bandit problem and Laplace’ rule for Bernoulli sequences, AIXI
may also be regarded as optimal by construction. Theorems relating AIXI
to Alg would not be regarded as optimality proofs of AIXI, but just as how
much harder it becomes to operate when p is unknown, i.e. the achievements
of the first three approaches are simply reinterpreted.

5.3 Value Bounds and Separability Concepts

5.3.1 Introduction

The values Vi, associated with the AI systems correspond roughly to the
negative error measure —E® or negative loss — L/ of the SP systems. In SP, we
were interested in small bounds for the error excess ES¢ — ES. Unfortunately,
simple value bounds for AIXI in terms of V4., analogous to the loss bound in
Theorem 3.48 do not hold. We even have difficulties in specifying what we can
expect to hold for AIXI or any Al system that claims to be universally optimal.
Consequently, we cannot have a proof if we don’t know what to prove. In SP,
the only important property of u for proving error bounds was its complexity
K{(u). We will see that in the Al case, there are no useful bounds in terms
of K(p) only. We either have to study restricted problem classes or consider
bounds depending on other properties of u, rather than on its complexity only.
In the following, we will exhibit the difficulties by two examples and introduce
concepts that may be useful for proving value bounds. Despite the difficulties
in even claiming useful value bounds, we nevertheless firmly believe that the
order relation in Definition 5.14 correctly formalizes the intuitive meaning of
intelligence and, hence, that the AIXI agent is universally optimal.

5.3.2 (Pseudo) Passive p and the HeavenHell Example

In the following we choose mj; =m. We want to compare the true, i.e. u-
expected, value V}%, of a u-independent universal policy p®*** with any other
policy p. Naively, we might expect the existence of a policy p®*** that maxi-
mizes V/, | apart from additive corrections of lower order for m — oo,

best

Ve, F > VPR —0o() Yu,p. (5.15)

Such policies are sometimes called self-optimizing [KV86]. Note that V;* >

m
VEEYD, but * = p# is not a candidate for a universal p®**!, as it depends
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on u. On the other hand, the policy p¢ of the AIXI agent maximizes me
by definition (p® = p). As me is thought to be a guess of V{,,, we might
expect p*¢*t =p% to approximately maximize V} , i.e. (5.15) to hold. Let us
consider the problem class (set of environments) {po,u1} with Y=R={0,1}
and ry =0y, in environment yu;. The first action y; decides whether you go
to heaven with all future rewards r; being 1 (good), or to hell with all future

rewards being 0 (bad). Note that u; are (deterministic, non-ergodic) MDPs:

It is clear that if p,, i.e. 4 is known, the optimal policy p*t is to output y; =1
in the first cycle with Vf;:”‘ =m. On the other hand, any unbiased policy p®®*
independent of the actual g either outputs y1 =1 or y; =0. Independent of the
actual choice y;, there is always an environment (=i, ) for which this

choice is catastrophic (Vfim“ =0). No single agent can perform well in both
environments pg and py. The r.h.s. of (5.15) equals m-o(m) for p=p*. For all
p%est there is a u for which the Lh.s. is zero. (The situation remains the same
if we add a third action allowing to stay in the start state. See also Problem
5.2 for a similar two-state environment.) We have shown that no p®®% can
satisfy (5.15) for all 4 and p, so we cannot expect p° to do so. Nevertheless,
there are problem classes for which (5.15) holds, for instance, SP and CF and
ergodic MDPs. For SP, (5.15) is just a reformulation of Theorem 3.48 with
an appropriate choice for p?¢** (which differs from p¢, see next section). We
expect (5.15) to hold for all inductive problems in which the environment is
not influenced by the output of the agent. (Of course, the reward feedback rg
depends on the agent’s output. What we mean is, like in sequence prediction,
that the true sequence is not influenced by the agent.) We want to call these
i passive or inductive environments. Further, we want to call M and pe M
satisfying (5.15) with p*®** =p* pseudo-passive. So we expect inductive y to
be pseudo-passive.

5.3.3 The OnlyOne Example

Let us give a further example to demonstrate the difficulties in establishing
value bounds. Let X =R ={0,1} and || be large. We consider all (determin-
istic) environments in which a single complex output y* is correct (r=1) and
all others are wrong (r=0). The problem class M is defined by

M= {Ny* cyreY, K(y") :LIOgQIyiJ}7 where My‘(yv<k?/kl) 1= Oy Vk.

There are N =|Y| such y*. The only way a p-independent policy p can find
the correct y*, is by trying one y after the other in a certain order. In the first
N —1 cycles, at most N—1 different y are tested. As there are N different
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possible y*, there is always a y€ M for which p gives erroneous outputs in the
first N—1 cycles. The number of errors is E2, > N—12|y| £ 2K X oK)
for this p. As this is true for any p, it is also true for the AIXI model, hence

Eﬁg < 2K(#) ig the best possible error bound we can expect that depends
on K(u) only. Actually, we will derive such a bound in Section 6.2 for SP.
Unfortunately, as we are mainly interested in the cycle region k< |Y|£ 2% (w)
(see Section 4.3.2) this bound is vacuous. There are no interesting bounds for
deterministic p depending on K (u) only, unlike the SP case. Bounds must
either depend on additional properties of x4 or we have to consider specialized
bounds for restricted problem classes. The case of probabilistic g is similar.
Whereas for SP there are useful bounds in terms of EP» and K (), there are
no such bounds for AIXI. Again, this is not a drawback of AIXI since for no
unbiased Al system could the errors/rewards be bound in terms of K(u) and
the errors/rewards of Alu only.

There is a way to make use of gross (e.g. 25()) bounds. Assume that
after a reasonable number of cycles k, the information 4. perceived by the
AIXI agent contains a lot of information about the true environment p. The
information in &, might be coded in any form. Let us assume that the
complexity K (p|Z<x) of u, under the condition that & is known, is of order
1. Consider a theorem, bounding the sum of rewards or of other quantities
over cycles 1...00 in terms of f(& (1)) for a function f with f(O(1))=0(1),
like f(n)=2". Then, there will be a bound for cycles k...00 in terms of ~
F(K(u|l¢<k)) = O(1). Hence, a bound like 25 can be replaced by small
bound ~ 2K (l¢<k) = (1) after k cycles. All one has to show/ensure/assume
is that enough information about p is presented (in any form) in the first &
cycles. In this way, even a gross bound could become useful. In Section 6.5
we use a similar argument to prove that AIXI is able to learn supervised {cf.
Problems 3.13 and 6.3).

5.3.4 Asymptotic Learnability

In the following, we weaken (5.15) in the hope of getting a bound applicable
to wider problem classes than the passive one. Consider the I/O sequence
Y181 Yndy caused by AIXI. On history ¢ <, AIXI will output g zyi in cycle
k. Let us compare this to g}, which Alyt would output, still on the same history
Y <k produced by AIXI. As Alpy maximizes the y-expected value, AIXI causes
lower (or at best equal) V/ if gr differs from g, Let Dy,e :=E[Yp_ 1—
6y£y§] be the p-expected number of suboptimal choices of AIXI, i.e. outputs
different from Aly in the first n cycles. One might weigh the deviating cases
by their severity. In particular, when the u-expected rewards V,fr’r‘lk for y;’: and
gl are equal or close to each other, this should be taken into account in a

definition of D,,¢, e.g. by a weight factor [Vk*“(gm<k)—V,f;“ (yr<r)]- These

m
details do not matter in the following qualitative discussion. The important

difference to (5.15) is that here we stick to the history produced by AIXI
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and count a wrong decision as, at most, one error. The wrong decision in the
HeavenHell example in the first cycle no longer counts as losing m rewards, but
counts as one wrong decision. In a sense, this is fairer. One shouldn’t blame
somebody too much who makes a single wrong decision for which he just has
too little information available to make a correct decision. The AIXI model
deserves to be called asymptotically optimal if the probability of making a
wrong decision tends to zero, i.e. if

Dyue/n—0 for n—oo, ie. Dpue = o(n). (5.16)

We say that p can be asymptotically learned (by AIXI) if (5.16) is satisfied.
We claim that AIXT (for my — o0) can asymptotically learn every problem
i of relevance, i.e. AIXI is asymptotically optimal. We included the quali-
fier of relevance, since there may be strange p spoiling (5.16), but we expect
those p to be irrelevant from the perspective of Al In the field of machine
learning, there are many asymptotic learnability theorems, which are often
not too difficult to prove. So a proof of (5.16) might also be feasible. Unfortu-
nately, asymptotic learnability theorems are often too weak to be useful from
a practical point of view. Nevertheless, they point in the right direction.

5.3.5 Uniform p

From the convergence (5.11) of £ — u we might expect V,gik — Vi for all p,

and hence we might also expect yi defined in (5.3) to converge to g% defined in
(4.17) for k— o0. The first problem is that if the Vi, for the different choices
of yi, are nearly equal, then even if Vk’flk Vi y,”z #9y4 is possible due to the
noncontinuity of argmax,, . This can be cured by a weighted D¢ as described
above. More serious is the second problem we explain for hy=1 and Y =R =
{0,1}. For yi =argmaxy, £ (F<ryil) to converge to y;;’z argmaxy, (W <ryrl),
it is not sufficient to know that &(F<xyr’s) — p(F<k@’y), as proven in (5.11).
We need convergence not only for the true output g5 and arbitrary reward 7,
but also for alternative outputs yy. yi converges to ¢4 if £ converges uniformly
to u, te. if in addition to (5.11)

‘N(Zﬂ<ky;c£;c)’€(yz<ky;c§;c)’ < C'|/»‘<3ﬂ<k.@k)_§(yr<k$£2k)l vy;cx;c (5.17)

holds for some constant ¢ (at least in a p-expected sense). We call p satisfying
(5.17) uniform. For uniform p one can show (5.16) with appropriately weighted
D, e and bounded horizon Ay <hpq,. Unfortunately there are relevant p that
are not uniform.

5.3.6 Other Concepts

In the following, we briefly mention some further concepts. A Marko-
vian p is defined as depending only on the last cycle, ie. p(w<ryz,) =
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pr(Te_1uz,). We say p is generalized (I"-order) Markovian, if p(yr<pigy) =
pr{Tr—1YE—i+1:6—14L;) for fixed . This property has some similarities to fac-
torizable p defined in (4.26). If further pi=p1Vk, p is called stationary. Ergodic
Markov decision processes are defined in Section 5.6. Further, we call u (£)
forgetful if u(yrerurs) (E(m<ryry)) becomes independent of gy for fixed I
and k— oo with p-probability 1 (cf. Problems 2.5 and 5.13). Further, we say
U is farsighted if limmk_,ooy,(cm’“) exists. More details are given in Section 5.7,
where we also give an example of a farsighted p for which nevertheless the
limit my — oo makes no sense.

5.3.7 Summary

We have introduced several concepts that might be useful for proving value
bounds, including forgetful, relevant, asymptotically learnable, farsighted, uni-
form, (generalized) Markovian, factorizable and (pseudo-)passive u. We have
sorted them here, approximately in the order of decreasing generality. We will
call them separability concepts. The more general (like relevant, asymptotically
learnable and farsighted) p will be called weakly separable, the more restric-
tive (like (pseudo-)passive and factorizable) p will be called strongly separable,
but we will use these qualifiers in a more qualitative, rather than rigid sense.
Other (nonseparability) concepts are deterministic ¢ and, of course, the class
of all chronological (.

5.4 Value-Related Optimality Results

5.4.1 The Alp Models: Preliminaries

In Chapter 4 we gave verbal definitions of the Aly model (Definition 4.4)
and of value functions (Definition 4.5) and derived different mathematical
expressions for them. The AIXI model involved similar expressions with u
replaced by M £ £y = €. The following definitions summarize all formulas
for general environment p, and general environmental classes M and general
weights w,, in iterative form.

Definition 5.18 (p-Value function) We define the value of policy p in
environment p given history yr .., or shorter, the p-value of p given .,
as

. . y . it

L.‘\‘!{rr(!ﬂ <£') S Z (; T | m.}!”(.‘:” (.J\',Ulkrm)“n;”, =p(Lem)

Lk
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Definition 5.19 (Functional AIp model) The Alp model is defined as

the policy p” that maximizes the (total) value VP :=V{¥ (¢):

B e « P
Vi = ,1.1;_;111;1:{ Vs 1ol e ) = 1Am (yr<k).

Theorem 5.20 (Iterative Alp model) The p-optimal policy p” and its
value V,'” (yr~1) can be explicitly written as

U = :ug,nm\Zmrl\ Z .. Imax Z(u,—i— AT ) PO < g )

Yk Yk Y

Lin

1;”” Yrep) = max E max E .. max E (i oo 7m) p(Ye b Y e ) -
Y Yk+1 ! Um <
k+1 m

Furthermore. V" (yr<i) > VP (yr<y) Vp.

The proof is the same as in Chapter 4 with p replaced by p. The following
property of V,, is crucial.

Theorem 5.21 (Linearity and convexity of V, in p) V! is a linear
function in p and V7 is a convex function in p in the sense that

"]Ep = § _”."v;;n and ‘5‘ S __>- wy, "/:: where E(yf:l:m) = E ""'afp(.fg...]:m}

veM rEM reM

Proof. Linearity is obvious from the Definition 5.18 of V. Convexity follows
£
from Ve EVg’ :Zyw,jV,}’f <3, w,Vyr, where the first equality is just Defini-

tion 5.19, the second equality uses linearity of Vppé just proven, and the last
inequality follows from the dominance (5.20) and positivity of the weights w,.
O

One loose interpretation of the convexity is that a mixture can never in-
crease performance.

5.4.2 Pareto Optimality of AI{

This subsection shows Pareto optimality of AI£ analogous to SP. The total
p-expected reward er of policy p® of the AI£ model is of central interest in
judging the performance of AI£. We know that there are policies (e.g. p* of
Alp) with higher p-value (Vr > VL{’E). In general, every policy based on an
estimate p of p that is closer to p than is £ outperforms p¢ in environment
1, simply because it is more tailored toward p. On the other hand, such a
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system probably performs worse than p¢ in other environments. Since we do
not know p in advance, we may ask whether there exists a policy p with better
or equal performance than p¢ in all environments v € M and a strictly better
performance for one v € M. This would clearly render p¢ suboptimal. We show
that there is no such p.

Definition 5.22 (Pareto optimal policies) A policy p is called Pareto
optimal if there is no other policy p with V.? >V for all v € M and strict
inequality for at least one v.

Theorem 5.23 (Pareto optimality of p®) AI¢ alias p¢ is Pareto opti-
mal.

Proof. We want to arrive at a contradiction by assuming that p¢ is not Pareto
optimal, i.e. by assuming the existence of a policy p with VP ng’s for all ve M
and strict inequality for at least one v:

V= wE > Yw =V = >

The two equalities follow from linearity of V, (5.21). The strict inequality fol-
lows from the assumption and w, > 0. The last inequality follows from the fact
that p® maximizes by definition the universal value (5.20). The contradiction
V¥ >VE proves Pareto optimality of AIS. O

Pareto optimality should be regarded as a necessary condition for an agent
aiming to be optimal. From a practical point of view, a significant increase of V'
for many environments v may be desirable, even if this causes a small decrease
of V for a few other v. The impossibility of such a “balanced” improvement
is a more demanding condition on p¢ than pure Pareto optimality. The next
theorem shows that p® is also balanced Pareto optimal in the following sense:

Theorem 5.24 (Balanced Pareto optimality)
A, =VF-V?, A=) wA, = A>0

[E
vEM
. - . - - [ .
This implies the following: Assume p has lower value than p~ on environ-
ments £ C M by a total weighted amount of Ag:=3"\,,wxAx. Then p
can have higher value on neH:=M\L, but the improvement is bounded
by ;\H::!Z”&.Hwt'”d“g;\g. In particular, |A,|< f.--;'max,\egﬂ,\,

This means that a weighted value increase Ay, by using § instead of p¢ is com-
pensated by an at least as large weighted decrease Az on other environments.
If the decrease is small, the increase can also only be small. In the special
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case of only a single environment with decreased value Ay, the increase is
bound by A, < z—:|A>\|, i.e. a decrease by an amount Ay can only cause an
increase by at most the same amount times a factor z—z For the choice of the
weights w, ~ 27K 3 decrease can only cause a smaller increase in simpler
environments, but a scaled increase in more complex environments. Finally
note that pure Pareto optimality in the sense of Theorem 5.23 follows from

balanced Pareto optimality in the special case of no decrease A, =0.

Proof. A>0 follows from A=Y, w, [VF* V7] :Vgp5 —Vg’ >0, where we have

used linearity of V,, (Theorem 5.21) and dominance V’ i >V¥ (Theorem 5.20).
The remainder of Theorem 5.24 is obvious from 0 < A=A, — Ay and by
bounding the weighted average A, by its maximum. a

5.4.3 Self-Optimizing Policy p¢ w.r.t. Average Value

We have argued in Section 5.3, Eq. (5.15) that there is no (universal) policy
P (independent of the actual environment ) for which

Lypr - Lyrk o for m— oo, (5.25)
and hence also p¢ cannot converge to the optimal policy p* in this sense.
On the other hand, we know from Section 2.4 that convergence of this type
(and even stronger) holds for SP. Section 5.3 suggested investigating restricted
environmental classes. In the following we consider the generalized AI€ model
(with £()=3_,c pqw.v()) and restricted classes M. The least we must demand
from M to have a chance that

%Vl’i" — LV for m— o0 (5.26)

is that there exists some policy p at all with this property (5.25). Luckily,
this necessary condition will also be sufficient. This is another (asymptotic)
optimality property of (generalized) AI€. If universal convergence in the sense
of (5.25) is possible at all in a class of environments M, then AI{ converges
in the same sense (5.26). We will call policies p with a property like (5.26)
self-optimizing [KV86].

The following two lemmas pave the way for proving the convergence the-
oren:

Lemma 5.27 (Value difference relation)

0K V-VP=4, = 0V -V < LA with A=) w4,
veM

Proof. The following sequence of inequalities proves the lemma:

0 < w[Vy—VP] < S, w,[Vi-VP*] < 3w, [Vi-VP] = Y w,A, = A
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In the first and second 'mequality we used w,, >0 and V) —Vpg >0. The last
inequality follows from ) w, VP = Vp ¢ e Vp YLV O

We also need some results for averages of functions 5,,(m) converging to
zero.

Lemma 5.28 (Convergence of averages) For d(m):=)  \ w,0,(m)
the following holds (we only need )~ w, <1):
() d,(m) < f(m) Vv implies d(m) < f(m).
(7i) d,(m) Homtd ) Vv implies d(m) —= 0 if 0<d,(m)<e.
(iii) o(m) < llliIXtﬁ,,(r;:),
(iv) d,(m) = (J')(f{m)) Yr implies d(m) = O(f(m)) if M is finite.

Proof. (i) immediately follows from §(m)=3" w,6,(m)<3 w, f(m)< f(m).
(i) We choose some order on M and some vy € M large enough such that
Yoo Wr < £ Using 4, (m) <c this implies

Z wy,b,(m) < Z wye < €.
v>ug V>

Furthermore, the assumption 6, (m)— 0 means that there is an m,. depending
on v and ¢ such that 6, (m)<e for all m>m,.. This implies

Z wy 6, (m) Z wye < e forall m > max{ml,a} =:m,.

v<vg v<yg

Me < 00, since the maximum is over a finite set. Together we have

= Zw,,&,,(m)ﬁ?s for m>m. = 6&ém)—0 for m—ooo

since € was arbltrary and ¢ ( V>

(212) Zw,, v Zwymaxé ) < max5 (m).
{(iv) From 6, (m) <e, f(m) it follows that

m) < Zwucvf(m) < (mI?XCV)f(m)(Zwu) < Cmagf(m)

with Cpmes '=max,caqc, being finite, since M is finite by assumption. O

Without the boundedness assumption in (#) on 6, (m), §(m) may not only
not converge, but may not even exist. The stronger finiteness assumption on
M is necessary to obtain the speed of convergence in (iv) (see Problem 5.6).
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Theorem 5.29 (Self-optimizing policy p¢ w.r.t. average value)

If there exists a sequence of policies p,,, m =1.2.3,... with value within
A(m) to optimum for all environments v € M. then, save for a constant
factor, this also holds for the sequence of universal policies ps,. i.c.

m?

(1) I 3pVv: V¥ —VPrY < A(m) = V- Yk < L A(m).

L 1m lm Im = w,

If there exists a sequence of self-optimizing policies p,, in the sense that
their expected average reward -V~
ﬁl-"ﬁj: for all environments v € M, then this also holds for the sequence of

. . . 3 .
universal policies p3,, i.c.

converges to the optimal average

o cas v LBy MO0 1k 1yl MO0 1 yosp
(”} If :LU”PVU. r_”'l']m : E‘; lm ) r_u_'i lm El' 1m*

The beauty of this theorem is that if universal convergence in the sense of
(5.25) is possible at all in a class of environments M, then AI{ converges
(in the same sense (5.26)). The necessary condition of convergence is also
sufficient. The unattractive point is that this is not an asymptotic convergence

statement for Vkp;“ of a single policy p¢ for k— o0 for some fixed m, and in fact
no such theorem could be true, since always & <m. The theorem merely says
that under the stated conditions the average value of AI{(m) can be arbitrarily
close to optimum for sufficiently large (pre-chosen) horizon m. This weakness
will be resolved in the next section.

Proof. (i) For A(,) as defined in Lemma 5.27, assuming A, (m)< f(m) implies
A(m) < f(m) by Lemma 5.28(7). Inserting this into Lemma 5.27 we get (i)
(recovering the m dependence and finally renaming f~ A).

(ii) We define 8,(m):= L A, (m)=L[V;s —V?]. Since we generally assumed
bounded rewards 0 <r <14, (Assumption 4.28) we have

V) <mrpe: and sz() = A, <MTmee = 0<6,(m)<ci=rna-

Liypr P4 0, which implies

The premise in (i¢) is that §,(m)=

0 < LV - VLY < 22 = Lom) — 0.
The inequalities follow from Lemma 5.27 and convergence to zero from
Lemma 5.28(iz). This proves Theorem 5.29(i4). a

By using Lemma 5.28(iv) instead of Lemma 5.28(7) we can similarly prove
~ ¢
that V¥ — V™" =0O(A(m)) Vv implies V# —VIm* =0(A(m)) in case of finite

1m
M. In Section 5.6 we show that a converging p exists for ergodic MDPs, and
hence pé converges in this environmental class too (in the sense of Theorem

5.29).
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5.5 Discounted Future Value Function

We now shift our focus from the total value Vi, and m — 0o to the future
value (value-to-go) Vi? and k—oco. The reasons are at least twofold.

First, we want to compare the future value of the optimal informed policy
pH to the universal learner pé. We regard the first k& cycles as a grace period
in which p¢ learns and after which it performs well. The Heavenlell exam-
ple of Section 5.3 shows that one cannot avoid that a learner gets trapped.
We do not want to exclude trapping environments in our analysis from the
very beginning, since there could be interesting structure and behavior in the
traps themselves (even hell or heaven may reward intelligent behavior). One

possibility is to compare future values V,f;" with V¥ on the same (fictitious)
history gz . This addresses questions like: If p* gets trapped in a (structured)
hell, does it perform as well as p* when put in hell?

Second, we want to get rid of the horizon parameter m. In the last section
we showed a convergence theorem for m— oo, but a specific policy p¢ is defined
for all times relative to a fixed horizon m. Current time k is moving, but m is
fixed. Actually, to use k— oo arguments we have to get rid of m, since &k <m.
This is the reason for the question mark in Vi, above. The dynamic horizon
my, introduced earlier was convenient to discuss qualitative properties, but
does not lead to a consistent model.

We eliminate the horizon by discounting the rewards rg~»vyirr with v, >0
and Y io v < oo and letting m — co. The analogue of m is now an effec-

. . . k+hi
tive horizon h¥/, which may be defined by EZ:: B~ Y g Vi (see
k

Section 5.7 for a detailed discussion of the horizon problem). Furthermore,
we renormalize Vioo by Efik% and denote it by V.. It can be interpreted
as a future expected weighted-average reward. Furthermore, we extend the
definition to probabilistic policies 7 (see Problem 4.2).

Definition 5.30 (Discounted Alp model and value) We define the

~ discounted weighted-average future value of (probabilistic) policy 7 in

environment p given history yr_ . or shorter. the p-value of = given yr ..

as

S - = ~
Vit(per) ¢ — lim Z‘ (VeTk+ oo T Y m ) PO <k 2 e )T (U < U kein)
"'I.' M —oc
Ykm
| with [:=5"", 7. The discounted Alp model is defined as the policy p”

that maximizes the future value V,7”:

p?i=argmax V", V. P:=VIFf=maxV'F >V’ FVnr.
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Remarks.

o T(YrekWk:m ) is actually independent of x,,.

e Normalization of Vi by I} does not affect the policy p?.

o The definition of p? is independent of k (in the sense of Problem 5.7).

e Without normalization by I'y the future values would converge to zero for
k— o0 in every environment for every policy.

e For an MDP environment, a stationary policy, and geometric discounting,
the future value is independent of k and reduces to the well-known MDP
value function.

o There is always a deterministic optimizing policy p” (which we use).

e For a deterministic policy there is exactly one yi.., for each zg., with
7 #0. The sum over yg.,, drops in this case.

e An iterative representation as in Theorem 5.20 is possible.

e Setting v =1 for k <m and ;=0 for k>m gives back the undiscounted
Alp model (5.19) with V¥ =LVP?

o Vi, and wy (see below) depend on the realized history yr .

Similarly to the previous section, one can prove the following properties:

Theorem 5.31 (Linearity and convexity of V, in p) V[ is a linecar
function in p and V,.” is a convex function in p in the sense that

riwk r*€
Viwk = E wi VI and V55 < E wy, |
veM reM
, | V()
where E(yr<ryry.,,) = E wy V(Y <k Yep.r,)  with  w) = w, e =
= < (.U_",' < L-)

The conditional representation of £ can easily be proven by dividing the defi-
nition of £(yzy.,,,) (5.21) by &£(y ;) and by using the chain rule. The posterior
weight w} may be interpreted as the posterior belief in v and is related to
learning aspects of policy p* (see Section 3.2.3).

Theorem 5.32 (Pareto optimality w.r.t. discounted value) For
every k and history yr. the following holds: p¢ is Pareto optimal in the
. o : - oy p
sense that there is no other policy = with V,2¥ > V)2 ¥ for all v € M and

strict inequality for at least one v.

Lemma 5.33 (Value difference relation)
0= V-V = A = 0= - W2Y <

1
wy Ak

with Ay = E wi A, where all quantities depend on history yr .
v(:;VI
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The proof of Theorem 5.32 and Lemma 5.33 follows the same steps as for
Theorem 5.23 and Lemma 5.27 with appropriate replacements. The proof of
the analogue of the convergence Theorem 5.29 involves one additional step.

Theorem 5.34 (Self-optimizing policy p* w.r.t. discounted value)
For any M. if there exists a sequence of self-optimizing policies

k=1.23.... in the sense that their expected weighted-average reward V,”*"
converges for k— oo with p-probability one to the optimal value V2" for
all environments € M, then this also holds for the universal policy p¢ in
the p-environmment, i.e.

If 37, Vw : VIR i Viw wwpl = 1"}"1:” iy Vet w.ip.l.

The probability qualifier refers to the historic perceptions - .. The historic
actions y- are arbitrary.

The conclusion is valid for action histories y.x if the condition is satisfied
for this action history. Since we need the conclusion for the pt-action history,
which is hard to characterize, we usually need to prove the condition for all
action histories. Theorem 5.34 is a powerful result: An inconsistent sequence of
probabilistic policies 7, suffices to prove the existence of a consistent determin-
istic policy p¢. A result similar to Theorem 5.29(7) also holds for the discounted
case, roughly saying that V* —V*=0(A(k)) implies VP* —V*=10(A(k)) with
p-probability 1—¢ for finite M.

Proof. We define 4, (k) := A} = V¥ — V[V Since we generally assumed
bounded rewards 0 <r <1, (4.28) and Vk*v” is a weighted average of re-
wards we have

‘/k*»\;/ < Trmar and V]:‘:YV >0 = 0L (5U(k}) = AZ < ¢ = Tmas

The premise in Theorem 5.34 is that 4, (k) =V,2¥ = V7 —0, for k— oo which
implies
* EU
0 < V=V < el = eb(h).

The inequalities follow from Lemma 5.33, and é(k) converges to zero (w.u.p.1)
by Lemma 5.28(¢¢). What is new and what remains to be shown is that w}
is bounded from below. We show that z,_; := %‘,% = E((—%“—))

k =<k
a finite value, which completes the proof. Let E denote the p expectation.

Then

>0 converges to

— Gy g)  Tonllauy)é(eoy)  E(w )
Elzk|z<k] —Zﬂ(yx<k3£k)u(3£l:k)— () Sﬂ(wd) -

k—1-
Ll

Z;k runs over all z with p(yz,..)#0. The first equality holds w.u.p.1. In the
second equality we used the chain rule twice. E[zg|T k] <zx_1 shows that —zj
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is a semi-martingale. Since —zj is non-positive, [Doob3, Thm.4.1s(7),p324]
implies that —z, converges for k— o0 to a finite value w.u.p.1, which completes

the proof. (If y and £ are lower semicomputable, then boundedness of z,_;
E(yt<k) é 5U(?}E<k)
wlrm ) = wluwe )
where the first inequality follows from the universality of £y and the second

inequality holds for all y.M.L.-random sequences.) O

follows without the use of martingales from 2z =

<c<oo,

We want to give an intuitive reason for the necessity of the probability
qualifier. Assume that the true environment is u, but choose a history z.x
sampled from v # u. This implies that £ converges to v for k— oco. This means
that at a fixed but large time &, £ is very close to v. It is very hard (takes
large hsz ) to get rid of this wrong bias and to become close to u later. In the
limit this is not possible at all.

The following continuity properties for the discounted values hold:

Theorem 5.35 (Continuity of discounted value) The values Vo

ik - . r ’r-‘ - . . - -~
and 'v'_[m'“ are continuous in g, and 'rf.: " is continuous in fi at ji=p w.r.t.
a conditional 1-norm in the following sense:

If 30, [ crymy) — iy cnymy)| <€ Yy cryn Vh> ko, then
(7)) |Vt =V, "| < d(z),
(i1) |1f:'j’ — Vi < 6(e),
(#i)
:

for all k>ko and yrek, where  3(e) =rimae min{(n—k)e+f2} =30

Vik — VP < 26(e)

Care has to be taken in the interpretation and use of this theorem: It cannot be

used to conclude Vp . kv , since € — p does not hold for all yr1.o, but only
for p-random ones Zmore precisely w.u.p.1). The condition in Theorem 5.35
cannot be weakened, since p¢ is not self-optimizing if M does not admit
self-optimizing policies. Furthermore, continuity is not uniform in &, which
prevents us from using this theorem in the proof of Theorem 5.38. Finally,

note that V,f:“ can be discontinuous in i at £ # u. On the positive side,
continuity holds for any x4 and -y; no structural assumptions have to be made.
By setting v, =1 for k<m and 7 =0 for k>m we also get continuity of V" “

km?
V;nli, and Vp“u with 6(e) < rmaze(m—k+1)? (set n=m~+1). For geometric

discount v, =~* the theorem holds with §(g)= T’””;E (which follows from the
second last bound on Ay in the proof below for n=o00).

Proof. (i) Vi, can be represented recursively like in the undiscounted case
as

LV (rar) = Y m(wery,) oy <asz) (wre + T Vs L (ve)],
Wk
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which can easily be verified by induction. The absolute difference of two values
can be written as

Ay = LV - V”“ 'Zﬂ’ e (yr+IV) — ZW i (7r+FV)|

< ZW.ZAL M’YT+FZ(MV uV))
ZwiZw—w + 3 (u=DV+V) + 30 (et )V =V) <

where we have suppressed all indices and arguments of all variables and
functions. We upper-bound the last expression by pulling in the absolute
bars. Using (in this order) 0 < r < rmaq, D e —ft] < e (by assumption),
0<V+V <20z, |V—V! SmaxyI|V-V], Yoolpti)=2, Zyﬂ':l, we get

. < EYPmar + €T mar + I max |V—V|
yT

= eliTmar + max Agp; < .
¥

n—1

ETmaz Z Ii+ max A, <  erme(n—k) %+ Darmgs.

Yrin—1
i=k "

IN

In the second line we used v+ Ikx+1 = I and the definition of Ag. In the
third line we recursively inserted the bound for 4;, i= k+1,..,n—1 we just
derived. In the final expression we used I'; <[ for i >k and |V—V|<rpmaz-
This bound on Ay is valid for all n >k, so we may take the minimum over
n>k. This leads to A, <I%8(e) where é(¢) was defined in Theorem 5.35. This
proves (7).

(42) For any two real-valued functions f,f over some domain D with |f(z)—
f(:c)l <éVzeD we also have | fr00— fmaz | <6, where fraq: ~maxgeepf(z) and
Fmaz —maXzeDf(ﬂf) since f(2) < f(2)+0 < fnas+6 Va. Hence fmaz <.fmaa:+5
and Slmlla'rly fmam Sfma,m"_(s For z = ™, D_{ﬂ.}7 f(m)_ k’y ’ f(x)—
get (i) from (3). ) ) )

(ii) Noting that V¥ = VE'* we get [V —VE | = Vot —VeF+ Ve F —
Vpul‘l <|Viek ~ Vk"l-%-[Vp:ﬂ—V,f;“[ <26(e) by (i) and (z), which proves (4i).

To prove 6(¢) — 0 we replace min, by n ~ e /2 and get 0 < 8(e) <
rma1~((n—k)€+§—:)€i>)0, since n— o0, I, =3 0, and ne —0. O

The next theorem shows that, for a given policy p and history generated

by p and p, i.e. on-policy, the future universal value %5 converges to the true
value V2,
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Theorem 5.36 (Convergence of universal to true value) If the his-
tory yrop is generated by policy p (and environment p). and Vi =
Vi (yr<k). then the universal undiscounted future value V%  with
bounded dynamic horizon hy =myp—k+1 < hyee converges ian.s. to the
true value 1;’,‘:* and the discounted future value l”;‘ff converges i.am. to

VP for any summable discount sequence ;. In detail:

443 7P : :
(!} |"'ﬁ'n; = "'.irml < (N" —k+ ] }? max @l
|I'::“ = I?:”r < Tmar \/2di.':-x .

kg, kg, = “""maz' max*-

E(VE — VB < 22, (Do — Di-t) = 0.

= max

- ) Z;& IE(I‘,'PE =yt )'3' < 243 2 Doos
(i - '

rpE k—o0 ‘J_vp_u
{HJ‘) ey : Ferny,
prsi=e v

Ky

ims.  if hpee < 00,

i.n. for any ~.

A 2= X_J-k:m |}'!(ﬂr{k‘."f.rk:m) T &(,ff’.{ﬂ"!fﬁﬂv:,;, ) | '

l“ Jr_( 12 .J".!'Ek H }l'_] .
E(yrorye,,,,)

dﬁ.‘:m = ZJ-‘,:J” J”(yr-( ﬂ'yii,-;m)

and Dy :=dy. illlu‘;l < oo are defined as in Section 3.7.1 with actions
Y1:m =p(T<p,) as additional conditions.

Proof. (i), follows from |V,5§,L—V,g’,gj:'Z(rk+...+7~m)[§()-u()} <

Z (ret.Arm) €0 — p()] < (m—k+1)Tmaz Z k&() - ﬂ()| = (m—k+1)TmazCr:m

where p() = p(U <k ) y1.m=p(z<m)- (1)bottom i shown similarly: Let Vip,y
be the discounted future value Vi, but cut after cycle m. We have

VE V2 = ] w60~ O] <

Lic:m

S TmaxQk:m S Tmax\/Qdk:m-

In the last step we used ag.m < v/2dk.m (see Lemma 3.11 or Section 3.7.1).
(©)bottom follows by taking the limit m— oo, which exists since Vi, and di:m
are monotone increasing in m and bounded. (#i}0p follows from (7);p, and
mg—k+1<hmaez, and bound (3.71) with t~k, ny~mg, h~r Aoy, and y as
additional conditions. (i%)pottom follows from (¢)pottom and Ejdy.,|=D,—Dg_1
(see Section 3.7.1). (i4) follows from (i7) by Definition 3.8 of convergence
fm.(s.) O
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1 ype 1 ypu ;
Convergence of the average values HVkmk — }—L;Vkmk also holds, i.m.s. for

bounded horizon, and i.m. for arbitrary horizon. Note also that if the history
%

g
is generated by p=p*, then (44) implies V}, 5—>V,f 7” . Hence the universal value

¥
¢ .
Vk*f can be used to estimate the true value V; *, without any assumptions

on M and ~. Nevertheless, maximization of Vkp,f may asymptotically differ
from maximization of V¥, since V,ff 7> V¥ for p# p® is possible (and also
Vk*f ﬁVk*,;‘ , see Section 5.3 and Problem 5.2).

5.6 Markov Decision Processes (MDP)

From all possible environments, Markov (Decision) Processes are probably the
most intensively studied ones. To give an example, we apply Theorems 5.29
and 5.34 to ergodic Markov decision processes (MDPs), but we will be quite
brief.

Definition 5.37 (Ergodic Markov decision processes) We call ;1 a
(stationary) Markov decision process (MDP) if the probability of observing
o, € O and reward r, € R, given history yr .,y only depends on the last ac-
tion yr €Y and the last observation oy, 1, i.e. if p(yrcpyrx;) = (o 1ypLy ),
where a;. =opri. In this case o). € O is called a state, O the state space,
and p(op—1yrx,) is a product of the transition matriz p(og—yr0,.) and the
(probabilistic) reward function p(og _yropr,)SAn MDP p is called ergodic
if there exists a policy under which every state is visited infinitely often
with probability 1. Let Mypp be the set of MDPs and Mympp; be the set
of ergodic MDPs. If the transition matrix p(op_1yro;) is independent of
the action . the MDP is a Markov process: if p(og—yyrxy) is independent

of o1 we have an i.i.d. process.

Stationary MDPs p have stationary optimal policies p* in case of geometric
discount, mapping the same state/observation o, always to the same action
yx. On the other hand, a mixture £ of MDPs is itself not an MDP, i.e. £&€ Mumpp,
which implies that p¢ is, in general, not a stationary policy. The definition of
ergodicity given here is least demanding, since it only demands the existence
of a single policy under which the Markov process is ergodic. Often, stronger
assumptions, e.g. that every policy is ergodic or that a stationary distribution
exists, are made. We now show that there are self-optimizing policies for the
class of ergodic MDPs in the following sense.

6 Alternatively, one could assume X to be the state space, i.e. include the rewards
in the states. The transition matrix then has the form u(zx.-1yrz,) with action
yr €Y leading to state zx € X from state zx—; € X [Hut02b]. The advantage is
that the reward r =7(z«) is now a known deterministic function only depending
on the current state, but for the prize of a {possibly much) larger state space.
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Theorem 5.38 (Self-optimizing policies for ergodic MDPs)
There exist self-optimizing policies p,, for the class of ergodic MDPs in the
sense that

(1) IpmVVEMMDP1: VY — LVPmY = O(m~1/3).

m = lm m o lm \

In the discounted case, if the discount sequence 45 has unbounded effective
horizon h, — oc, then there exist self-optimizing policies 7 for the

class of ergodic MDPs in the sense that

e e Ly B—00 1rep . c r Ve
(i1) IFpVveMupp: : ViEY — V&Y for any history yro;  if 2+ — 1.

There is much literature on constructing and analyzing self-optimizing learn-
ing algorithms in MDP environments. The assumptions on the structure of the
MDPs vary, but all include some form of ergodicity, often stronger than Defi-
nition 5.37, demanding that the Markov process is ergodic under every policy.
See, for instance, [KV86, BT96]. Note also that in (i) the history need not
be generated by 7y and/or v. Indeed, the application we are most interested
in here, is to action histories generated by pé. We will only briefly outline one
algorithm satisfying Theorem 5.38 without trying to optimize performance.

Proof. Let T2, = v(sas’) be the probability of reaching state s’ € S :=0

8
from state s under action a€ A:=)Y, and let RS, :=> _p r-v(sas'r) be the
expected reward of transition s — s’. With this notation the value function
can be written as V" =3 (R, +..+R¥~ _ ).Ta .. -Tém  where
ar =p(s<) is the action of policy p at time k (s € S is some special initial
“state”).

For (i) one can choose a policy p,, that performs (uniformly) random
actions in cycles 1...kg—1 with 1 « kg < m and that follows thereafter the
optimal policy based on an estimate of the transition matrix T2, from the
initial kg—1 cycles. The existence of an ergodic policy implies that for every
pair of states sg:qrt,8E€S there is a sequence of actions and transitions of length
at most |S|—1 such that state s is reached from state sgq:. The probability
that the “right” transition occurs is at least 15,4, with T},,,, being the smallest
nonzero transition probability in T. The probability that a random action is
the “right” action is at least |A|~!. So the probability of reaching a state s
in |S|—1 cycles via a random policy is at least (Tjnin/|A])ISI71. In state s
action ¢ is taken with probability |A|~! and leads to state s’ with probability
T, >Tpn. Hence, the expected number of transitions s-% ' to occur in the
first ko cycles is > %"(TminﬂA])iS' ~ko. Hence, for T2, #0, the accuracy of the

5
frequency estimate 72, of T%, and R?,, of R%,, is ~kg /2 while for T:, =0
the estimate 7%, =0 is exact and R, is not needed. In summary: similar
MDPs lead to “similar” optimal policies, which lead to similar values. More
precisely, one can show (see Problem 5.12) that T~kao_l/2 and I%—ka&lﬂ
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o . . ~1/2.
implies the same accuracy in the average value, i.e. |- L V,::] Y —Vk*o”m ~kg /

where p,, is the optimal policy based on 7" and * is the optimal policy based on
T(=v). Since LV, ~% (1) follows (with probability 1) by setting ko~m?/3.
The policy P, can be derandomized, showing (i) for sure.

The discounted case (i7) can be proven similarly. The history yr <y, is simply
ignored and the analogue to m— o0 is hiff — 00 for k— oo, which is ensured
by % — 1. Let 7x be the policy that performs (uniformly) random actions

in cycles k...kg—1 with k<< ko< hzf / and that follows thereafter the optimal
policy” based on an estimate T of the transition matrix T from cycles k...kg—1.
The existence of an ergodic policy, again, ensures that the expected (after
derandomization for sure) number of transitions s = s’ occurring in cycles
k...kp—1 is proportional to A:=kg—k. The accuracy of the frequency estimate
T of T and R of R is ~ A~1/2 which implies by a strengthening of Theorem
5.35(#44) for ergodic MDPs similar to Problem 5.12 that

V’T’“V — Vg, for A=ky—k— oo, (5.39)

where 7y, is the optimal policy based on T', and # is the optimal policy based on
T(=v). It remains to be shown that the achieved reward in the random phase
k...ko—1 gives a negligible contribution to V.. The following implications for
k— o0 are easy to show:

ko—1

I
M_,1:>E+_A_>]_:> k+A—>1:>——E 7iri§rmﬂ[rk+A—Fk]-—>0
Fk i=k Fk

Vi Vi I

Since convergence to zero is true for all fixed finite A it is also true for suffi-
ciently slowly increasing A(k) — oo. This shows that the contribution of the
first A rewards r,...,7k,—1 to Vi is negligible. Together with (5.39) this shows
VIR Vi for ko:=k+A(k). O

—-1/3 —~1/2

The rate of convergence m rather than m in the undiscounted
case may be a bit surprising. If we would explore for kg =m steps and ask
for the accuracy of the value function estimate afterwards, i.e. for & > m,
we would get ~k, 12 Z =172, but since we are considering L V4, including
the history 1...ky we must get a worse result, namely m~'/3. Actually, the
result can be improved O( ) (Problem 5. 12) Although in the discounted
case, we consider the future value Vi, the situation is nevertheless similar.
Exploration takes place in cycles k...kg—1; history yr< is not exploited.

The conditions Iy < oo and 7—’%—1 — 1 on the discount sequence are, for
instance, satisfied for v, =1/k?, so the theorem is not vacuous. The popular
geometric discount 7 = ~* fails the latter condition; it has finite effective
horizon. Section 5.7 gives a detailed account of the discount and horizon issues.

" Note that for non-geometric discounts as here, optimal policies are, in general,
not stationary.
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Together with Theorems 5.29 and 5.34, Theorem 5.38 immediately implies
that AI¢ is self-optimizing for the class of ergodic MDPs.

Corollary 5.40 (AI{ is self-optimizing for ergodic MDPs) If M is |

. . . [
a countable class of ergodic MDPs, and £:=3 " _ \ w, v, then AL alias p,
r Lo ~TE & o miit rmE . . . .

maximizing V{; and p* maximizing V,"> are self-optimizing in the sense
that

; ; G il ..p‘:'”p Mm—o0 | sy _."I‘:“ k=00 yrep  sp Ferl

| YveM:ZVin ey and G il S
[f M is finite, then the speed of the first convergence is at least O(m~1/?).

Continuous classes M. There are uncountably many ergodic MDPs. Since
we have restricted our development to countable classes M we had to give
the corollary for a countable subset of Mypp;. We may choose M as the set
of all ergodic MDPs with rational (or computable) transition probabilities. In
this case M is a dense subset of Mpypp; that is, from a practical point of
view, sufficiently rich. On the other hand, it is possible to extend the theory
to continuously parameterized families of environments pg and €= [df wgp,.
Under some mild (differentiability and existence) conditions, most results of
this book remain valid in some form, especially Corollary 5.40 for all ergodic
MDPs Mypp1-

Bayesian self-optimizing policy. Alypp; with unbounded horizon is a
purely Bayesian self-optimizing consistent policy for ergodic MDPs. The poli-
cies of all other known approaches are either hand-crafted, like those in the
proof of Theorem 5.38, or are Bayesian with a pre-chosen horizon m or with
geometric discounting -y with finite effective horizon [KV86, BT96]. The com-
bined conditions I} < oo and l’;t—’ — 1 allowed a consistent self-optimizing
Bayesian policy based on mixtures.

Bandits. For instance, consider the popular class of bandits B. In a two-
armed bandit problem you pull repeatedly one out of two levers, resulting in
a gain of 1§ with probability p; for arm number i. The game can be described
as an MDP with parameters p;. If the p; are unknown, Corollary 5.40 shows
that AIfp vields asymptotically optimal payoff for discounted unbounded-
horizon bandits.

Other environmental classes. Bandits, i.i.d. processes, classification tasks,
and many more are all special {degenerate) cases of ergodic MDPs, for which
Corollary 5.40 shows that p¢ is self-optimizing. But the existence of self-
optimizing policies is not limited to (subclasses of ergodic) MDPs. Certain
classes of POMDPs, k*"-order ergodic MDPs, factorizable environments, re-
peated games, and prediction problems are not MDPs, but nevertheless admit
self-optimizing policies (to be shown elsewhere), and hence the corresponding
Bayes optimal mixture policy p¢ is self-optimizing by Theorems 5.29 and 5.34.
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Restricted policy classes. The development in this and the last paragraphs
can be scaled down to restricted classes of policies P. If one defines V* =
argmax,ep V? all theorems remain valid, more or less unchanged. For instance,
consider a finite class of quickly computable policies. For MDPs, £ is quickly
computable, and Vgp can be (efficiently) computed by Monte Carlo sampling.
Maximizing over the finitely many policies p € P selects the asymptotically
best policy p¢ from P for all ergodic MDPs.

Outlook. Future research could be the derivation of non-asymptotic bounds,
possibly along the lines of Chapter 3. To get good bounds one may have to
exploit extra properties of the environments, like the mixing rate of MDPs
[KS98]. Finally, instead of convergence of the expected reward sum, conver-
gence with high probability of the actual reward sum would be interesting to
study (cf. Problem 3.4).

5.7 The Choice of the Horizon

The only significant arbitrariness in the AI£ model lies in the choice of the
horizon function hy = my—k+1. We discuss some choices that seem to be
natural and give preliminary conclusions at the end. We will not discuss ad
hoc choices of hy, for specific problems (like the discussion in Section 6.3 in
the context of finite strategic games). We are interested in universal choices
of mE.

Fixed horizon. If the lifetime of the agent is known to be m, which is in
practice always large but finite, then the choice my =m maximizes correctly
the expected future reward. Lifetime m is usually not known in advance, as
in many cases the time we are willing to run an agent depends on the quality
of its outputs. For this reason, it is often desirable that good outputs are not
delayed too much, if this results in a marginal reward increase only. This can be
incorporated by damping the future rewards. If, for instance, the probability
of survival in a cycle is v <1, an exponential damping (geometric discount)
ri :==T}-v* is appropriate, where 7}, are bounded, e.g. r} € [0,1]. Expression
(5.3) converges for my — oo in this case (g :argmaxyklimmk_,ooVk*ik (Y <kYx)
exists). But this does not solve the problem, as we introduced a new arbitrary
time scale (1—v)~!. Every damping introduces a time scale. Taking v —1 is
prone to the same problems as m; — oo in the undiscounted case.

General discounting. Geometric discounting does not solve the horizon
problem, but the idea of discounting is fruitful. Let ry:=~gr} with v >0 and
re €[0,1]. If I := "7 vi < oo, then V,ff = %klimmﬁoov,fnq exists. Rewards
Tk+h give only a small contribution to V77 for large h, since vxi» "0, The

instantaneous effective horizon may be defined as the h for which Yesh 18
only half (or more generally a fraction 8< 1) of y;. Formally, we may define
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flf s=min{h>0:vyn <y, }. For any summable convex discount sequence i
we have iLf <ec-k for some constant ¢ independent of k. A better definition for
the (-effective horizon is the h for which the cumulative discount Iy p, =~ 31,
or more formally, hf :=min{h>0: [yp <8I} Approximating the infinite
reward sum in Vj, by the first hf terms introduces an error of at most 87ryqz.
We define the effective horizon by hsz = hle/z. Table 5.41 shows effective
horizons for various types of discounts ~y.

Table 5.41 (Effective horizons) The table shows the effective horizons
hf c=min{h>0:vy,en < Gy} and hf s=min{h>0: 14, <31} for various

types of discounts ;..

Hnriznn.-‘*_u 2L | fr; I;-k bz le L ‘ ] ‘I’:T i —l_h;if_f i~ f_r'; 1/2
e 1 for k<m T z I y 1 | ] 1
finite Pl s m=—k+1 n.l—-.f;-i-l (1=-3)(m—-k+1) z(m—k+1)
geometric v*. 0 <7<l % I 1_—‘ ! :::—_d ! =z l]‘—"i for y2=1
— /
power k~17% e>0 |~(8 He =1)k ~ LT ~(BY 1)k < k
% 5 P = = 7= 17z
harmonicef| —4—, £>0| ~(87'=1)k | ~L(Ink) ~ k1 ~ K
Eln 7=k L
decreases =lo- | P
T a—Kik) P on wer t Imcreases  faster 1an  any com-

universal - = average | computs putable function

function

Dynamic horizon (universal & harmonic discounting). The largest
horizon with guaranteed finite and enumerable reward sum can be ob-
tained by the universal discount v, = 27 %) (or the monotone variant
Y = min;<;2 K@), This discount results in a truly farsighted agent with
effective horizon that grows faster than any computable function. It is some-
what similar to a near-harmonic discount g = [klog®k] ™!, since 2 5% <1/k
for most k and 275 ) >¢/(klog?k) (see Theorem 2.10(i4)), but the latter leads
to hsz ~k?. Similarly, the time scale invariant power damping v, =k~'~¢ in-
troduces a dynamic time scale. In cycle k£ the contribution of cycle 97+ -k
is damped by a factor % The instantaneous effective horizon hy in this case
is ~ k, the maximum possible. The choice hy = a-k with a ~ 9THe qualita-
tively models the same behavior. We have not introduced an arbitrary time
scale m, but limited the farsightedness to some multiple (or fraction) of the
length of the current history. This avoids the preselection of a global time
scale m or il—,y This choice has some appeal, as it seems that humans of age
k years usually do not plan their lives for more than, perhaps, the next k years
(@human=21). From a practical point of view this model might serve all needs,
but from a theoretical point we feel uncomfortable with such a limitation in
the horizon from the very beginning. Note that we have to choose a=0(1)
because otherwise we would again introduce a number « that has to be justi-
fied. We favor the universal discount v, =2"%) since it allows us, if desired,
to “mimic” all other more greedy behaviors based on other discounts vy, by
choosing ry € [0,c-7¢] € [0,27 K*)],
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Infinite horizon. The naive limit mg — oo in (5.3) may turn out to be well
defined and the previous discussion superfluous. In the following, we suggest a

limit that is always well defined (for finite V). Let yk ™) be defined as in (5.3)
with dependence on my made explicit. Further, let Y{™ :={ {™) :my >m}
be the set of outputs in cycle k for the choices my=m,m+1,m+2,.... Because
Vi (m) Dy(mH) #{}, we have y(°°) =N _ ky,gm) #{}. We define the my =

model to output any yk ) e ,)/,E ) This is the best output consistent w1th
some arbitrary large choice of my. Choosing the lexicographically smallest

(oo) y<°°) would correspond to the lower hmlt hmm_,ooy,(cm) which always

ex1sts (for finite ). Generally y(oo) € yk is unique, i.e. |yk°°)| =1 iff the

naive limit hmm_,ooy,(c ™) exists. Note that the limit limp, oo Vi, (W <) need
not exist for this construction.

Average reward and differential gain. Taking the raw average reward
(rg+...4+7rm)/(m—k+1) and m— oo also does not help: consider an arbitrary
policy for the first k cycles and the/an optimal policy for the remaining cycles
k+1...00. In e.g. i.i.d. environments the limit exists, but all these policies give
the same average value, since changing a finite number of terms does not affect
an infinite average. In MDP environments with a single recurrent class one can
define the relative or differential gain [Ber95b]. In more general environments
(we are interested in) the differential gain can be infinite, which is acceptable,
since differential gains can still be totally ordered. The major problem is
the existence of the differential gain, i.e. whether it converges for m — oo
in RU{oo} at all (and does not oscillate). This is just the old convergence
problem in slightly different form.

Immortal agents are lazy. The construction above leads to a mathemat-
ically elegant, no-parameter AI€ model. Unfortunately this is not the end of
the story. The limit my — oo can cause undesirable results in the Al model
for special p, which might also happen in the AI£ model whatever we de-
fine my, — co. Consider an agent who for every v/1 consecutive days of work,
can thereafter take ! days of holiday. Formally, consider Y =X =R ={0,1}.
Output yi = 0 shall give reward 7 =0 and output yi =1 shall give rpy =1
it g, _,_---Uk—1=0...0 for some [, i.e. the agent can achieve [ consecutive

positive rewards if there was a preceding sequence of length at least v/ with
yr =7, =0. If the lifetime of the Alu agent is m, it outputs ¢ =0 in the first s
cycles and then 7, =1 for the remaining s? cycles with s such that s+s%=m.

This will lead to the highest possible total reward Vi, =s*=m+ 5 —y/m+ i.

Any fragmentation of the 0 and 1 sequences would reduce Vi, e. g alter-
natingly working for 2 days and taking 4 days off would give V1,, = 3m For
m— oo the Aly agent can and will delay the point s of switching to g =1
indefinitely and always output Q leading to total reward 0, obviously the worst
possible behavior for the agent. The AI{ agent will explore the above rule af-
ter a while of trying yx =0/1 and then applies the same behavior as the Alu
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agent, since the simplest rules covering past data dominate £. For finite m this
is exactly what we want, but for infinite m the AI{ model (probably) fails,
just as the Aly model does. The good point is that this is not a weakness of
the AI model in particular, as Aly fails too. The bad point is that my — o0
has far-reaching consequences, even when starting from an already very large
my=m. This is because the i of this example is highly nonlocal in time, i.e.
it may violate one of our weak separability conditions.

Conclusions. We are not sure whether the choice of my is of marginal im-
portance, as long as my is chosen sufficiently large and of low complexity,
my = 22" for instance, or whether the choice of my will turn out to be a
central topic for the AI£ model or for the planning aspect of any Al system
in general. We suppose that the limit mg — oo for the AI€ model results in
correct behavior for weakly separable p. A proof of this conjecture, if true,
would probably give interesting insights.

5.8 Outlook

Expert advice approach. We considered expected performance bounds for
predictions based on Solomonoft’s prior. The other, dual, and currently very
popular approach, is ‘prediction with expert advice’ (PEA) invented by Little-
stone and Warmuth [LW89] and Vovk [Vov92]. Whereas PEA performs well in
any environment, but only relative to a given set of experts, our A¢ predictor
competes with any other predictor, but only in expectation for environments
with computable distribution (see Section 3.7.4). It seems philosophically less
compromising to make assumptions on prediction strategies than on the en-
vironment, however weak. There are also a few results on expert-based active
learning [ACBFS02, BEYL04]. One could investigate whether PEA can be
generalized to the case of a general active agent, which would result in a
model dual to AIXI. We believe the answer to be negative, which on the
positive side would show the necessity of Occam’s razor assumption, and the
distinguishedness of AIXI.

Actions as random variables. The uniqueness for the choice of the gen-
eralized £ (2.26) in the AIXI model could be explored. From the originally
many alternatives, which could all be ruled out, there is one alternative that
still seems possible. Instead of defining £ as in (2.26) one could treat the
agent’s actions y also as universally distributed random variables and then
conditionalize £ on y by the chain rule (see Problem 5.1).

Structure of AIXI. The algebraic properties and the structure of AIXI
could be investigated in more depth (we already saw that the value Vi@isa
linear function in y and V}; is a convex function in y). This would extract the
essentials from AIXI, which finally could lead to an axiomatic characteriza-
tion of AIXI. The benefit is as in any axiomatic approach. It would clearly
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exhibit the assumptions, separate the essentials from technicalities, simplify
understanding and, most important, guide in finding proofs.

Posterization. Many properties of Kolmogorov complexity, Solomonoff’s
prior, and (policies based on) Bayes mixtures remain valid after “posteri-
zation”. By posterization we mean replacing Vim, w,, K(v), v(¥2;.,,.), etc. by
the posteriors Vi, w¥, K{(v|@w«k), (¥ <k¥i.m), etc. Strangely enough, for
w, chosen as 2~ 5{) it is not true that w,’;NQ‘K Wlw<r) If this property were
true, weak bounds as the one proven in Section 6.2 (which is too weak to be
of practical importance) could be boosted to practical bounds of order one.
Hence, it is of high impact to rescue the posterization property in some way.
It may be valid when grouping together essentially equal distributions v (cf.
Problems 3.13 and 6.3).

5.9 Conclusions

All tasks that require intelligence to be solved can naturally be formulated
as a maximization of some expected utility in the framework of agents. We
gave an explicit expression (4.17) of such a decision-theoretic agent. The main
remaining problem is the unknown prior probability distribution z*! of the en-
vironment(s). Conventional learning algorithms are unsuitable, because they
can neither handle large (unstructured) state spaces nor do they converge in
the theoretically minimal number of cycles nor can they handle non-stationary
environments appropriately. On the other hand, the universal semimeasure &
(2.26), based on ideas from algorithmic information theory, solves the problem
of the unknown prior distribution for induction problems. No explicit learn-
ing procedure is necessary, as £ automatically converges to p. We unified the
theory of universal sequence prediction with the decision-theoretic agent by
replacing the unknown true prior 4! by an appropriately generalized univer-
sal semimeasure £A1. We gave strong arguments that the resulting AT¢ model
is universally optimal. Furthermore, possible solutions to the horizon problem
were discussed. In Chapter 6 we present a number of problem classes, and
outline how the AI£ model can solve them. They include sequence prediction,
strategic games, function minimization and, especially, how AI£ learns to learn
supervised. In Chapter 7 we develop a modified time-bounded (computable)
AIEH version.

5.10 Converting Functions into Chronological
Semimeasures

To complete the proof of the universality (5.6) of M we need to convert enu-
merable functions 9 : IB* — IR" into enumerable chronological semimeasures
p: (YxX)* — R" with certain additional properties, where X and ) are
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countable (finite or infinite). The proof given here follows [LV97, p273], but
is slightly more formal and compact. Every enumerable function like 4 and p
can be approximated from below by definition® by primitive recursive func-
tions ¢ : B*xIN - QF and ¢: (Y xX)*xIN — QF with +(s) = sup,¢(s,t)
and p(s) =sup,¢(s,t) and recursion parameter t. For arguments of the form
$=1yr1., we recursively (in n) construct ¢ from ¢ as follows:

o(yryn,t) for =z, <t
@' (Win,t) = { (wé ) for z, >t ¢et) = plet), (5.42)
= e, 1) : o' (e,1) < .
dlet) = max {¢'(ci): ' (ei) <1, (5.43)

1) = max {1 i) : Ty, o 010, ) < 6(amen,t) - (5:41)
By z,, <t we mean that the natural number associated with string z,, is
smaller than ¢. According to (5.42) with ¢ also ¢ as well as > ¢ are
primitive recursive functions. Further, if we allow t =0 we have ¢'(s,0) =0.
This ensures that ¢ is a total function.

In the following we prove by induction over n that ¢ is a primitive recursive
chronological semimeasure monotone increasing in ¢. All necessary properties
hold for n=0 (yr1.0=¢) according to (5.43). For general n assume that the in-
duction hypothesis is true for ¢(yr ., ,t). We can see from (5.44) that ¢(yz,.,,.t)
is monotone increasing in t. ¢ is total as ¢’ (yr1.,,i =0) =0 satisfies the in-
equality. By assumption ¢(yr<n,t) is primitive recursive, hence with 3 ¢’
also the order relation > ¢’ <¢ is primitive recursive. This ensures that the
nonempty finite set {¢’:> ¢’ <¢}; and its maximum ¢(yz,.,,t) are primitive
recursive. Further, ¢(yz,.,,,t) =¢'(yr1.0,i) for some ¢ with i <t independent of
Tp. Thus, 3°o @(Uynit) =2, ¢ (W1n,0) < S(w.,,t), which is the condition
for ¢ being a chronological semimeasure. Inductively we have proved that ¢ is
indeed a primitive recursive chronological semimeasure monotone increasing
in t.

In the following we show that every (by definition total) enumerable
chronological semimeasure p can be enumerated by some ¢. By definition
of enumerability there exist primitive recursive functions ¢ with p(s) =
sup,P(s,t). The function ¢(s,t) := (1-'/;)-max;<;@(s,i) also enumerates p
but has the additional advantage of being strictly monotone increasing in ¢.

4,0/(y151;n,00) :(p(ytlﬂnoo):p(ytlin) by definition (542) ¢(67t) :‘p/(evt) by
(5.43) and the fact that ¢'(e,i—1) <@'(e,i) <ple,3) <p(e) <1, hence ¢{e,00) =
p(E) QS(@l:n’t) Swl(yrl:rut) by (544) hence ¢>(y£1:n’oo) Sp(?ﬂ_]:n)' We prove
the opposite direction ¢(yz,,,,00) > p(yr1:n) by induction over n. We have

8 Defining enumerability as the supremum of total primitive recursive functions is
more suitable for our purpose than the equivalent definition as a limit of monotone
increasing partial recursive functions. In terms of Turing machines, the recursion
parameter is the time after which a computation is terminated.
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Y @ rnd) < Y eWrimi) < D @(Hr1n,00) = Y prrn) < p(lcn)-

Tn

(5.45)
The strict monotony of ¢ and the semimeasure property of p have been used.
By induction hypothesis limy o ¢(1 « .t) > p(1& . ,,) and (5.45) for sufficiently
large t we have ¢(yr,,,t) >3, ¢’ (¥1:n,8). The condition in (5.44) is, hence,
satisfied and therefore ¢{yz.,,,t) > ¢’ (¥ 1.,%) for sufficiently large ¢, especially
A(YL1.,,00) = @' (Yr1.0,8) for all . Taking the limit i — oo we get ¢(ux;.,,00)>
(Pl(yrlln’oo) :p(y-p-ln)

Combining all results, we have shown that the constructed ¢(-,t) are prim-
itive recursive chronological semimeasures which are monotone increasing in
t, and which converge to the enumerable chronological semimeasure p. This fi-
nally proves the enumerability of the set of enumerable chronological semimea-
sures.

5.11 Proof of the Entropy Inequality

We show® that

with 4, >0, x; >0, Zyizl, inzagl

i=1 i=1
and with 0ln0:=0, or equivalently that

n

S f@y) 2 (1-a) with flay)=y?-(y-2)% f:(0,1x[0,1]— R
i=1
(5.46)

The proof of the case n=2 will not be repeated here, as it is elementary and
well known. We will reduce the general case n > 2 to the case n=2. It is
enough to show that )~ f >0 at all extremal points and “at” the boundary.

The boundary is the set of all (x,y) where one x; or one y; is or tends to
zero. If one y; =0 we can reduce (5.46) to n—1 (with a different o' =a—xz;)
since f(2;,0) > (1—a)?—(1—a/)% If one z; — 0 then f(z;,y;) — o0c. As f is
bounded from below (f > —2), > f tends to infinity and (5.46) is satisfied.
Hence (5.46) is satisfied “at” the boundary.

The extrema in the interior are found by differentiation. To include the
boundary conditions we add Lagrange multipliers A and g

Lz, y) = if(a:i,yi) + A (a — ixl) + i (1 — i%) (5.47)
i=1 i=1 i=1

® We will not explicate every subtlety and only sketch the proof (cf. Section 3.9.1).
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The extrema are at dL/dx; =dL/dy; =0, i.e. at

Assume that (z*,y*) is a solution of (5.48). We can determine (A* u*) for
this solution by inserting e.g. the first component (z%,y7) into (5.48). But
all other components of (z*,y*) must be consistent with (5.48) too. Let us
assume that for given (A*,u*) there are m < oo different solutions of (5.48), i.e.
(z*,y*) consists only of m different components (Z,x) with 1<k <m where
each component has multiplicity ny, > 1. Define Z; :=ny %y and g :=ngij,. We
have

3
3
3

m m
domke=n, Y G=) mfe=) %=1 T = o

k=1

k
Equal components in (5.46) can be grouped together
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So we have reduced the case ) ., in a somewhat unconventional way to the
case Y p-, with m being the number of solutions of (5.48). One can show
that there are at most two solutions for y;/x; by considering the equation for
A+, and from this that m <2. In the following we present a more abstract
and general proof method.

We will show that R(z,y) := f(z,y)— Az —py has at most two (non-
degenerate) extrema, which will in turn proof that d,f = A, 0yf = ¢ has
at most two solutions. Let us consider R on a curve connecting two extrema
g(t) == R(z(t),y(t)), z(0) =Tk, z(1) =21, y(0) =Y, y(1) =4, 0< < 1. From
g’ (0)=¢'(1)=0 we know that there is a t, € [0,1} with ¢’ (tc)=0. That is, every
connecting curve between two extrema contains a point in which R has cur-
vature zero in one direction and hence zero Gauss curvature GG. The support
of R is divided by the curve(s) G(z,y) =0 into zones. Each zone can contain
at most one extremum.

2
Glay) = det (3l ot ) = (@20 - 0.0,07

(590 -2)-(-1e) - o-w:
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This is zero for x =y only. The support of f is divided into two zones, z <y
and z > y. The (infinitely many) degenerate extrema for ¥z = gx give no
contribution to (5.46) (f(z,r) =0) and are hence irrelevant. So there are at
most two nontrivial solutions of 8, f =X, 8, f =p, hence m <2.

In summary we have reduced (5.46) for general n to m=2, which can be
shown by elementary means. |

5.12 History & References

Most references relevant to this chapter have already been given in previous
chapters or in the main text of this chapter. Below we only remark on and give
references to two further, in the context of AI£ interesting, topics: protocols
in probability theory and bandit problems.

Paradoxes, sample spaces, protocols, and incompleteness. There are
many paradoxes in probability theory, like the Petersburg, Monty Hall, Simp-
son, Newcomb, rich uncle, and three prisoners [Szé86, EF98, Res01, Mos65].
Some of them are not particularly related to probability theory, but just to
the improper use of math in general. Probably the most interesting para-
doxes directly related to probability theory concern the awareness and choice
of sample spaces and protocols (see [GHO2] and references therein, especially
[Sha85]). If one phrases these paradoxes within the Alp model, one automat-
ically has to be aware of and choose a suitable sample space and protocol.
If this procedure uniquely determines u, the paradox is solved. If not, the
problem description was not complete, i.e. the description is consistent with
a whole set M of possible environments. This incompleteness can sometimes
be overcome by symmetry or maximum entropy arguments (see [GH02] and
Section 2.3.4). In general, a universal prior {44 and the predictions/actions
of the SP& /AT 4 model represent a satisfactory solution to the paradoxes,
solving the sample space, protocol, and incompleteness problem.

Bandit problems. Bandit problems arose historically from the desire to
optimally assign treatments to patients. They are prototypical problems for
the so-called exploration versus exploitation dilemma. They were originally
introduced by Robbins [Rob52]. One out of several arms (treatments) can
be chosen, leading to a possible reward (success). The goal is to maximize
one’s reward in repeated trials. The simplest model is to assume that arm
i leads to reward 1 (0) with probability p; (1—p;), where the probabilities
are unknown. The traditional Bayesian solution to the uncertainty about p;
is to assume a (second-order Beta) prior over p;. The goal is to maximize
the (exponentially) discounted reward sum. A closed solution can be given in
terms of Gittins indices [GJ74, Git89]. For regular discount sequences these
strategies are not self-optimizing [BF85, KV86]. Many efficient heuristic self-
optimizing approaches exist. In a minimax approach one tries to find strategies
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that lead to the highest expected reward in the worst case over unknown
chances p; [Vog60]. A complete worst-case approach without any probabilistic
assumption on the environment can be found in [ACBFS02]. The default
textbook on bandits is [BF85] and on Gittins indices is [Git&9].

5.13 Problems

5.1 (Actions as random variables) [C350i] Instead of defining £A1(3z,.,)
as a universal distribution over perceptions z1.,, conditioned under actions y1.,
as in (5.2), one may think of the following alternative definition: We use a uni-
versal distribution over perceptions and actions and then conditionalize to the
actions, i.e. £Al(wx,.,) =M.,/ >, M(g;.,,), where M is Solomonoft’s
prior (2.21) (we could use £y as well). One motivation for doing so is to re-
gard M as a prior belief in the whole arrangement of agent+environment.
The major problem with this approach is that §a,t is not enumerable. More
precrsely, the presented definition does not lead to an enumeration procedure
for a“ This does not necessarily imply non-enumerability of alt Whether
fllt XAl jg also an open problem (cf. Problem 2.6). If true it would imply
universality of alt and convergence to computable pA!. This alternative ap-
proach also allows conditionalization w.r.t. the perceptions and to determine
M (yr<kgk), which may be interpreted as the agent’s own belief in selecting
action yi. But an actual action selection based on this probability would lead

to a poorly performing agent, which differs from the “optimal” action yi and

yi““ via the expectimax expression. Could M(yr<xy,) nevertheless be close

to the action of p¢ and/or pfeit for large k, justifying the above interpretation
of M? (cf. Section 8.5.2 on multi-agent systems.) Prove or disprove the stated
open questions, conjectures, and assertions.

5.2 (Absorbing two-state environment) [C15ui] The HeavenHell exam-
ple of Section 5.3.2 was a three-state MDP that did not allow for self-optimizing
policies. Here, a similar two-state MDP shall be analyzed in more detail. Let
M= {/J,Q,ul, } with w0~w1~1(1 ﬂ >0, Zz>2wl 820, r,eR= {0 2/3,1}
and Y = {a,b}. Environments uo and p; are deterministic MDPs defined as

= r—2/33r1:z* , i.e. initially being in state s, action b irre-
Vocably leads to state e. The reward in state s is 2/3. Environments p and
w1 differ only in the reward in state e, which is =0 in environment pg, and
r=1 in environment p1. Show that there is no policy that is self-optimizing in
to and py. Now, consider the case 3=0: Determine V? for i€ {0,1} and Vg’
for all policies p. The results only depend on the first time action b is taken
(if at all) and on the farsightedness m. Now determine Vi p%, and V”‘5 The
results show that p® is not self-optimizing (Vg 74 i ). Generalize the latter

result to 0 <3< %(1 — %) with environments ui, 7 2 2 defined arbitrarily, to
Vims and to V0.
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5.3 (Computing p) [C30u] Show that for every enumerable chronological
semimeasure p there exists a Turing machine T' of length K (p) that computes
it, 1.e. p(yﬁlm):Eq:T(q’ym):zl:ﬂ‘f(q) and /(T)L K (p) (see (5.7) for context).
Hint: Adapt and improve Lemma 4.3.4 of [LV97, p255].

5.4 (Pareto optimality) [C30u] We have shown Pareto optimality of AI{
with £ given in the form £ =) w,v. Show that AIXI with A defined as in
(5.2) is also Pareto optimal. Compare with or use the results of Problem 2.2.

5.5 (Pareto optimality) [C300i] We define policy p to be equivalent to pol-
icy p’ if both policies lead to the same value V,, in all environments v, i.e. if
vy =V,}’, Yv € M. Are all Pareto optimal policies equivalent to some (Pareto
optimal) mixture policy p¢ for certain weights w,? A positive answer to this
question implies that one can restrict the search of optimal policies to mix-
ture policies. Try to find necessary and/or sufficient conditions that make the
above question true.

5.6 (Convergence of averages) [C20u] Let 6(m) :=)_ . wud,(m) and
Zue mWy <1 as in Lemma 5.28. Show that the boundedness assumption
0<6,(m)<cin Lemma 5.28(i4) is necessary for §,(m) " —> 0 to imply exis-
tence and/or convergence of §(m)— 0. Show that &, (m)=0(f(m)) YweM
does not necessarily imply d(m)=0(f{m)) if M is infinite, even for bounded
8, (cf. Lemma 5.28(iv)).

Hints: For instance, for M~ IN and §,(m) :={("“"6’)A1 for m2v " we have

else
5,(m)™=5°0, but §(m)=1+0. For 4, (m) ::m#wym:(io(), d(m) does not even
exist. For 1>6,(1m) = 1m- =0(5) and w, = m, we have 6(m) > ﬁ

Another interesting example is 8, (m):=e~™/¥ <1, which decays exponentially
in m for every v, but for w, := ———, 8(m) decays only harmonically. Show
v(v+1)

that () > 5= (1—e™™)> ;L for m>1 (easy) and even §(m)> 5~ (harder).

5.7 (Domain of definitions) [C20u] Several subtleties concerning the do-
main of definition and existence have been ignored. First, Definition 5.19
defined p” only on histories produced by p? itself. Given a history y<r#¥<x
one has to generalize the definition similarly to Definition 5.30. Even in this
generalized form pf is only defined for histories that occur with nonzero p-
probability. Show that p* and p¢ are defined for all histories that have nonzero
p-probability. Use this to verify the soundness of the definitions and theorems
in this chapter.

5.8 (Self-optimizing policies for geometric discounting) [C30ui]
Show that there are self-optimizing policies in ergodic MDPs even for geomet-
ric discounting (% #1). On the other hand, the Bayes mixture policy p*
is not self-optimizing for bandit problems with geometric discounting. Since
bandits are special ergodic MDPs, these results seem to contradict Theorem
5.34. Clarify this paradox and discuss the implications. Hint: Histories yr.x
are policy dependent.
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5.9 (Relevant and non-computable environments p) [C300i] Assume
feedback x consists of three parts z = 'r'z”, future I/0O is completely in-
dependent of z”, z'r’ is sampled from a computable distribution, z” from a
(possibly) non-computable distribution. Show that M multiplicatively dom-
inates p', where p' is the true distribution g modified in a way such that
V.=V, but ¢/ is computable. This suggests that the computability assump-
tion on pu may be weakened to the (for AIXT) relevant parts of the environment.
Formulate and prove all this rigorously and generalize it to less trivial cases,
where the relevant computable and the irrelevant non-computable information
in z cannot be factored so easily.

5.10 (Self-optimizing environments) [C35u] Ergodic MDPs admit self-
optimizing policies, which implies that p%,mpl is self-optimizing (see Sec-
tion 5.6). Show that bandits, i.i.d. processes, and classification tasks are special
(degenerate) cases of ergodic MDPs. The existence of self-optimizing policies
is not limited to (subclasses of ergodic) MDPs. Suitably define ergodic par-
tially observable MDPs (ergodic POMDPs) and k**-order ergodic MDPs and
show that these classes also admit self-optimizing policies. Furthermore, show
that factorizable environments, defined in Section 4.3.1, admit self-optimizing
policies.

5.11 (Belief contamination) [C30ui] Consider an environmental class M
that admits self-optimizing policies. Theorem 5.34 shows that p® is self-
optimizing in the sense of limy_ o[V —Vkpjy] = (0. The Bayes mixture
€= ,cmWyV expresses the degree of belief w, in environment v € M.
We want to study the effect of additionally believing in some p & M with
some small probability a. The new belief prior is & := (1—a)é+ap. Show
that a belief & in p much smaller than the belief w,, in the true environment
1 € M causes only a small corruption of the self-optimizing property. More

* 6/ . .
precisely, limsup,,_, [Vl =V ¥ < rmas. Construct examples for which

3 134 .
VEHR-VE F= (ma ~. This shows that the upper bound cannot be improved
in general and that a belief contamination a of magnitude comparable to w,

can completely degrade performance.

5.12 (Continuity of value for ergodic Mbps) [C40usm] Let p and i be
MDPs that are “close” to each other in the sense that the transition ma-
trix 7%, = j(sas’) is close to T2, = u(sas'), and the reward function
Re, =3 cp 7 fi(sas'r) is close to RS, =3, . r-pu(sas'r) in the sense that
£:=maxyyo{|T% ~T2,|,| RS, —Re_|} is “small”. Furthermore, let p be a sta-
tionary policy, i.e. ar :=p(s<x) =p(sk_1). Show properties (i) — (vii) of the
value function(s)

(0) Condition: T is ergodic —or- T%, =0 implies 72, =0.

ss’ T
; pT __ ay a . Taxr . .Ta
(Z) Vlm _’Zslzm(RSOSl+"'+Rs:qsm) Tsosl Tsvzilsm

(where sg is a special initial “state”).
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(it) vk zhmm_,oomV exists.

(iii) |vp—vE|=0(e) if (o).

(i) pT: =argmaxpv’7’1 can be chosen stationary. v, ::maxpv’:’p:v’:}T.
(v) vp—vi|=0(e) if (0).

(i) V= VPT|— (5)-

(vid) %Vf’ T—i Vim |=0(5;) if (o).

(vidd) |2 1 Lvrl1=3.0(1)+2-0(¢) if (o).

The constant” factor hidden in O() depends on 7', but is independent of
m, €, and T. Note that argmax, V2. may be non-stationary. (viii) with kom

mo1/3

instead of 1m and e~k; 172 was used in the proof of Theorem 5.38(3).

Finally, show that VI,}T =v} (exactly) for sufficiently small ¢ >0. If T.R are
frequency estimates of TR, then the probability that € is not small decreases
exponentially with the sample size kg. Together with the choice kg oxlogm,
improve Theorem 5.38(%) to O(10 UCy

Hints: (¢) immediate from definitions. (ii) follows from the existence of T:=
M, — oo %Ek:o T)* [Ber95b, p187]. (444) For ergodic T all rows of T coincide
with the stationary distribution, which is proportional to some column of the
adjoint matrix of T, which itself is a polynomial in (the components) of 7.
(iv) similar to [Ber95b, p191]. (v) from (4i%) and (iv). (vi) similar (#). (vii)
similar {iv). For (viii) chain (vi)+ (4i¢)+ (v)+{vi)+(vii) and use the triangle
inequality.

5.13 (Ergodic versus forgetful environments) [C20s/C10u] Forgetful
environments were defined in Section 5.3.6 as being asymptotically indepen-
dent of the history. Ergodic MDPs were defined in Section 5.6 as visiting every
state infinitely often. An environment is called acyclic if the probability of
infinitely repeating cycles is zero. Show that every acyclic ergodic MDP is
forgetful, but not every forgetful MDP is ergodic. Note also that forgetfulness
is a broader concept than (k*"-order) MDPs.

5.14 (Uniform mixture of MDPs) {C30usi] In the following you are asked
to derive explicit expressions for £MPP for uniform prior belief w. Let ur €
Mupp be a (completely observable) MDP with transition matrix T. T2, is
the probability of going to state s’ € X’ under action a € Y if currently in
state s € X. Given a policy that determines the actions a;, the probability
of action-observation history a;si...ans, after cycle n is pr(ai8;...a,8,) =
Tols,~Tgm s, where sq is some initial state (randomization over the initial
state may be performed). Reward is a given function of state (ry =r(sg)).
Optimal policies/actions follow from the recursive Bellman equations (4.29)
or the explicit expectimax expression of the Aly model (4.17). Assume now
that we only know that the true environment is an MDP, but nothing more,
ie. TeT:={T:T2,>0,% T2 =1} is unknown. Since 7 is continuous, the
Bayes mixture £ has the form £(as;.,,) := [y wrpr(as;.,)dT.
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(1) Assume a uniform prior belief over T, i.e. wr 1 and the measure dT°
is the uniform measure on the polytope 7. Compute the integral and show
that the ratio g(a’s<na§n) = §(a§1n)/€(a§<n) Ng: 1sn/(ZS’N:: 1S’+S—1)7
where S = |X| is the number of states and N2, is the historical number of
transitions from s to s’ under action a, (including the transition from sq if
s=5g and to s, if '=s,). This is just Laplace’ law of succession [Lapl2] (see
Problem 2.11), one for each (ass’)-tuple. For instance, initially all transitions
are equally plausible £(a1s,)=%.

(#4) Show that, although the class 7 is continuous and contains non-ergodic
environments, the Bayes optimal policy p¢ is self-optimizing for ergodic en-
vironments ur € Muyppi. The intuitive reason is that 7 is compact and the
non-ergodic environments have measure zero.

(7i1) Model-based reinforcement learning algorithms try to estimate T
from past experience. Give an expression for the posterior believe wr(as;.,)
pr(as;.,) in transition 7. Note that this is a (complex) distribution over T
while most reinforcement learning algorithms only estimate a sing]e (e.g. a
most likely) 7. Show that the expected transition probability E[T%, |as1.] =
ST wr(as1)dT = (N&, +1) /(32 N& +S) coincides with the relative his-
toric occurrence of (ass’). Show that policy p* based on (4.17) appropriately
explores the environment, while the popular policy based on E[T] or other
point estimates like Maximum Likelihood lack exploration.

(iv) Assume we know that the environment is a deterministic MDP, i.e.
T={T:TZ €{0,1},> ,Ts =1}. Repeat (i)— (444) with this (now discrete)
T . Is the corresponding p¢ self-optimizing?

(v) Assume now that for every action a there exists a mirror “undo” action
a in the sense that T%, =T% . Repeat (i)—(ii7) for the set of all deterministic
“symmetric” MDPs. Is the corresponding p¢ self-optimizing? An example is a
robot moving in a (noiseless) environment, like a maze. Non-symmetric MDpPs
contain one-way streets or doors, which are missing in symmetric MDPs.

(vi) Incorporate further knowledge of the form T2, =0/1 for some (ass’)
and repeat (i)—(ii). For example, if we know that the environment is an [x!
grid maze, and transitions are a priori only possible between neighboring cells,
we know that T'%, =0 if s and s’ are not neighboring grid cells.

(vii) Explore the difficulties when extending the considerations in (z)-—-(#i3)
to POMDPs, potentially with variable state space size .S, e.g. with prior wg x
S5-2,

5.15 (Effective horizons) [C25u] Derive the expressions for effective hori-
zons presented in Table 5.41.

5 16 (Eﬂ'ect of dlscounting) [C20u] Consider the MDP p =
Mz9 ], where s is the initial state. Taking action a
forever glves reward 1 per cycle. Taking action b first gives no reward but
pays off one cycle later with reward 24§ > 2. Depending on the discount
this delayed, but on average higher reward may be favorable. Show that
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for «y-geometric discount, Vfi{w“ =1 and Vlbj H= (21—1‘5%, hence action b is
favorable iff v > 1+L5' Show that for the power discount -y, = k% and small
4 >0, the optimal policy performs action a for the first kz% cycles and action

b thereafter. In both cases the critical effective horizon is hsz ~ %.






Ideas matter.
Approzimate the solution, not the problem.

— Richard Sutton
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In this and the following chapter we define £ = £y £ M to be Solomonoff’s
prior, i.e. AI&=AIXI. In order to give further support for the universality and
optimality of the AI{ theory, we apply AI£ in this chapter to a number of
problem classes. They include sequence prediction, strategic games, function
minimization and, especially, how AI{ learns to learn supervised. For some
classes we give concrete examples to illuminate the scope of the problem class.
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We first formulate each problem class in its natural way (when prrebe is
known) and then construct a formulation within the Alu model and prove
its equivalence. We then consider the consequences of replacing u by £. The
main goal is to understand why and how the problems are solved by AI¢. We
only highlight special aspects of each problem class. Sections 6.2-6.6 together
should give a better picture of the AI£ model. We do not study every aspect
for every problem class. The sections may be read selectively, and they are
not essential to understand the remaining chapters.

6.1 Repetition of the Alu/€ Models

In the last chapter we unified sequential decision theory with the theory of
universal induction to a model of artificial intelligence, which we claimed to
be universal and superior to any other model in various senses. All tasks that
require intelligence to be solved can naturally be formulated as a maximiza-
tion of some expected utility in the framework of agents. The main remaining
problem is the unknown prior probability distribution p®! of the environ-
ment(s). Conventional learning algorithms are restricted in the sense that they
can neither handle large (unstructured) state spaces, nor do they converge in
the theoretically minimal number of interaction cycles, nor can they handle
non-stationary environments appropriately. On the other hand, the universal
semimeasure £ (2.26), based on ideas from algorithmic information theory,
solves the problem of the unknown prior distribution for induction problems.
No explicit learning procedure is necessary, as £ automatically converges to
(. We unified the theory of universal sequence prediction with the decision-
theoretic agent by replacing the unknown true prior ¢! by an appropriately
generalized universal semimeasure £21. For convenience we repeat some defi-
nitions and results from previous chapters that we need in this chapter.

Let u{yz,.;,) be the true chronological prior probability that the environ-
ment reacts with z.; if provided with actions y;.x from the agent. We define
Vk*fl,m(ycl;k) to be the p-expected reward sum in cycles k+1 to m with out-
puts y; generated by agent p* and responses z; from the environment. Adding
reward ry =7(xx) to V', ., we get the value including cycle k. probability
of xp = rrog, given history yr«ry, is given by the conditional probability
wlw<ryxy). Policy p* chooses y, as to maximize the future reward. So the
expected reward sum in cycles k to m given yr.x and yx chosen by p* is

ngﬁ(#&k) = H?IJ%X Z[Tk + Vk*fl,m(yrlzk)]'/‘(ylj<ky£k)' (6.1)
Tk

Together with the induction start
Voh s m(W1m) = 0, (6.2)

Vi is completely defined. If my, is our horizon function of p* and g < is the
actual history in cycle k, the output gy, of the agent is given by
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Uk = arg H}EXZ[% + Vit s <kt (<t ), (6.3)
Tk

which in turn defines the policy p*. Then the environment responds #; with
probability pu(¢f«xig,), and cycle k+1 starts. We may unfold the recursion
(6.1) further and give g explicitly as

I = argnﬁme&x Z maxZ(rk+ oo Ty ) (I <k W, ). (6.4)

Yre+1 Ym
N k

z Ti1 Lon g,

This expression has a direct interpretation: The probability of inputs Zi.m,
in cycle ¥ when the agent outputs yg.m, with actual history gt<x is
(¥ <kY¥.m, )- The future reward in this case is rx+...+7m,. The best ex-
pected reward is obtained by averaging over the z; (3, ) and maximizing over
the y;. This has to be done in chronological order to correctly incorporate the
dependencies of z; and y; on the history. This is essentially the expectimax
algorithm/sequence/tree (see Figure 4.13). The Aly model is optimal in the
sense that no other policy leads to higher expected reward. Unfortunately, in
Al, the environment u is often unknown. The AI€ model is defined similarly
to the Aly model, but with the unknown u replaced by the (known) universal

prior &:

I = argn}l%meaxZ I?a*xz(rk‘*""‘*‘ka)f(@'/i”@w_k:mk) (6.5)

Yk+1
k

z Trt1 Ty,

with £(my) 2 ) 2749, (6.6)

¢¢{y1:k) =211

where the sum runs over all chronological environments ¢ satisfying ¢{yy.x) =
Z1.%. Motivations for AI£ being a good substitute for Alu are the convergence
of £ to

§(Z}i<k$&k;mk) - N(?'/D<k?£k;mk) for k— oo, (6.7)

Pareto optimality of AI¢, self-optimization of AI£ for restricted &£, and tight
error and loss bounds in the case of passive sequence prediction.

6.2 Sequence Prediction (SP)

We introduced the AI€ model as a unification of ideas of sequential decision
theory and universal probability distribution. We might expect AI£ to behave
identically to SP{:=0, when faced with a sequence prediction (SP) problem,
but things are not that simple, as we will see. Let us repeat the definition
in Section 3.3 of the total number of expected erroneous predictions the SPp
agent ©, makes for the first n observations
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n
B = 3% iz l-plaaras)] with 2 = argmax plz k).
k=1z<p
(6.8)
The SPu agent is best in the sense that E9» < E®» for any p. We showed that
the universal predictor SP£ is not much worse

ES:—E® < 2D +2/ESD = O(/E®), D < I2K(u. (69

6.2.1 Using the ATy Model for Sequence Prediction

We saw in Chapter 3 how to predict sequences for known and unknown
prior distribution ySF. Here we consider binary sequences z;zo23... € B® with
known prior probability u5F(2;2323...). (We use z;, to avoid notational con-
flicts with the agent’s inputs x.)

We want to show how the Alu model can be used for sequence prediction.
We will see that it makes the same prediction as the SPu agent. For simplicity
we only discuss the special error loss £,y =1—4,y, where § is the Kronecker
symbol, defined as §,, =1 for a=5b and 0 otherwise. First, we have to specify
how the Alp model should be used for sequence prediction. The following
choice is natural:

The system’s output gy is interpreted as a prediction for the k" bit zj of
the string under consideration. This means that yx is binary (yr € B=:)). As
areaction of the environment, the agent receives reward r, =1 if the prediction
was correct (yx = zx), or =0 if the prediction was erroneous (yi # 21 ). The
question is what the observation o in the next cycle should be. One choice
would be to inform the agent about the correct k* bit of the string and set
o =z. But as from the reward ry in conjunction with the prediction yy, the
true bit 2z, = 0,,,, can be inferred, this information is redundant. There is
no need for this additional feedback. So we set o =€ & O = {¢}, thus having
zp =7 € R=X={0,1}. The agent’s performance does not change when we
include this redundant information; it merely complicates the notation. The
prior probability u”! of the Aly model is
SP(Zl...Zk).

(6.10)
In the following, we will drop the superscripts of u because they are clear
from the arguments of y, and the p equal in any case. Equation (6.1) for the
expected reward reduces to

S
1M opzyunzy) = 2 oruwre) = 155 Gy Oyare) =

Vk*:z(yr<’€> = HL%XZ[TIC+Vk*—ﬁl,m(yvlzk)}"u(éyﬂl"'5%41%715%%)' (6~11)

The first observation we can make is that for this special x, V% only depends
on dy,r,, i.e. replacing y; and r; simultaneously with their complements does
not change the value of V", We have a symmetry in y;r;. For k=m-1 this
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is definitely true as V;/i, | =0 in this case (see (6.2)). For k <m we prove
it by induction. The r.h.s. of (6.11) is symmetric in y;r; for ¢ <k because u
possesses this symmetry and V. j:l’m possesses it by induction hypothesis, so
the symmetry holds for the L.h.s., which completes the proof. The prediction

Uk 18
. (a) * o
Ye = argH;fZXZ[Tk +Vk£1,mk(yz<kyrk)]'“(51'/1T'1"'5?Jk—1fk~16ykrk)
Th

b .
® MgnﬁxzTk-u(dylr‘r--éykrk) © argrrlll%xu(zl...zk_lgk) (6.12)

Tk

(d . .
= argmax p(2;...25-125)-
Zk

Nl

Equation (a) is the definition of the agent’s action (6.3), where we have used
(6.10), which gives the r.h.s. of (6.11) with max,, replaced by argmax,, .
Y . f(...0yr...) is independent of y for any function f, depending on the com-
bination &y, only. Therefore, the >~ V*u term is independent of y because
Vit m as well as p depend on dy,r, only. In (b) we can therefore drop this
term, as adding a constant to the argument of argmax,, does not change the
location of the maximum. In (c) we evaluated the >__ . Further, if the true
reward to ¢; is 7, the true it" bit of the string must be 2; =dy,;,. Equation
(d) is just a renaming.

So, the Alp model predicts that 2z that has maximal p-probability, given
21...2;—y. This prediction is independent of the choice of my. It is exactly the
prediction scheme of the sequence predictor SPu with known prior described
in Section 3.3. As this model was optimal, Al is optimal too, i.e. it has the
minimal number of expected errors {(maximal u-expected reward) as compared
to any other sequence prediction scheme.

From this, it is already clear that the value V' must be closely related to
the expected sequence prediction error E9» (6.8). In the following we prove
that V% =m—ES«. We rewrite V* in (6.11) as a function of z; instead
of y;r;, as it is symmetric in y;r;. Further, we can pull Vk*fjl,m out of the
maximization, as it is independent of yy, similarly as in (6.12). Renaming the
bounded variables yx and g, we get

Vin(z<k) = H;%X 1lz<rzy) + Z Vk*f1,m(21:k)'ﬂ(z<kék)' (6.13)
2k
Recursively inserting the Lh.s. into the r.h.s. we get

m

Vim(zar) = 3 D max plscrzy)- (6.14)

i=k Zk:i-1

This is most easily proven by induction. For k =m we have V¥ (z.,,) =
max,, 4(Z<mzy,) from (6.13) and (6.2), which equals (6.14). By induction
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hypothesis, we assume that (6.14) is true for k+1. Inserting this into (6.13)
we get

m

max p(zarze) + Y| D Y maxp(eezeirg) | plecrze)

2k i=k+1 Zkt1i-1

Il

Vk*TlrLl(Z<k)

maxu Z<kZy) E E max,u Z<kZgi)s
i=k+1 Zpg—1

which equals (6.14). This was the induction step, and hence (6.14) is proven.
By setting k=1 and slightly reformulating (6.14), we get the total expected
reward in the first m cycles

- Z Z“(§<i)maX{H(ZQQ)vM(ZQl)} = m—ES»

=1 R

with E9» defined in (6.8).

6.2.2 Using the AI{ Model for Sequence Prediction

Now we want to use the universal AI£ model instead of Alu for sequence
prediction and try to derive error bounds analogous to (6.9). Like in the Alu
case, the agent’s output y, in cycle k is interpreted as a prediction for the kt*
bit 21 of the string under consideration. The reward is 7y =4y, ,, and there
are no other observations op =¢. What makes the analysis more difficult is
that € is not symmetric in y;r; < (1—y;)(1—7r;) and (6.10) does not hold for £.
On the other hand, £ converges to uA! in the limit (6.7), and (6.10) should
hold asymptotically for £ in some sense. So we expect that everything proven
for Alu holds approximately for AI£. The AI€ model should behave similarly
to Solomonoff prediction SP£. In particular, we expect error bounds similar to
(6.9). Making this rigorous seems difficult. Some general remarks were made
in the last chapter. Note that bounds like (5.15) cannot hold in general, but
could be valid for AI£ in (pseudo)passive environments.

Here we concentrate on the special case of a deterministic computable
environment, i.e. the environment is a sequence z=2; 25... with Km(2;...2,,) <
Km(%)<oo, where Km(z1.,) is the length of the shortest (possibly nonhalting)
program printing a string starting with 21.,. Furthermore, we only consider the
simplest horizon model my =k, i.e. greedily maximize only the next reward.
This is sufficient for sequence prediction, as the reward of cycle k£ only depends
on output ¥ and not on earlier decisions. This choice is in no way sufficient
and satisfactory for the full AI£ model, as one single choice of my, should serve
for all Al problem classes. So AI€ should allow good sequence prediction for
some universal choice of my and not only for my =k, which definitely does not
suffice for more complicated Al problems. The analysis of this general case
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is a challenge for the future. For mg =k the AI£ model (6.5) with 0; =€ and
ri € {0,1} reduces to

e = argmax Y red(fenry) = argmaxé(Foryrl) = argmax (i pyrl)-
Ye oy 2 Yr
(6.15)
The environmental response 7, is given by dy, 2, ; it is 1 for a correct prediction
(9% = 2x) and 0 otherwise. In the following, we want to bound the number of
errors this prediction scheme makes. We need the following inequality:

T e (6.16)

We have to find a short program in the sum (6.6) calculating ry...r; from
y1.-.yx. If we knew z; :=4,,,, for 1 <i <k, a program of size O(1) could
calculate 71...7% = 0y, 2, .0y, 2, - S0, combining this program with a shortest
coding of 21...z; leads to a program q of size £(q) = Km(zy...z,)+O(1) with
q(y1.x) =71k, which proves (6.16).

Let us now assume that we make a wrong prediction in cycle k, i.e. 7, =0,
Uk # #,. The goal is to show that £ defined by

§e = &Wrn) = EWFatn0) < E(UEcr) — E@Fpinl) < Epo1 — .

decreases for every wrong prediction, at least by some a. The < arose from
the fact that £ is only a semimeasure.

€W xinl) > € (1-ge)1) 2 27FmOnnSamsn)

- 2—Km(21..42k) > 2—Km(z')——0(1) = o
In the first inequality we used the fact that ¢ maximizes by definition (6.15)
the argument, i.e. 1—g has lower £ probability than ¢,. Bound (6.16) was
applied in the second inequality. The equality holds because 2; = 04,5, and
O(1—g)1 = 04,0 = 85,7, = 2. The last inequality follows from the definition of
2.

We showed that each erroneous prediction reduces § by at least the o
defined above. Together with 50 =1 and fk >0 for all k£ this shows that the
agent can make at most 1/« errors, since otherwise &, would become negative.
So the number of wrong predictions EAK of agent (6.15) is bounded by

EAE < 1= oKm()+0(1) o (6.17)

for a computable deterministic environment string 2;2s.... The intuitive in-
terpretation is that each wrong prediction eliminates at least one program
p of size £(p) z Km(z). The size is smaller than Km(z), as larger policies
could not mislead the agent to a wrong prediction, since there is a program of
size Km(%) making a correct prediction. There are at most 2Km(3)+0(1) gych
policies, which bounds the total number of errors.
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We derived a finite bound for EA, but unfortunately, a rather weak one
as compared to (6.9). The reason for the strong bound in the SP case was
that every error at least halves { because the sum of the argmax,, arguments
was bounded by 1. Here we have

T Yr—17%-100) + &(171... Yp—17k-101) <1,
EnrrPh—17k-110) + E(91 71 Yp—17k-111) < 1,

but argmax,, runs over the right top and right bottom £, for which no sum
criterion holds.

The Al model would not be sufficient for realistic applications if the bound
(6.17) were sharp, but we have the strong feeling (but only weak arguments)
that better bounds proportional to Km(%) analogous to (6.9) exist. The tech-
nique used above may not be appropriate for achieving this. One argument
for a better bound is the formal similarity between argmax,, £(2<xz,) and
(6.15), the other is that no example sequence for which (6.15) makes more
than O(Km(%)) errors is known (see Problem 6.2).

6.3 Strategic Games (SG)

6.3.1 Introduction

A very important class of problems are strategic games (SG). Game theory
considers simple games of chance like roulette, combined with strategy like
backgammon, up to purely strategic games like chess or checkers or go. In
fact, what is subsumed under game theory is so general that it includes not
only a huge variety of game types, but can also describe political and economic
competitions and coalitions, Darwinism and many more topics. It seems that
nearly every Al problem could be brought into the form of a game. Never-
theless, the intention of a game is that several players perform actions with
(partial) observable consequences. The goal of each player is to maximize
some utility function (e.g. to win the game). The players are assumed to be
rational, taking into account all information they posses. The different goals
of the players are usually in conflict. For an introduction into game theory,
see [FT91, OR94, RN95, NM44].

If we interpret the Aly model as one player and the environment mod-
els the other rational player and the environment provides the reinforcement
feedback ri, we see that the agent-environment configuration satisfies all cri-
teria of a game. On the other hand, the Al models can handle more general
situations, since they interact optimally with an environment, even if the en-
vironment is not a rational player with conflicting goals.
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6.3.2 Strictly Competitive Strategic Games

In the following, we restrict ourselves to deterministic, strictly competitive
strategic! games with alternating moves. Player 1 makes move g in round
k, followed by the move oy of player 2.2 So a game with n rounds consists
of a sequence of alternating moves y101Y202...Yn0,. At the end of the game
in cycle n the game or final board situation is evaluated with V(y;01...4n0,).
Player 1 tries to maximize V, whereas player 2 tries to minimize V. In the
simplest case, V is 1 if player 1 won the game, V =—1 if player 2 won and
V =0 for a draw. We assume a fixed game length n independent of the actual
move sequence. For games with variable length but maximal possible number
of moves n, we could add dummy moves and pad the length to n. The optimal
strategy (Nash equilibrium) of both players is a minimax strategy

0 = argminmaxmin ... maxmin V (161...0x0k .. YnOn ), (6.18)
Ok Yk+1 Ok+1 Yn On
U = argnzl}zlic,xngin...nzlja,xn;inV(ylél...g)k-lo'k_lykok...ynon). (6.19)

But note that the minimax strategy is only optimal if both players behave
rationally. If, for instance, player 2 has limited capabilities or makes errors
and player 1 is able to discover these (through past moves), he could exploit
these weaknesses and improve his performance by deviating from the minimax
strategy. At least the classical game theory of Nash equilibria does not take
into account limited rationality, whereas the AI£ agent should.

6.3.3 Using the ATy Model for Game Playing

In the following, we demonstrate the applicability of the Al model to games.
The Al model takes the position of player 1. The environment provides the
evaluation V. For a symmetric situation we could take a second Alu model
as player 2, but for simplicity we take the environment as the second player
and assume that this environmental player behaves according to the minimax
strategy (6.18). The environment serves as a perfect player and as a teacher,
albeit a very crude one, as it tells the agent at the end of the game only
whether it won or lost.

The minimax behavior of player 2 can be expressed by a (deterministic)
probability distribution p5¢ as the following:

1 if o = argmin ... maxmin V (y101...yx0}...¥5,0,,) V&,
% Yn  on

159 (Y104 Yno,) = ‘
0 otherwise.

(6.20)

! In game theory, games like chess are often called ‘extensive’, whereas ‘strategic’
is reserved for a different kind of game.

2 We anticipate notationally the later identification of the moves of player 1/2 with
the actions/observations in the Al models.
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The probability that player 2 makes move o is u5(¢161...9x0;, ), which is 1
for of, =0y, as defined in (6.18) and 0 otherwise.

Clearly, the Al system receives no feedback, i.e. r{ =...=r,,_1 =0, until the
end of the game, where it should receive positive/negative/neutral feedback
on a win/loss/draw, i.e. r, = V(...). The environmental prior probability is
therefore

SG .
01.--Yn0 if ry.rp_y=0andr, =V 7
HAI(yLLn) = {’u ( 9 01 Yno ) 1 n—1 r (Z/101 ynon)

otherwise,

(6.21)
where z; = r;0;. If the environment is a minimax player (6.18) plus a crude
teacher V, i.e. if u! is the true prior probability, the question now is, what
is the behavior y2! of the Alu agent. It turns out that if we set my =n the
Alyu agent is also a minimax player (6.19) and hence optimal:

gl = arg max Z . max Z V(i <ktrin) 15 (10 <k Wper,)

On

argmaxz . max Z maxngln V(<) 15C (0<kt0p.r_1)

Yn—1
On—1
= ... = argmaxmln...maxman(gp<ky)km) = QEG (6.22)
Yr Ok4+1 Yn On

In the first line we inserted my =n and (6.21) into the definition (6.4) of
y,‘jl. This removes all sums over the r;. Further, the sum over o,, gives only
a contribution for o, = argmin,, V(9101...yn0;,) by definition (6.20) of uSG.
Inserting this o, gives the second line. Effectlvely, SG is reduced to a lower
number of arguments and the sum over o,, replaced by min, . Repeating this
procedure for o,_1,...,0p4+1 leads to the last line, which is just the minimax
strategy of player 1 defined in (6.19).

Let us now assume that the game under consideration is played s times.
The prior probability then is

s—1

uAI(wl"'@sn) = HH?I(%mﬂul---w@(rﬂ)n% (6.23)
r=0

where we have renamed the prior probability (6.21) for one game to pM
Equation (6.23) is a special case of a factorizable p (defined in Section 4.3.1)
with identical factors p, :,ulAI for all r and equal episode lengths n,;—n,=n.
The Alu agent (6.23) for repeated game playing (SGR) also implements the
minimax strategy

LAl . R ..
Uy = argmaxmin.. max min V(rni1:k-1--Wk:(r1)n) (6.24)
Yk Ok Y(r+1)n O(r+1)n

with 7 such that rn <k < (r+1)n and for any choice of my as long as the
horizon hy >n. This can be proven by using (4.27) and (6.22).
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6.3.4 Games of Variable Length

We have argued that a single game of variable but bounded length can be
padded to a fixed length without effect. We now analyze in a sequence of games
the effect of replacing the games with fixed length by games of variable length.
The sequence ¥10;...¥,0, can still be grouped into episodes corresponding
to the moves of separated consecutive games, but now the length and total
number of games that fit into the n moves depend on the actual moves taken.
(If the sum of game lengths does not fit exactly into n moves, we pad the last
game appropriately.) V(y101...yn0n) equals the number of games where the
agent wins minus the number of games where the environment wins. Whenever
a loss, win or draw is achieved by the agent or the environment, a new game
starts. The player whose turn it would next be, begins the next game. The
games are still separated in the sense that the behavior and reward of the
current game does not influence the next game. On the other hand, they
are slightly entangled, because the length of the current game determines
the time of start of the next. As the rules of the game are time invariant,
this does not influence the next game directly. If we play a fixed number of
games, the games are completely independent, but if we play a fixed number
of total moves n, the number of games depends on their lengths. This has the
following consequences: the hetter player tries to keep the games short, to win
more games in the given time n. The poorer player tries to draw the games
out, in order to lose fewer games. The better player might further prefer a
quick draw, rather than to win a long game. Formally, this entanglement is
represented by the fact that the prior probability ¢ no longer factorizes. The
reduced form (6.24) of g! to one episode is no longer valid. Also, the behavior
g1 of the agent depends on my, even if the horizon hy is chosen larger than
the longest possible game. The important point is that the agent realizes that
keeping games short/long can lead to increased reward. In practice, a horizon
much larger than the average game length should be sufficient to incorporate
this effect. The details of games in the distant future do not affect the current
game and can, therefore, be ignored. A more quantitative analysis could be
interesting, but would lead us too far astray.

6.3.5 Using the AI£ Model for Game Playing

When going from the specific Ay model, where the rules of the game are
explicitly modeled into the prior probability A1, to the universal model AI¢,
we have to ask whether these rules can be learned from the assigned rewards
r,. Here, the main reason for studying the case of repeated games (SGR)
rather than just one game arises. For a single game there is only one cycle
of nontrivial feedback, namely the end of the game, which is too late to be
useful except when further games follow.

Even in the case of repeated games, there is only very limited feedback,
at most log,3 bits of information per game if the 3 outcomes win/loss/draw
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have the same frequency. So there are at least O(K (game)) number of games
necessary to learn a game of complexity K(game). Apart from extremely
simple games, even this estimate is far too optimistic. As the AI€ agent has
no information about the game to begin with, its moves will be more or
less random, and it can win the first few games merely by pure luck. So the
probability that the agent loses is near 1, and hence the information content
I in the feedback r at the end of the game is much less than log,3. This
situation remains for a very large number of games. But, in principle, every
game should be learnable after a very long sequence of games even with only
this minimal feedback, as long as I'#0.

The important point is that no other learning scheme with no extra infor-
mation can learn the game more quickly than AI£. We expect this to be true
as Al factorizes in the case of games of fixed length, i.e. u”! satisfies a strong
separability condition. In the case of variable game length the entanglement
is also low. p®! should still be sufficiently separable, allowing us to formulate
and prove good reward bounds for AI£. Indeed, the situation is significantly
better for games of variable length. Since initially, AI£ loses all games, it tries
to draw out a loss as long as possible, without having ever experienced or
even knowing what it means to win. Initially, AI£ will make a lot of illegal
moves. Since each illegal move will immediately abort the game resulting in
(non-delayed) negative reward (loss), AI£ can quickly learn the typically sim-
ple rules concerning legal moves, which usually constitute most of the rules;
just the goal rule is missing. After having learned the move-rules, AI€ learns
the (negatively rewarded) losing positions, the positions leading to losing po-
sitions, etc., so it can try to draw out losing games. For instance, in chess,
avoiding being check mated for 20, 30, 40 moves against a master is already
quite an achievement. At this ability stage, AI€ should be able to win some
games by luck, or speculate about a symmetry in the game that check mating
the opponent will be positively rewarded. Once having found out the complete
rules (moves and goal), AI£ will right away reason that playing minimax is
best, and henceforth beat all grandmasters.

If a {complex) game cannot be learned in this way in a realistic number of
cycles, one has to provide more feedback. This could be achieved by interme-
diate help during the game. The environment could give positive (negative)
feedback for every good (bad) move the agent makes. The demand on whether
a move is to be valuated as good should be adapted to the gained experience
of the agent in such a way that approximately the better half of the moves
are valuated as good and the other half as bad, in order to maximize the
information content of the feedback.

For more complicated games like chess, even more feedback may be nec-
essary from a practical point of view. One way to increase the feedback far
beyond a few bits per cycle is to train the agent by teaching it good moves.
This is called supervised learning. Despite the fact that the Alyx model has
only a reward feedback 7, it is able to learn supervised, as will be shown in
Section 6.5. Another way would be to start with more simple games contain-
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ing certain aspects of the true game and to switch to the true game when the
agent has learned the simple game.

No other difficulties are expected when going from p to £. Eventually
will converge to the minimax strategy pAl. In the more realistic case, where
the environment is not a perfect minimax player, AI£ can detect and exploit
the weakness of the opponent.

Finally, we want to comment on the input/output space X /) of the Al
models. In practical applications, } will possibly include also illegal moves.
If Y is the set of moves of, e.g. a robotic arm, the agent could move a wrong
figure or even knock over the figures. A simple way to handle illegal moves y
is by interpreting them as losing moves, which terminate the game. Further,
if, e.g. the input x is the image of a video camera which makes one shot per
move, X is not the set of moves by the environment but includes the set of
states of the game board. The discussion in this section handles this case as
well. There is no need to explicitly design the systems I/0O space X/} for a
specific game.

The discussion above on the AI£ agent was rather informal for the following
reason: game playing (the SG¢ agent) has (nearly) the same complexity as
fully general Al, and quantitative results for the AI{ agent are difficult (but
not impossible) to obtain.

fAI

6.4 Function Minimization (FM)

6.4.1 Applications/Examples

There are many problems that can be reduced to function minimization (FM)
problems. The minimum of a (real-valued) function f:)Y — IR over some
domain Y or a good approximate to the minimum has to be found, usually
with some limited resources.

One popular example is the traveling salesman problem (TSP). Y is the
set of different routes between towns, and f(y) the length of route y€ Y. The
task is to find a route of minimal length visiting all cities. This problem is NP
hard. Getting good approximations in limited time is of great importance in
various applications. Another example is the minimization of production costs
(MPC), e.g. of a car, under several constraints. Y is the set of all alternative
car designs and production methods compatible with the specifications, and
f(y) is the overall cost of alternative y € Y. A related example is finding
materials or (bio)molecules with certain properties (MAT), e.g. solids with
minimal electrical resistance or maximally efficient chlorophyll modifications,
or aromatic molecules that taste as close as possible to strawberry. We can
also ask for nice paintings (NPT). ) is the set of all existing or imaginable
paintings, and f(y) characterizes how much person A likes painting y. The
agent should present paintings which A likes.
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For now, these are enough examples. The TSP is very rigorous from a
mathematical point of view, as f, i.e. an algorithm of f, is usually known. In
principle, the minimum could be found by exhaustive search, were it not for
computational resource limitations. For MPC, f can often be modeled in a
reliable and sufficiently accurate way. For MAT you need very accurate phys-
ical models, which might be unavailable or too difficult to solve or implement.
For NPT all we have is the judgement of person A on every presented paint-
ing. The evaluation function f cannot be implemented without scanning A’s
brain, which is not possible with today’s technology.

So there are different limitations, some depending on the application we
have in mind. An implementation of f might not be available, f can only be
tested at some arguments y and f(y) is determined by the environment. We
want to (approximately) minimize f with as few function calls as possible
or, conversely, find an as close as possible approximation for the minimum
within a fixed number of function evaluations. If f is available or can quickly
be inferred by the agent and evaluation is quick, it is more important to
minimize the total time needed to imagine new trial minimum candidates
plus the evaluation time for f. As we do not consider computational aspects
of AI till Section 7.2, we concentrate on the first case, where f is not available
or dominates the computational requirements.

6.4.2 The Greedy Model FMGpu

The FM model consists of a sequence §; 2192 22... where gy, is a trial of the FM
agent for a minimum of f, and 2, = f(§x) is the true function value returned
by the environment. We randomize the model by assuming a probability dis-
tribution u(f) over the functions. There are several reasons for doing this.
We might really not know the exact function f, as in the NPT example, and
model our uncertainty by the probability distribution g. What is more impor-
tant, we want to parallel the other AT classes, like in the SPu model, where
we always started with a probability distribution u that was finally replaced
by & to get the universal Solomonoff prediction SP¢. We want to do the same
thing here. Further, the probabilistic case includes the deterministic case by
choosing p(f)=46yy,, where fy is the true function. A final reason is that the
deterministic case is trivial when p and hence fy are known, as the agent
can internally (virtually) check all function arguments and output the correct
minimum from the very beginning.

We will assume that ) is countable or finite and that p is a discrete
measure, e.g. by taking only computable functions. The probability that the
function values of y1,...,yn are z1,...,z, is then given by

pM W21 Ynzn) = . ul. (6.25)
Fif(yi)=2; V1<i<n

We start with a model that minimizes the expectation 2 of the function value
f for the next output yy, taking into account previous information:
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Yp = argminzZk'M(Z}121-~-Z]k~12k—1ykék)-
Yk P

This type of greedy algorithm, just minimizing the next feedback, was suffi-
cient for sequence prediction (SP) and is also sufficient for classification (CF).
It is, however, not sufficient for function minimization, as the following exam-
ple demonstrates.

Take f:{0,1} —{1,2,3,4}. There are 16 different functions which shall be
equiprobable, u(f)= %. The function expectation in the first cycle

(z1) = Zzl'ﬂ(ylél) = %Zzl = ;(1+2+3+4) = 255
Z1

21

is just the arithmetic average of the possible function values and is independent
of y1. Therefore, §; =0, if we defined argmin to take the lexicographically first
minimum in an ambiguous case like here. Let us assume that f;(0)=2, where
fo is the true environment function, i.e. 2; =2. The expectation of z, is then

(z2) o= Z 22 p(02y225) = { 2?5 EE zz = (1)7
z2

For 12 =0 the agent already knows f({0)=2; for yo=1 the expectation is, again,
the arithmetic average. The agent will again output g =0 with feedback 2o =2.
This will continue forever. The agent is not motivated to explore other y’s as
f(0} is already smaller than the expectation of f(1). This is obviously not
what we want. The greedy model fails. The agent ought to be inventive and
try other outputs when given enough time.

The general reason for the failure of the greedy approach is that the infor-
mation contained in the feedback z; depends on the output y,. A FM agent
can actively influence the knowledge it receives from the environment by the
choice in y;. It may be more advantageous to first collect certain knowledge
about f by an (in greedy sense) nonoptimal choice for g, rather than to
minimize the z; expectation immediately. The nonminimality of z; might be
overcompensated in the long run by exploiting this knowledge. In SP, the re-
ceived information is always the current bit of the sequence, independent of
what SP predicts for this bit. This is why a greedy strategy in the SP case is
already optimal.

6.4.3 The General FMu/€ Model

To get a useful model we have to think more carefully about what we really
want. Should the FM agent output a good minimum in the last output in
a limited number of cycles m, or should the average of the z1,...,2,, values
be minimal, or does it suffice that just one of the z is as small as possible?
Let us define the FMyu model as to minimize the p-averaged weighted sum
o121+ ...+ Qm 2m for some given ay > 0. Building the i average by summation
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over the z; and minimizing w.r.t. the y; has to be performed in the correct

chronological order. With a similar reasoning as in (6.1) to (6.4) we get

LFM . . .. . .

Y= argrr;}cnz...rginZ(ma%—.‘.-i—amzm)-,u(ylzl...ykklzk_lykgk...ymgm)
Zk

Zm

(6.26)
If we want the final output #,, to be optimal we should choose oy =0 for
k<m and am, =1 (final model FMFpu). If we want to already have a good
approximation during intermediate cycles, we should demand that the output
of all cycles together be optimal in some average sense, so we should choose
aj, =1 for all £ (sum model FMSy). If we want to have something in between,
for instance, increase the pressure to produce good outputs, we could choose
the oy, =e?(*~™) exponentially increasing for some 7 >0 (exponential model
FMEu). For v— o0 we get the FMFyu; for v —0 the FMSu model. If we want
to demand that the best of the outputs y;...y; is optimal, we must replace
the a-weighted z-sum by min{z1,...,2» } (minimum model FMM). We expect
the behavior to be very similar to the FMFu model, and do not consider it
further (see Section 8.5.1 item 4).

By construction, the FMu models guarantee optimal results in the usual
sense that no other model knowing only p can be expected to produce better
results. The variety of FM variants is not a fault of the theory. They just
reflect the fact that there is some interpretational freedom of what is meant
by minimization within m function calls. In most applications, probably FMF
is appropriate. In the NPT application one might prefer the FMS model.

The interesting case (in AI) is when g is unknown. For this case we
define the FM¢ model by replacing u(f) with some £(f), which should as-
sign high probability to functions f of low complexity. So we might define
&)= Zq:VZ[U(qz):f(x)]Q‘e(Q). The problem with this definition is that it is,
in general, undecidable whether a TM ¢ is an implementation of a function
f- &(f) defined in this way is uncomputable, and not even approximable. As
we only need a £ analogous to the Lh.s. of (6.25), the following definition is
natural

EM(y1z) . ynz,) = > 2w (6.27)

q:q(yi)=2; V1<i<n
§FM
fFM

is actually equivalent to inserting the uncomputable £(f) into (6.25).
is an enumerable semimeasure and dominates all enumerable probability
distributions of the form (6.25). We will not prove this here.

Alternatively, we could have constrained the sum in (6.27) by ¢(y1...yn) =
z1...2n, analogous to (6.6), but these two definitions are not equivalent. Defini-
tion (6.27) ensures the symmetry? in its arguments, and €M (L.yz..y2'...) =0
for z#2'. It incorporates all general knowledge we have about function min-
imization, whereas (6.6) does not. But this extra knowledge has only low

3 See [Sol99] for a discussion on symmetric universal distributions on unordered
data.
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information content (complexity of O(1}), so we do not expect FM¢ to per-
form much worse when using (6.6) instead of (6.27). But there is no reason to
deviate from (6.27) at this point.

We can now define an “error” measure ELM# as (6.26) with k=1 and
argmin,, replaced by min,, and, additionally, x replaced by & for ESMS. We
expect |[EEME — FFMp| 6 be bounded in a way that justifies the use of ¢
instead of u for computable p, i.e. computable fy in the deterministic case.
The arguments are the same as for the AI€ model.

6.4.4 Is the General Model Inventive?

In the following we will show that FM¢£ will never cease searching for minima,
but will test an infinite set of different ¥’s for m — oo.

Let us assume that the agent tests only a finite number of y; € AC Y,
|A] <oo. Let t—1 be the cycle in which the last new y€ A is selected (or some
later cycle). Selecting ¥’s in cycles k& >¢ a second time, the feedback z does
not provide any new information, i.e. does not modify the probability £*M.
The agent can minimize EZME by outputting in cycles k>t the best y € A
found so far (in the case ax =0, the output does not matter). Let us fix f for
a moment. Then we have

—_ m
EY == a1z1+ ... oz, = apf(ye) + f1-) o, fi:= min f(y).
=1 P 1<k<t

Let us now modify the agent and assume that it tests one additional y; € A
in cycle ¢, but no other y¢.A. Again, it will keep to the best output for &k >t,
which is either the one of the previous agent or y;.

Zakf (ye) + min{f1, f(y }Zak

k=t+1

The difference can be represented in the form

E* B = (Zak)'ﬁ—at-f‘, = max{0, (f1—f(y:))} > 0.

k=t

As the true FM strategy is the one that minimizes E, assumption a is ruled
out if E* > E®. We then say that b is favored over a, which does not mean
that b is the correct strategy, only that a is not the true one. For probability
distributed f, b is favored over a when

(Zak) M —alf7y >0 & Zak>at§§~§

where (f*) is the £ expectation of +(f; — f(y)) under the condition that
+f1 >+ f(y:) and under the constraints imposed in cycles 1...t—1. As £ assigns
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a strictly positive probability to every nonempty event, (f*) # 0. Inserting
o =5~ assumption a is ruled out in model FMEC if

3 1. @e”*— P 0 for v — oo (FMF¥¢)
m=t > il ”} ! {<f‘>/<f+>~1forv—>0 (FMSE)

We see that if the condition is not satisfied for some ¢, it will remain wrong
for all # >t. So the FME( agent will test each y only once up to a point from
which on it always outputs the best found y. Further, for m— oc the condition
always gets satisfied. As this is true for any finite A, the assumption of a finite
A is wrong. For m — oo the agent tests an increasing number of different y’s,
provided Y is infinite. The FMF¢ model will never repeat any y except in the
last cycle m, where it chooses the best found y. The FMS{ model will test a
new y; for fixed m, only if the expected value of f(y;) is not too large.

The above does not necessarily hold for other choices of a;. The above
also holds for the FMFu agent if (f*)#0. (f*)=0 if the agent can already
exclude that y; is a better guess, so there is no reason to test it explicitly.

Nothing has been said about the quality of the guesses, but for the FMu
agent they are optimal by definition. If K(u) for the true distribution u is
finite, we expect the FME agent to solve the ‘exploration versus exploitation’
problem in a universally optimal way, as £ converges to (.

6.4.5 Using the AI Models for Function Minimization

The Al model can be used for function minimization in the following way:
The output yi of cycle k is a guess for a minimum of f, like in the FM model.
The reward ry, should be high for small function values zx = f(yx ). The reward
should also be weighted with oy to reflect the same strategy as in the FM
case. The choice of rp, =—ay 2z, is natural. Here, the feedback is not binary but
r, € R C IR, with R being a countable subset of IR, e.g. the computable reals
or all rational numbers. The feedback oy, should be the function value f(yx).
So we set or = z;. Note, that there is a redundancy if a(y is a computable
function with no zeros, as 7 = —ag0x. So, for small K(a(y) like in the FMS
model, one might set xx =¢. If we keep oy the AI prior probability is

pM(y121..ynz,,) for rp = —agzk, ok = 2k, Tk = TkOk

Al —
w1z YnZ,) = { 0 else.

(6.28)
Inserting this into (6.4) with my=m we get

- Al Al/. .
= argmax ... max T+ oo +7m - L1 YLy YmZL
Ye & Yk zzk Ym g( k m) H (yl 1 YeZy ym;m)

- argr?inZ"'Ii‘iP;(aka+-~~+amzm)-uFM(ylz'1-~~ykzk---ymzm) = g

2k
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where yf™M was defined in (6.26). The proof of equivalence was so simple
because the FM model already has a rather general structure, which is similar
to the full Alx model.

One might expect no problems when going from the already very general
FM¢ model to the universal AI¢ model (with mg=m), but there is a pitfall
in the case of the FMF model. All rewards r; are zero in this case, except for
the last one, which is r,,. Although there is a feedback z; in every cycle, the
AI¢ agent cannot learn from this feedback, as it is not told that in the final
cycle r,, will equal to —z,,. There is no problem in the FM¢ model because
in this case this knowledge is hardcoded into £FM. The AI¢ model must first
learn that it has to minimize a function, but it can only learn if there is
a nontrivial credit assignment, ry. FMF works for repeated minimization of
(different) functions, such as minimizing N functions in N-m cycles. In this
case there are N nontrivial feedbacks, and AI£ has time to learn that there is
a relation between 7., and og.., every mt" cycle. This situation is similar to
the case of (repeated) strategic games discussed in Section 6.3.

There is no problem in applying AI£ to FMS because the r feedback pro-
vides enough information in this case. The only thing the AI model has to
learn is to ignore the o feedbacks since all information is already contained
in r. Interestingly the same argument holds for the FME model if K(y) and
K(m) are small? The AI£ model has additionally only to learn the relation
ri=—e"* =)o, This task is simple, as every cycle provides one data point
for a simple function to learn. This argument is no longer valid for v — oo
since K () — oo in this case.

6.4.6 Remark on TSP

The traveling salesman problem (TSP) seems to be trivial in the Aly model
but nontrivial in the AI€ model, because (6.26) just implements an internal
complete search, as u(f) = d;rsp contains all necessary information. Aly
outputs, from the very beginning, the exact minimum of fT5F. This “solution”
is, of course, unacceptable from a performance perspective. As long as we give
no efficient approximation ¢ of £, we have not contributed anything to a
solution of the TSP by using Al&¢. The same is true for any other problem
where f is computable and easily accessible. Therefore, TSP is not (yet) a
good example because all we have done is to replace an NP complete problem
with the uncomputable AI£ model or by a computable AI£¢ model, for which
we have said nothing about computation time yet. It is simply overkill to
reduce “easy” problems to AI£. TSP is a simple problem in this respect, until
we consider the AIL£¢ model seriously. For the other examples, where f is
inaccessible or complicated, an AI£° model would provide a true solution to
the minimization problem, since an explicit definition of f is not needed for
AT¢ and AI£C. A computable version of AI£ will be defined in Section 7.2.

* Setting ax =e"* we see that the condition on K(m) can be dropped.
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6.5 Supervised Learning from Examples (EX)

The developed AI models provide a frame for reinforcement learning. The
environment provides feedback r, informing the agent about the quality of its
last (or earlier) output y; it assigns reward 7 to output y. In this sense, rein-
forcement learning is explicitly integrated into the Alp model. Alx maximizes
the true expected reward, whereas the AI£ model is a universal, environment-
independent reinforcement learning algorithm.

There is another type of learning method: supervised learning by presen-
tation of examples (EX). Many problems learned by this method are asso-
ciation problems of the following type. Given some examples o€ R C O, the
agent should reconstruct, from a partially given o', the missing or corrupted
parts, i.e. complete o’ to o such that relation R contains o. In many cases, O
consists of pairs (z,v), where v is the possibly missing part.

6.5.1 Applications/Examples

Learning functions by presenting (z,f(z)) pairs and asking for the function
value of z by presenting (z,?) falls into the category of supervised learning
from examples, e.g. f(z) may be the class label or category of z.

A basic example is learning properties of geometrical objects coded in some
way. For instance, if there are 18 different objects characterized by their size
{small or big), their colors (red, green, or blue) and their shapes (square, trian-
gle, or circle), then (object,property) € R if the object possesses the property.
Here, R is a relation that is not the graph of a single-valued function.

When teaching a child by pointing to objects and saying “this is a
tree” or “look how green” or “how beautiful”, one establishes a relation of
(object,property) pairs in R. Pointing to a (possibly different) tree later and
asking “what is this ?” corresponds to a partially given pair (object,?), where
the missing part “?” should be completed by the child saying “tree”.

A final example we want to give is chess. We have seen that, in principle,
chess can be learned by reinforcement learning. In the extreme case the envi-
ronment only provides reward =1 when the agent wins. The learning rate
is completely inacceptable from a practical point of view, due to the very low
amount of information feedback. A more practical method of teaching chess
is to present example games in the form of sensible (board-state,move) se-
quences. They contain information about legal and good moves (but without
any explanation). After several games have been presented, the teacher could
ask the agent to make its own move by presenting (board-state,?) and then
evaluate the answer of the agent.

6.5.2 Supervised Learning with the AIu/¢ Model

Let us define the EX model as follows: The environment presents inputs ox_1 =
z2pvk = (2k,0k) € RU(Zx{7}) C Zx (YU{?}) = O to the agent in cycle k—1.
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The agent is expected to output ¥ in the next cycle, which is evaluated with
rp =1 if (2k,yx) € R and 0 otherwise. To simplify the discussion, an output
yx is expected and evaluated even when vy (#£7) is given. To complete the
description of the environment, the probability distribution pg(0;...0,) of the
examples and questions o; (depending on R) has to be given. Wrong examples
should not occur, i.e. up should be 0 if 0; € RU(Z x{?}) for some 1 <i<n.
The relations R might also be probability distributed with o(R). The example
prior probability in this case is

#(01..00) = Y _ pir(01...0n)-0(R). (6.29)
R

The knowledge of the valuation rx on output yi restricts the possible relations
R, consistent with R{z,yx) =7k, where R(z,y):=11if {z,y) € R and 0 otherwise.
The prior probability for the input sequence ...z, if the output sequence of
Aly is yy...y,, is therefore

HAI(Z/1$.1~-yn£n) = Z pr(o1...0,)-0(R),
R:V1<i<n[R(zi,y;)=r1:)

where z; = r;0; and 0;—1 = zv; with v; € YU{?}. In the I/O sequence
Y1T1Y2L2... = Y171 22VY2T22303... the Y371 are dummies, after which regular
behavior starts with example (22,v9).

The Alx model is optimal by construction of pAl. For computable prior
pr and o, we expect a near-optimal behavior of the universal AI£ model if ug
additionally satisfies some separability property. In the following, we give some
motivation why the AI€ model takes into account the supervisor information
contained in the examples and why it learns faster than by reinforcement.

We keep R fixed and assume pgr(01...0n) = pugr(01)...-ur{on) 0= 0; €
RU(Zx{?}) Vi to simplify the discussion. Short codes ¢ contribute most
to &M (y12y...ynz,,). As 01...0, is distributed according to the computable
probability distribution pg, a short code of oy...0, for large enough n is a
Huffman code w.r.t. the distribution pgr. So we expect ug and hence R to be
coded in the dominant contributions to €1 in some way, where the plausible
assumption was made that the y on the input tape do not matter. Much more
than one bit per cycle will usually be learned, i.e. relation R will be learned
in n <« K(R) cycles by appropriate examples. This coding of R in ¢ evolves
independently of the feedbacks r. To maximize the feedback 7, the agent has
to learn to output a yi with (zx,yx) € R. The agent has to invent a program
extension ¢’ to ¢, which extracts z; from og_; =(z,?) and searches for and
outputs a yi with (zk,yx) € R. As R is already coded in g, ¢’ can reuse this
coding of R in g. The size of the extension ¢’ is, therefore, of order 1. To learn
this ¢’, the agent requires feedback r with information content O(1) = K{(q')
only.

Let us compare this with reinforcement learning, where only og_1 = (2k,7)
pairs are presented. A coding of R in a short code ¢ for 0;...0, is of no use
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and will therefore be absent. Only the rewards r force the agent to learn R.
¢’ is therefore expected to be of size K(R). The information content in the
r’s must be of the order K(R). In practice, there are often only very few
rr =1 at the beginning of the learning phase, and the information content in
T1...T is much less than n bits. The required number of cycles to learn R by
reinforcement is, therefore, at least but in many cases much larger than K(R).

Finally, consider a slightly easier setup, where after each prediction y,
we inform the agent about the correct function value. This setup now coin-
cides with a (partial) sequential classification task, which can be reduced to
sequence prediction, as described in Section 3.7.3. Hence, the results of Chap-
ter 3 apply, showing that the agent EX&, which is based on a mixture over
1 of the restricted form (6.29), performs excellent. This is another indication
that AI should also learn supervised well.

Although AI£ was never designed or told to learn supervised, it learns
how to take advantage of the examples from the supervisor. ur and R are
learned from the examples; the rewards r are not necessary for this process.
The remaining task of learning how to learn supervised is then a simple task
of complexity O(1), for which the rewards r are necessary.

6.6 Other Aspects of Intelligence

In Al a variety of general ideas and methods have been developed. In the last
sections, we saw how several problem classes can be formulated within AI€.
As we claim universality of the AL model, we want to illuminate which of and
how the other AI methods are incorporated in the AI€ model by looking at
its structure. Some methods are directly included, while others are or should
be emergent. We do not claim the following list to be complete.

Probability theory and wutility theory are the heart of the Alu/¢ models.
The probability £ is a universal belief about the true environmental behavior
. The utility function is the total expected reward, called value, which should
be maximized. Maximization of an expected utility function in a probabilistic
environment is usually called sequential decision theory, and is explicitly in-
tegrated in full generality in our model. In a sense this includes probabilistic
(a generalization of deterministic) reasoning, where the objects of reasoning
are not true and false statements, but the prediction of the environmental
behavior. Reinforcement learning is explicitly built in, due to the rewards.
Supervised learning is an emergent phenomenon (Section 6.5). Algorithmic
information theory leads us to use ¢ as a universal estimate for the prior
probability pu.

For horizon > 1, the expectimax series in (6.4) and the process of selecting
maximal values may be interpreted as abstract planning. The expectimax
series is a form of informed search, in the case of Aly, and heuristic search, for
AL, where £ could be interpreted as a heuristic for p. The minimax strategy of
game playing in case of Aly is also subsumed. The AI€ model converges to the
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minimax strategy if the environment is a minimax player, but it can also take
advantage of environmental players with limited rationality. Problem solving
occurs (only) in the form of how to maximize the expected future reward.

Knowledge is accumulated by AI£ and is stored in some form not specified
further on the work tape. Any kind of information in any representation on
the inputs y is exploited. The problem of knowledge engineering and repre-
sentation appears in the form of how to train the Al model. More practical
aspects, like language or image processing, have to be learned by AI{ from
scratch.

Other theories, like fuzzy logic, possibility theory, Dempster-Shafer theory,
etc. are partly outdated and partly reducible to Bayesian probability theory
[Che85, Che88]. The interpretation and consequences of the evidence gap g:=
1-3,, §(yr<rumy) >0 in £ may be similar to those in Dempster-Shafer theory.
Boolean logical reasoning about the external world plays, at best, an emergent
role in the AI£ model.

Other methods that do not seem to be contained in the AI£ model might
also be emergent phenomena. The AI£ model has to construct short codes of
the environmental behavior, and the AI€¥ (see next chapter) has to construct
short action programs. If we would analyze and interpret these programs for
realistic environments, we might find some of the unmentioned or unused or
new Al methods at work in these programs. This is, however, pure speculation
at this point. More important: when trying to make AI¢ practically usable,
some other Al methods, like neural nets or genetic algorithms, especially for
1/0 pre/postprocessing, may be useful.

The main thing we wanted to point out is that the AI£ model does not
lack any important known property of intelligence or known Al methodology.
What is missing, however, are computational aspects, which are addressed in
the next chapter.

6.7 Problems

6.1 (Self-Optimization) [C35uo] Formally define the environmental classes
Mgc for EC € {FMS, SGR, EX} similarly to EC € {SP, Al}. Mgc shall
be the class of all (lower-semi)computable environments consistent with the
problem setup EC, ¢5€ =Y MECQ_K )y the corresponding universal prior,

and ECE alias p&EC the Bayes optimal policy. Show that function minimization
(FMS), repeated strategic games (SGR), and supervised learning (EX) admit
self-optimizing policies {cf. Problem 5.10), hence FMS¢, SGRE and EXE are
self-optimizing. Interpret the results and compare them to the properties of
SP¢ and AIE.

6.2 (Prediction loss bounds for AI{) [C400i] In Section 6.2.2 we derived
a bound (6.17) exponential in K(Z) on the number of prediction errors made
by AI£ with horizon hy =1 in deterministic passive environments. Try to
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generalize/improve this bound to (a) general loss functions, (b) bounds on
EANE_EBAIR for probabilistic passive environments, (c) the case hy > 1, (d)
bounds linear or polynomial in K (%) as in the case of SP£ — or — find examples
demonstrating the impossibility of such generalizations/improvements.

6 3 (Posterization of prediction errors) [C20u/C400] Show M, )

2 €5%(2,.,,), where z; =0y, .,, and that the other direction < is wrong. Use
this result to 1mpr0ve” the bound (6 17) to EAE L [¢5P (5, )]~ L. Posterialize
this to a bound EAI& <&M ) /€8P (2,.,,) on the number of errors in cycles
kton.Isit poss1ble to 1mprove the numerator to £5F (2 <x) and to bound the
expression by as 25 (Zxinl2<k) (cf. Problem 3.13)?



Only math nerds would call 25°° finite — Leonid Levin

The biggest difference between time and space is that
you can’t reuse time — Merrick Furst

The only reason for time is so that everything doesn’t
happen at once — Albert Einstein

You insist that there is something a machine cannot do.
If you will tell me precisely what it is that a machine John von
cannot do, then I can always make a machine which Neumann
will do just that! — John von Neumann (1903-1957)
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Up to now we have shown the universal character of the AIXI model but
have completely ignored computational aspects, which we make up for in this
chapter.

We start in Section 7.1 by developing a general algorithm Mj. that is capa-
ble of solving any well-defined problem p* as quickly as the fastest algorithm
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computing a solution to p*, save for a factor of 1+¢ and lower-order additive
terms. M. optimally distributes resources between the execution of prov-
ably correct p*-solving programs and an enumeration of all proofs, including
relevant proofs of program correctness and of time bounds on program run-
times. The solution is somewhat involved from an implementational aspect.
An implementation would include first-order logic, the definition of a univer-
sal Turing machine within it and proof theory. M. avoids Blum’s speedup
theorem by ignoring programs without correctness proof. M. has broader ap-
plicability and can be faster than Levin’s universal search, the fastest method
for inverting functions save for a large multiplicative constant. Kolmogorov
complexity is extended in two natural ways to measure function complexity.
One of them is used to show that the most efficient program computing some
function f is also among the shortest programs provably computing f.

Based on a similar idea, we construct in Section 7.2 a computable version
of the AIXI model. Let us assume that there exists some algorithm p of size [
with computation time per interaction cycle ¢, which behaves in a sufficiently
intelligent way (this assumption is the very basis of AI). The algorithm p*
should run all algorithms of length <[ for ¢ time steps per cycle and select the
best output among them. So we have an algorithm that runs in time ¢-2! and is
at least as good as p, i.e. it also serves our needs apart from the very large but
constant multiplicative factor in computation time. This idea of the ‘typing
monkeys’, one of them eventually producing ‘Shakespeare’, is well known and
widely used in theoretical computer science. The difficult part here is the
selection of the algorithm with the best output. A further complication is
that the selection process itself must have only limited computation time. We
present a suitable modification of the AIXI model that solves these difficult
problems. The assumptions behind this construction are discussed at the end.
The reduction of the factor 2! to 14¢ as for M. is possible, but will not be
presented here.

7.1 The Fastest & Shortest Algorithm
for All Well-Defined Problems

7.1.1 Introduction & Main Result

Searching for fast algorithms to solve certain problems is a central and dif-
ficult task in computer science. Positive results usually come from explicit
constructions of efficient algorithms for specific problem classes. A wide class
of problems can be phrased in the following way. Given a formal specification
of a problem depending on some parameter x € X, we are interested in a fast
algorithm computing solution y € Y. This means that we are interested in
a fast algorithm computing f: X — Y, where f is a formal (logical, mathe-
matical, not necessarily algorithmic) specification of the problem. Ideally, we
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would like to have the fastest algorithm, maybe apart from some small con-
stant factor in computation time. Unfortunately, Blum’s speed-up theorem
[Blu67, Blu71] shows that there are problems for which an (incomputable) se-
quence of speed-improving algorithms (of increasing size) exists, but no fastest
algorithm.

In the approach presented here, we consider only those algorithms that
provably solve a given problem and have a fast (i.e. quickly computable) time
bound. Neither the programs themselves nor the proofs need to be known
in advance. Under these constraints we construct the asymptotically fastest
algorithm save a factor of 1+¢ that solves any well-defined problem f.

Theorem 7.1 (The fastest algorithm) Let p* be a given algorithm
computing p*(z) from z, or, more generally, a specification of a func-
tion. Let p be any algorithm computing provably the same function as
p* with computation time provably bounded by the function t,(x) for all
x. timey, () is the time needed to compute the time bound t,(x). Fix some
EE (Ué) Then the algorithm M. constructed in Section 7.1.5 computes
p*(x) in time

e

timeprs, () < (14€)-t,(x) + r{%v!imw“(;r') + -2

with constants ¢, and d,, depending on p but not on . Neither p. £,, nor |
the proofs need to be known in advance for the construction of Mp.. i

Known time bounds for practical problems can often be computed quickly, i.e.
time,, (z)/timey(x) often converges very quickly to zero. Furthermore, from
a practical point of view, the provability restrictions are often rather weak.
Hence, we have constructed for all those problems a solution that is asymptot-
ically only a factor 1+¢ slower than the (provably) fastest algorithm! There is
no large multiplicative factor and the problems are not restricted to inversion
problems, as in Levin’s algorithm (see Section 7.1.2). What somewhat spoils
the practical applicability of M. is the large additive constant c,, which will
be estimated in Section 7.1.6.

An interesting and counter-intuitive consequence of Theorem 7.1, derived
in Section 7.1.8, is that the fastest program that computes a certain function
is also among the shortest programs that provably computes this function.
Looking for larger programs saves at most a finite number of computation
steps but cannot improve the time order.

In Section 7.1.2 we review Levin search and the universal search algorithms
SIMPLE and SEARCH, described in [LV97]. We point out that SIMPLE has the
same asymptotic time complexity as SEARCH not only w.r.t. the problem in-
stance, but also w.r.t. to the problem class. In Section 7.1.3 we elucidate The-
orem 7.1 and the applicability to an example problem (matrix multiplication)
unsolvable by Levin search. Section 7.1.4 discusses the general applicability of
M. . In Section 7.1.5 we give formal definitions of the expressions time, proof,
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compute, etc., which occur in Theorem 7.1, and define the fast algorithm
M;.. In Section 7.1.6 we analyze the algorithm M;., especially its computa-
tion time, prove Theorem 7.1, and give upper bounds for the constants ¢, and
dp. Subtleties regarding the underlying machine model are briefly discussed
in Section 7.1.7. In Section 7.1.8 we show that the fastest program computing
a certain function is also among the shortest programs provably computing
this function. For this purpose, we extend the definition of the Kolmogorov
complexity of a string and define two new natural measures for the com-
plexity of functions and programs. Section 7.1.9 outlines generalizations of
Theorem 7.1 to I/O streams and other time measures. Conclusions are given
in Section 7.1.10.

7.1.2 Levin Search

Levin search is one of the few rather general speed-up algorithms. Within
a typically large factor, it is the fastest algorithm for inverting a function
g:Y — X, if g can be evaluated quickly [Lev73b, Lev84]. Given x, an inver-
sion algorithm p tries to find a y €Y, called g-witness for z, with ¢g(y) ==.
Levin search just runs and verifies the result of all algorithms p in parallel
with relative computation time 27¢®); i.e. a time fraction 24"} is devoted to
execute p, where ¢(p) is the length of program p (coded in binary). Verifica-
tion is necessary since the output of any program can be anything. This is the
reason why Levin search is only effective if a fast implementation of g is avail-
able. Levin search halts if the first g-witness has been produced and verified.
The total computation time to find a solution (if one exists) is bounded by
2£(p) -time;t (), where time} (z) is the runtime of p(x) plus the time to verify
the correctness of the result (g(p(z))=x) by a known implementation for g.

Li and Vitanyi [LV97, p503] propose a very simple variant, called
SIMPLE(g), which runs all programs p;paps... one step at a time according to
the following scheme: p; is run every second step, ps every second step in the
remaining unused steps, ps every second step in the remaining unused steps,
and so forth, i.e. according to the sequence of indices 121312141213121512....
If py inverts g on z in time,, (z) steps, then SIMPLE(g) will do the same in at
most 2ktime;k (x)42%~1 steps. In order to improve the factor 2%, they define
the algorithm SEARCH(g), which runs all p (of length less than i) for 2:2=¢(®)
steps in phase i=1,2,3,..., until it has inverted g on x. The computation time
of SEARCH(g) is bounded by 25 +O0Wtime? (x), where K (k) </(px) <2log,k
is the Kolmogorov complexity of k (Definition 2.9). They suggest that SIMPLE
has worse asymptotic behavior w.r.t. k£ than SEARCH, but actually this is not
the case.

In fact, SIMPLE and SEARCH have the same asymptotics also in k, be-
cause SEARCH itself is an algorithm with some index ksparcx =O(1). Hence,
SIMPLE executes SEARCH every QFsanci steps, and can at most be a constant
(independent of k and x) factor 2k =((1) slower than SEARCH. However,
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in practice, SEARCH should be favored, because constants also matter, and

Z(Pk ).
Qhisancn ng 927K g yather large.

Levin search can be modified to handle time-limited optimization problems
as well [Sol86]. Many, but not all, problems are of inversion or optimization
type. The matrix multiplication example (Section 7.1.3), the decision prob-
lem SAT [LV97, p503], and reinforcement learning (Section 7.2), for instance,
are not of this form. Furthermore, the large factor 2®) somewhat limits the
applicability of Levin search.

Levin search in program space cannot be used directly in M. for comput-
ing p* because we have to decide somehow whether a certain program solves
our problem or computes something else. For this, we have to search through
the space of proofs. In order to avoid the large time factor 2¢®), we also have
to search through the space of time-bounds. Only one (fast) program should
be executed for a significant time interval. The algorithm M. essentially con-
sists of three interwoven algorithms: sequential program execution, sequential
search through proof space, and Levin search through time-bound space. A
tricky scheduling prevents performance degradation from computing slow p’s
before the p has been found.

7.1.3 Fast Matrix Multiplication

To illustrate Theorem 7.1, we consider the problem of multiplying two n x
n matrices. If p* is the standard algorithm for multiplying two matrices!
T € R X R™™ of size {(z) «xn? over some ring R, then t,(z):=2n® upper
bounds the true computation time timey- (z)=n?(2n—1). We know there exist
algorithms p’ for matrix multiplication with time, (z) <t (z):=cn® (w=2.81
[Str69], w=2.50 [CW82], w=2.38 [CW9(], ...). The time-bound function (cast
to an integer) can, as in many cases, be computed very quickly, time; , (z)=

O(log®n). Hence, using Theorem 7.1, also M. is fast, timene, (z) <(l+e)e

n® +0(log®n). Of course, Mg. would be of no real use if p’ is already the
fastest program, since p’ is known and could be used directly. We do not
know however, whether there is an algorithm p” with timey«(z) <d-n*logn,
for instance. But if it does exist, timepse, () <(1+€)d-nlogn+0O(1) for all x
is guaranteed.

There is no contradiction to the result [CW82] that there is no fastest
bilinear A-algorithm (bAA) for matrix multiplication. For every bAA p; with
computation time n*¢ one can find another bAA p;+; with computation time
n“+1 and w;41 < w;, but there is no bAA with computation time n*° and
wo=inf;{w;}. On the other hand, this says nothing about the existence of a
non-bAA M with computation time of, for instance, n“?logn, which is faster
than all bAA p;,. Indeed, a formal construction of such an algorithm is easy. The

! Instead of interpreting R as the set of real numbers one might take the field
IF> ={0,1} to avoid subtleties arising from large numbers. Arithmetic operations
are assumed to need one unit of time.
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sequence {p1,p2,ps,...} is enumerable, i.e. there is an algorithm that creates
the programs p;,p2,ps,..., say in time 7y,72,73,.... We enumerate p;,p3,ps,... and
start executing them in parallel as soon as they have been constructed and
assign a fraction 7(5:1%7) of time to p;(z). The first p; that halts outputs the
result. The total computation time of this (meta)algorithm M is

timep(z) = miin{Ti+i(z'—|—1)-timepi(a:)} = O(time,, (z)) Vi.

Hence M has better time complexity than any of the p;. For instance, for
w; =wp+0(i72) and 7; polynomial in i, it is easy to see that timey (z) =
O(n“clogn). The construction above works in general as long as the program
sequence is enumerable. It fails for incomputable sequences, like in Blum’s
speed-up construction.

The matrix multiplication example was chosen for specific reasons. First, it
is not an inversion or optimization problem directly suitable for Levin search.
The computation time of Levin search is lower-bounded by the time to verify
the solution with a known algorithm (which is currently ¢-n?-376) multiplied
with the (large) number of necessary verifications. Second, although matrix
multiplication is a very important and time-consuming issue, p’ is not used
in practice, since ¢ is so large that for all practically occurring n, the cubic
algorithm is faster. The same is true for ¢, and dp, but we must admit that
although c is large, the bounds we obtain for ¢, and d,, are tremendous. On the
other hand, even Levin search, which has a tremendous multiplicative factor,
can be successfully applied [Sch97, SZW97, Sch03a, Sch04], when handled
with care. The same should hold for Theorem 7.1, as will be discussed. We
avoid the O() notation as far as possible, as it can be severely misleading {e.g.
1042 =0(1)?M) =0(1)). This chapter could be viewed as another O() warning
showing how important factors and even subdominant additive terms are.

7.1.4 Applicability of the Fast Algorithm M;*

An obvious time bound for p is the actual computation time itself. An obvi-
ous algorithm to compute time,(z) is to count the number of steps needed
for computing p(x). Hence, inserting t, =time, into Theorem 7.1 and using
timeime, (r) <time, (), we see that the computation time of M. is optimal
within a multiplicative constant (d,+1+¢) and an additive constant c,. This
result is weaker than the one in Theorem 7.1, but no assumption concerning
the computability of time bounds has to be made.

When do we trust that a fast algorithm solves a given problem? At least for
well-specified problems, like satisfiability, solving a combinatoric puzzle, com-
puting the digits of 7, ..., we usually invent algorithms, prove that they solve
the problem and, in many cases, also can prove good and quickly computable
time bounds. In these cases, the provability assumptions in Theorem 7.1 are
no real restriction. The same holds for approximate algorithms that guarantee
a precision ¢ within a known time bound (many numerical algorithms are of
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this kind). For exact or approximate programs provably computing or con-
verging to the right answer (e.g. traveling salesman problem, and also many
numerical programs), but for which no good and easy to compute time bound
exists, My, is only optimal apart from a huge constant factor 1+e+d, in
time, as discussed above. Universal reinforcement learning could be a prob-
lem of this kind. There is no known efficient algorithm for computing the
optimal policy for sequential decision problems in non-Markov environments.
The algorithm AIXIt! developed in Section 7.2 is based on a similar idea as
the Mp.. It creates an incremental policy for an agent in an unknown general
(non-Markov) environment, which is superior to any other time ¢ and length
! bounded agent. The computation time of AIXI# is of the order #-2!. For
poorly specified problems, Theorem 7.1 does not help at all.

7.1.5 The Fast Algorithm M;,,

One ingredient of algorithm M. is an enumeration of proofs of increasing
length in some formal axiomatic system. If a proof actually proves that some
p is functionally equivalent p*, and p has time bound ¢,, then (p,t,) is added
to a list L. The program p in L with the currently smallest time bound ¢,(z)
is executed. By construction, the result p(z) is identical to p*(z). The trick
to achieve the time bound stated in Theorem 7.1 is to schedule everything in
a proper way, in order not to lose too much performance by computing slow
p’s and t,’s before the p has been found.

To avoid confusion, we formally define p and £, to be binary strings. That
is, p is neither a program nor a function, but can be informally interpreted as
such. A formal definition of the interpretations of p is given below. We say “p
computes function f”, when a universal reference Turing machine U on input
p and x computes f(z) for all z. This is denoted by U(p,x)=f(z). To be able
to talk about proofs, we need a formal logic system (V,\y;,¢5, fi, Ri,— A=, ),
and axioms and inference rules. A proof is a sequence of formulas, where each
formula is either an axiom or inferred from previous formulas in the sequence
by applying the inference rules. See [Fit96, Sho67] or any other textbook on
logic or proof theory. We only need to know that provability, Turing machines,
and computation time can be formalized:

1. The set of correct proofs is enumerable.

2. A term u can be defined such that the formula [Vy:u(p,y) =u(p*,y)| is
true if and only if U{p,2)=U(p*,x) for all z, i.e. if p and p* describe the
same function.

3. A term fm can be defined such that the formula [tm(p,z)=n] is true if
and only if the computation time of U on (p,x) is n, i.e. if n=time,(z).

We say that p is provably equivalent to p* if the formula [Vy:u(p,y) =u(p*,y)]
can be proven. M. runs three algorithms A, B, and C' in parallel:
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Algorithm M. (x)
Initialize the shared variables L:={}, tfqst:=00, Dfast:=p".
Start algorithms A, B, and C in parallel with relative computational
resources ¢, €, and 1—2¢, respectively.
That is, C performs about % steps when A and B perform one step each.

Algorithm A

for :=1,2,3,... do
pick the it* proof in the list of all proofs and
isolate the last formula in the proof.
if this formula is equal to [Vy:u(p,y) =u(p*,y) Au(t,y) >tm(p,y)]
for some strings p and t,
then add (p,t) to L.

next ¢

Algorithm B
for all (pt)elL
run(({ on all (¢,z) in parallel for all ¢ with relative computational resources
2—2 p —Z(t).
if U halts for some ¢ and U(t,z) <tjqst,
then tes: :=U(t,x) and pyese:=p and restart algorithm C.
continue (p,t)

Algorithm C
run U on (Pgast,x). For each executed step decrease ty45: by 1.
if U halts then print result U(pfqs,2) and abort computation of A, B
and C.

Note that A and B only terminate when aborted by C. The discussion of
the algorithms in the following subsections clarifies details and proves Theo-
rem 7.1.

7.1.6 Time Analysis

Henceforth we return to the convenient abbreviations p(x) := U(p,x) and
tp(x):=U(tp,x). Let p’ be some fixed algorithm that is provably equivalent to
p*, with computation time time, provably bounded by t,,. Let £(proof (p'))
be the length of the binary coding of the, for instance, shortest proof.
Here, computation time refers to true overall computation time, whereas
computation steps refer to instruction steps. Hence steps = «-time, if a
percentage « of computation time is assigned to an algorithm.

A) To write down (not to invent!) a proof requires O(£(proof)) steps. A
time O(Nygiom £(F;)) is needed to check whether a formula F; in the proof
F\F,...F,, is an axiom, where Ng;;om is the number of axioms or axiom
schemes, which is finite. Variable substitution (binding) can be performed
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in linear time. For a suitable finite set of axiom schemes, the only necessary
inference rule is modus ponens. If F; is not an axiom, one searches for a
formula Fj, j <t of the form Fy — F; and then for the formula Fy, £ <. This
takes time O(£{proof)). There are n < O(f(proof)} formulas F; to check in
this way. Whether the sequence of formulas constitutes a valid proof can,
hence, be checked in O(£(proof)?) steps. There are less than 2*1 proofs of
{binary) length <I. Algorithm A receives a fraction ¢ of relative computation
time. Hence, for a proof of (p/,t,) to occur, and for (p,t,) to be added to L,
at most time Ta < 1-2¢Frodf N+ O(¢(proof (p'))?) is needed. Note that the
same program p can and will be accompanied by different time bounds #;
for instance (p,time,) will occur.

B) The time assignment of algorithm B to the t,’s only works if the Kraft
inequality Z(p,tp)e ;274 —#te) <1 s satisfied [Kra49). This can be ensured
by using prefix-free (e.g. Shannon-Fano) codes [Sha48, LV97]. The number of
steps to calculate ¢, () is, by definition, time; , (z). The relative computation

time available for computing t,(z) is 27t ~4{ty) Hence, tp () is computed
and tfqer <t (z) is checked after time T <Ty+ % L8P+t ) -timey , (z).
We have to add T4, since B has to wait, in the worst case, time T4 before it
can start executing ¢, (z).

C) If algorithm C halts, its construction guarantees that the output is
correct. In the following, we show that C always halts, and give a bound for
the computation time.
(¢) Assume that algorithm C stops before B performed the check ¢, (z) <
tfast, because a different p already computed p{x). In this case T <Tg.

(#7) Assume that B performs the check ¢,/ (z) <ts4s and the check succeeds.
Runtime 7Ty has passed until this point. C is restarted and computes
Prast{T)=p'(z) in time 44 :=1,, or faster, if during the computation,
Prast gets replaced by an even faster algorithm constructed by A and B
(tfast is a decreasing variable). Since a fraction 1—2¢ of relative compu-
tation time is assigned to C, it halts after time To <Tg+ i—_12—€tpr (z).

(4#1) At any point in time the remaining time until C halts is bounded by
o5zt fast, SINCE t1qs¢ is never increasing. Hence, if the check t, (%) <t fqst

fails, To <T+ 125zt rast < T+ 25 bt (2).
The maximum of the cases () to (¢4} bounds the computation time of C and,
hence, of M;. by

timenge, () =Tc < T+ t5:tp(z) < (14 3e)t,(z) + %-timetp(:c) + =,

dp = 3-20@+E) o = 3.98Preof BN+ O (¢(proof (p)?),

where we have dropped the prime from p and used ﬁ <143 fore< %. We

have also suppressed the dependency of ¢, and d, on p* (proof(p) depends
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on p* too), since we considered p* to be a fixed given algorithm. Rescaling
e~>¢/3 leads to the bound in Theorem 7.1.

7.1.7 Assumptions on the Machine Model

In the time analysis above we have assumed that program simulation with
abort possibility and scheduling parallel algorithms can be performed in re-
altime, i.e. without loss of performance. Parallel computation can be avoided
by sequentially performing time slices of N operations and then switching
to the next task. Algorithms A and C, and every (p,t) € L in algorithm B
constitute a task. If switching between time slices needs constant time s and
we choose N ~ 5—16, then time slicing increases computation time by a factor
1+4£. Also, in order to avoid a possible slowdown of p in algorithm C caused
by decrementing t ¢4, one should decrement t¢,s¢ by N every N th time step,
possibly synchronously to the task switching. Counting can be performed in
time O(1) [SV8S].

A thorough construction of a realtime machine U goes beyond the scope of
this book. The above discussion should be a motivation that universal realtime
machines U are something reasonable. Note that we use the same universal
Turing machine U with the same underlying Turing machine model (number of
heads, symbols, ...) for measuring computation time of all programs (strings)
p, including M. This prevents us from applying the linear speedup theorem
(which is cheating somewhat anyway), but allows the possibility of designing a
U that allows realtime simulation with abort possibility. Theorem 7.1 should
also hold for suitable Kolmogorov-Uspenskii [KU63] and Pointer machines
[Sch80].

7.1.8 Algorithmic Complexity and the Shortest Algorithm

Data compression is a very important issue in computer science. Saving space
or channel capacity are obvious applications. In Chapter 2 we saw that a
less obvious, but not far-fetched, application is that of inductive inference
in various forms (hypothesis testing, forecasting, classification, ...). A free
interpretation of Occam’s razor is that the shortest theory consistent with
past data is the most likely to be correct. This was put into a rigorous scheme
by [Sol64] and proved to be optimal in Chapter 3. Kolmogorov complexity is a
universal notion of the information content of a string [Kol65, Cha66, ZL70].
It is defined as the length of the shortest program computing string x:

Ky(z) = m}}n{é(p) U(p) =z} = K(z)+ O(1),

where U is some universal Turing machine. It can be shown that Ky () varies,
at most, by an additive constant independent of x by varying the machine U.
Hence, the Kolmogorov complexity K(z) is universal in the sense that it is
uniquely defined up to an additive constant. K(z) can be approximated from
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above (is co-enumerable), but is not finitely computable. Refer to Chapter 2
for details on Kolmogorov complexity and its application to prediction.

Recently, Schmidhuber [Sch00, Sch02a] has generalized Kolmogorov com-
plexity in various ways to the limits of computability and beyond. In the
following, we also need a generalization, but of a different kind. We need a
short description of a function, rather than of a string. The following definition
of the complexity of a function f,

K'(f) i=min{£(p) : U(p,2) = {(2) ¥}

seems natural, but suffers from not even being approximable (see Defini-
tion 2.12). There exists no algorithm converging to K'(f), because it is in
general undecidable whether a program p is equivalent to {some formal def-
inition of) a function f. Even if we have a program p* computing f, K'(p*)
is not approximable. Using K (p*) is not a suitable alternative, since K(p*)
might be considerably larger than K’(p*), as in the former case all informa-
tion conveyed by p* will be kept, even that which is functionally irrelevant
(e.g. dead code). An alternative is to restrict ourselves to provably equivalent
programs. The length of the shortest one is

K" (p*) := min{¢(p) : a proof of [Vy:u(p,y) = u(p*,y)] exists}.
P

It can be approximated from above, since the set of all programs provably
equivalent to p* is enumerable.

Having obtained, after some time, a very short description p’ of p* for
some purpose (e.g. for defining a prior probability for some inductive inference
scheme}, it is usually also necessary to obtain values for some arguments. We
are now concerned with the computation time of p’. Could we get slower and
slower algorithms by compressing p* more and more? Interestingly, this is
not the case. Inventing complex (long) programs is not necessary to construct
asymptotically fast algorithms, under the stated provability assumptions, in
contrast to Blum’s theorem [Blu67, Blu71]. The following theorem roughly
says that there is a single program that is the fastest and the shortest program.

. ; ; [
Theorem 7.2 (The fastest & shortest algorithm) Let p* be a given
algorithm or formal specification of a function. There exists a program p,
equivalent to p*. for which the following holds

IA

c

| i) ((p) K"(p*) + O(1).
i) timep(x) < (1+4¢e)-ty(x) + %v!inufrﬁ{,i') etk

where p is any program provably equivalent to p* with computation time
provably less than ¢,(x). The constants ¢, and d,, depend on p but not on
A
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To prove the theorem, we just insert the shortest algorithm p’ provably equiv-
alent to p* into M, that is, p:=M_,. As only O(1) instructions are needed to
build My, from p’, M, has size £(p’)+0(1)=K" (p*)+O(1). The computation
time of My, is the same as of M. apart from “slightly” different constants ¢,
and d,.

The following subtlety was pointed out by Peter van Emde Boas. Neither
M. nor p is provably equivalent to p*. The construction of M. in Section 7.1.5
shows equivalence of M. (and of p) to p*, but it is a meta-proof that can-
not be formalized within the considered proof system. A formal proof of the
correctness of M. would prove the consistency of the proof system, which
is impossible by Gédel’s second incompleteness theorem [God31]. See [Har79)]
for details in a related context.

7.1.9 Generalizations

If p* has to be evaluated repeatedly, algorithm A can be modified to remember
its current state and continue operation for the next input (A4 is independent
of z!). The large offset time ¢, is only needed on the first invocation.

M. can be modified to handle I/O streams, definable by a Turing ma-
chine with monotone input and output tapes {(and bidirectional work tapes)
receiving an input stream and producing an output stream. The currently
read prefix of the input stream is z. time,(x) is the time used for reading
x. M. caches the input and output streams, so that algorithm C' can re-
peatedly read/write the streams for each new p. The true input/output tapes
are used for requesting/producing a new symbol. Algorithm B is reset after
1,2,4,8,... steps (not after reading the next symbol of z!) to appropriately take
into account increased prefixes z. Algorithm A just continues. The bound of
Theorem 7.1 holds for this case too, with slightly increased d,.

The construction above also works if time is defined as a function of the
current output rather than the current input z. This measure is, for example,
used for the time-complexity of calculating the n** digit of a computable real
(e.g. m), where there is no input, but only an output stream.

7.1.10 Summary & Outlook

We presented an algorithm MJ. that accelerates the computation of a pro-
gram p*. M. combines (A) sequential search through proof space, (B) Levin
search through time-bound space, and (C) sequential program execution, using
a somewhat tricky scheduling. Under certain provability constraints, M. is
the asymptotically fastest algorithm for computing p* apart from a factor 1+¢
in computation time. Blum’s theorem shows that the provability constraints
are essential. We showed that the conditions on Theorem 7.1 are often, but
not always, satisfied for practical problems. For complex approximation prob-
lems, for instance, where no good and quickly computable time bound exists,
M. is still optimal, but in this case, only apart from a large multiplicative
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factor. We briefly outlined how M;. can be modified to handle I/O streams
and other time measures. An interesting and counterintuitive consequence of
Theorem 7.1 was that the fastest program computing a certain function is
also among the shortest programs provably computing this function. Look-
ing for larger programs saves at most a finite number of computation steps,
but cannot improve the time order. To quantify this statement, we extended
the definition of Kolmogorov complexity and defined two new natural mea-
sures for the complexity of a function. The large constants ¢, and d, seem
to spoil a direct implementation of M.. On the other hand, Levin search
has been successfully adapted/generalized and applied to solve rather diffi-
cult machine learning problems [Sch97, SZW97, Sch03a, Sch04], even though
it suffers from a large multiplicative factor of similar origin. The use of more
elaborate theorem provers, rather than brute-force enumeration of all proofs,
could lead to smaller constants and bring M, closer to practical applications,
possibly restricted to subclasses of problems [RV01]. A more fascinating (and
more speculative) way may be the utilization of so-called transparent or holo-
graphic proofs [BFLS91]. The correctness of these proofs can be checked by
only reading a logarithmic number of their bits. This would mean that expo-
nentially many proofs are checked simultaneously, reducing the constants c,
and dp, to their logarithm. I would like to conclude with a general question.
Will the ultimate search for asymptotically fastest programs typically lead to
fast or slow programs for arguments of practical size? Levin search, matrix
multiplication and the algorithm Mj. seem to support the latter, but this
might be due to our inability to do better.

7.2 Time-Bounded AIXI Model

7.2.1 Introduction

Until now, we have not bothered with the non-computability of the universal
probability distribution £:=£&y. As all universal models in this book are based
on &, they are not effective in this form. In this section, we outline how the
previous models and results can be modified/generalized to the time-bounded
case. Indeed, the situation is not as bad as it could be. £ is enumerable and 3, is
still approximable, i.e. there exists an algorithm that will produce a sequence
of outputs eventually converging to the exact output ¥, but we can never
be sure whether we have already reached it. Besides this, the convergence
is extremely slow, so this type of asymptotic computability is of no direct
(practical) use, but will nevertheless be important later.

Let $ be a program that calculates within a reasonable time { per cycle
a reasonable intelligent output, i.e. p{Z <) =191.x. This sort of computability
assumption, that a general-purpose computer of sufficient power is able to
behave in an intelligent way, is the very basis of Al, justifying the hope to
be able to construct agents which eventually reach and outperform human
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intelligence. For a contrary viewpoint see [Luc6l, Pen89, Pen94]. It is not
necessary to discuss here what is meant by ‘reasonable time/intelligence’ and
‘sufficient power’. What we are interested in, in this section, is whether there is
a computable version AIXI{ of the AIXI agent that is superior or equal to any
p with computation time per cycle of at most ¢. By ‘superior’, we mean ‘more
intelligent’, so what we need is an order relation, like (5.14) for intelligence.

The best result we could think of would be an AIXIf with computation
time <{ at least as intelligent as any p with computation time <¢. If AI
is possible at all, we would have reached the final goal, the construction of
the most intelligent algorithm with computation time <{. Just as there is no
universal measure in the set of computable measures (within time #), neither
may such an AIXIi exist.

What we can realistically hope to construct is an AIXIf agent of computa-
tion time c- f per cycle for some constant c. The idea is to run all programs p
of length <[:=£(p) and time <{ per cycle and pick the best output. The total
computation time is ¢-# with c=2'. This sort of idea of ‘typing monkeys’ with
one of them eventually writing Shakespeare, has been applied in various forms
and contexts in theoretical computer science. The realization of this best vote
idea, in our case, is not straightforward and will be outlined in this section. A
related idea is that of basing the decision on the majority of algorithms. This
‘democratic vote’ idea was used in [LW94, Vov92] for sequence prediction and
is referred to as ‘weighted majority’ (see Section 3.7.4).

7.2.2 Time-Limited Probability Distributions

In the literature one can find time-limited versions of Kolmogorov complexity
[Dal73, Dal77, Ko86] and time-limited universal semimeasures [LV91, LV97,
Sch02b]. In the following, we utilize and adapt the latter and see how far we
get. One way to define a time-limited universal chronological semimeasure is
similar to the unbounded case (5.5) as a mixture, but restricted to enumerable
chronological semimeasures computable within time  and of size at most /.

ey, =Y. 27 p(y,). (7.3)

pi L(p)<I A t(p)<i

Let us assume that the true environmental prior probability pA! is equal to
or sufficiently accurately approximated by a p with £(p) < [ and t(p) <t with
t and [ of reasonable size. There are several Al problems that fall into this
class. In function minimization of Section 6.4, the computation of f and pF™
are often feasible. In many cases, the sequences of Section 6.2 that should be
predicted can be easily calculated when p°F is known. In a classifier problem,
the probability distribution ¥, according to which examples are presented,
is, in many cases, also elementary. But not all AT problems are of this “easy”
type. For the strategic games of Section 6.3, the environment itself is usually
a highly complex strategic player with a uSS that is difficult to calculate,
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although one might argue that the environmental player may have limited
capabilities too. But it is easy to think of a difficult-to-calculate physical
(probabilistic) environment like the chemistry of biomolecules.

The number of interesting applications makes this restrlcted class of Al
problems, with time- and space-bounded environment p*, worthy of study.
Superscripts to a probability distribution except for §” indicate their length
and maximal computation time. ¢ defined in (7.3), with a yet to be de-
termined computation time, multiplicatively dominates all p* ! of this type.
Hence, an AIE” model, where we use 5” as prior probability, is universal rel-
ative to all AI,u models in the same way as AIXI is universal to Aly for all
enumerable chronological semimeasures p. The argmax,, in (5 3) selects a yy
for which 5” has the highest expected utility Vim, , where §” is the weighted

average over the p ; output yk is determined by a weighted majority. We
expect AIE® to outperform all (bounded) Alp*, analogous to the unrestricted
case.

In the following we analyze the computability properties of fﬁ and Alﬁa~ ,

T compute 55 according to the definition (7.3) we have to

ie. of g
enumerate all chronological enumerable semimeasures pt of length < and
computation time < t. This can be done similarly to the unbounded case
(5.42)—(5.44). All 2 enumerable functions of length <[, computable within
time ¢ have to be converted to chronological probability distributions. For
this, one has to evaluate each function for |X|-k different arguments. Hence,

¢t is computable within time? t(ﬁ” (y,.1)) =0(X| k- 9l.f t). The computation
time of g, Al depends on the size of X, Y and my. 55[ has to be evaluated

|V|he LX) times in (5.3). It is possible to optimize the algorithm and perform
the computation within time

taME) = O(|re| e -2E g (7.4)

per cycle. If we assume that the computation time of ,uﬁ is exactly ¢ for all
arguments the brute-force time ¢ for calculating the sums and maxs in (4.17)

is t(y,‘;\l" ) > |Y|*|X|** £, Combining this with (7.4), we get

1"y = ol 1),

This result has the proposed structure that there is a universal AI§£~Z~ agent
with computation time 2¢ times the computation time of a special AI/I,H agent,.

Unfortunately, the class of AI/fl systems with brute-force evaluation of
Uk, based on (4.17) is completely uninteresting from a practical point of view.
For example in the context of chess, the above result says that the AI{J is

2 We assume that a (Turing) machine can be simulated by another in linear time.
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superior within time 2l.f to any brute-force minimax strategy of computation
time ¢. Even if the factor of 2 in computation time would not matter, the
AI{a agent is nevertheless practically useless, as a brute-force minimax chess
player with reasonable time £ is a very poor player.

Note that in the case of binary sequence prediction (hx=1, |Y|=]X]|=2)
the computation time of p coincides with that of ykI within a factor of 2.

The class Alp* includes all non-incremental sequence prediction algorithms
of size <[ and computation time <£/2. By non-incremental, we mean that
no information of previous cycles is taken into account for speeding up the
computation of g of the current cycle.

The shortcomings (mentioned and unmentioned ones) of this approach are
cured in the next subsections, by deviating from the standard way of defining
a time-bounded £ as a sum over functions or programs.

7.2.3 The Idea of the Best Vote Algorithm

A general agent is a chronological program p(z<x) =1.%. This form, intro-
duced in Section 4.1, is general enough to include any Al system (and also
less intelligent systems) In the following, we are interested in programs p of
length <[ and computation time <{ per cycle. One important point in the
time-limited setting is that p should be incremental, i.e. when computing yx, in
cycle k, the information of the previous cycles stored on the work tape can be
reused. Indeed, there is probably no practically interesting, non-incremental
AT system at all.

In the following, we construct a policy p*, or more precisely, policies pj,
for every cycle k that outperform all time- and length-limited Al systems p. In
cycle &, pj, runs all 2! programs p and selects the one with the best output .
This is a ‘best vote’ type of algorithm, as compared to the ‘weighted majority’
type algorithm of the last subsection. The ideal measure for the quality of the
output would be the £-expected future reward

Vis (i) == 27 OVEL VR = (@) (e, (75)
9EQ s

The program p that maximizes Vkpfzk should be selected. We have dropped
the normalization A unlike in (5.13), as it is independent of p and does not
change the order relation in which we are solely interested here. Furthermore,
without normalization, Vk*é(gm<k) =Tnax,. pV,fTi(yt<k) is enumerable, which
will be important later.

7.2.4 Extended Chronological Programs

In the functional form of the ATIXI model it was convenient to maximize Vi,
over all p€ Py, i.e. all p consistent with the current history ¢ <x. This was not
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a restriction, because for every possibly inconsistent program p there exists
a program p’ € Py consistent with the current history and identical to p for
all future cycles > k. For the time-limited best vote algorithm p* it would be
too restrictive to demand p€ Py. To prove universality, one has to compare
all 2! algorithms in every cycle, not just the consistent ones. An inconsistent
algorithm may become the best one in later cycles. For inconsistent programs
we have to include the gi into the input, ie. p(W<k) =y7, with 9 # vy}
possible. For pe Py this was not necessary, as p knows the output gx =% in
this case. The rf? in the definition of Vi, are the rewards emerging in the
I/0 sequence, starting with ¢, (emerging from p*) and then continued by
applying p and ¢ with g;:=y? for i> k.

Another problem is that we need Vi,,, to select the best policy, but un-
fortunately Vi, is uncomputable. Indeed, the structure of the definition of
Viem,, 18 very similar to that of g, hence a brute-force approach to approximate
Vim,, Tequires too much computation time as for ¢,. We solve this problem in
a similar way, by supplementing each p with a program that estimates Vi,
by w} within time . We combine the calculation of y¥ and wf and extend the
notion of a chronological program once again to

p(g<k) = Wiy wivy (7:6)

with chronological order w}yYih &1whydiads. ...

7.2.5 Valid Approximations

Policy p might suggest any output %, but it is not allowed to rate it with an
arbitrarily high w} if we want w} to be a reliable criterion for selecting the
best p. We demand that no policy is allowed to claim that it is better than it
actually is. We define a (logical) predicate VA(p) called valid approzimation,
which is true if and only if p always satisfies w} < Vkpflk, i.e. never overrates
itself.
VA(p) = VEVulylindr..wiyl : p(d<r) =wiyl .. whyh = wf < Vk’flk (yc(<k)])
7.7
In the following, we restrict our attention to programs p for which VA(p)
can be proven in some formal axiomatic system. A very important point is
that Vk*flk is enumerable. This ensures the existence of sequences of programs

P1,p2,03,... for which VA(p;) can be proven and lim;_,cow}’ :V,:flk for all &
and all I/O sequences. p; may be defined as the naive (nonhalting) approxima-
tion scheme (by enumeration) of Vk*,,ik, but terminated after i time steps and

using the approximation obtained so far for w}' together with the correspond-
ing output ;. The convergence wy’ ey Vk*ik ensures that V,:Tik, which we
claimed to be the universally optimal value, can be approximated by p with
provable VA(p) arbitrarily well, when given enough time. The approximation
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is not uniform in k, but this does not matter as the selected p is allowed to
change from cycle to cycle.

Another possibility would be to consider only those p that check wf < Vkpflk
online in every cycle, instead of the pre-check VA(p), either by constructing a
proof (on the work tape) for this special case, or w} < Vlﬁk is already evident

by the construction of wf. In cases where p cannot guarantee wf < Vk’flk it

sets wy =0 and, hence, trivially satisfies w} < V,fflk. On the other hand, for
these p it is also no problem to prove VA(p), as one has simply to analyze the
internal structure of p and recognize that p shows the validity internally itself,
cycle by cycle, which is easy by assumption on p. The cycle-by-cycle check is
therefore a special case of the pre-proof of VA(p).

7.2.6 Effective Intelligence Order Relation

In Section 5.1 we introduced an intelligence order relation = on Al systems,
based on the value Vkpfl . In the following we need an order relation >~ based
on the claimed value w;, which might be interpreted as an approximation to
.

Definition 7.8 (Effective intelligence order relation) We call p ef-
fectively more or equally intelligent than p’ if

p=p & VRV Iw ).,

plitcp) =wy* .wpx AP (ep)= ”'1 * LWLk N wg > W),

i.e. if p always claims higher value estimate w than p/'.

Relation >¢ is a co-enumerable partial order relation on extended chronolog-
ical programs. Restricted to valid approximations it orders the policies w.r.t.
the quality of their outputs and their ability to justify their outputs with high
Wi .

7.2.7 The Universal Time-Bounded AIXTtl Agent

In the following, we describe the algorithm p* underlying the universal time-
bounded AIXIZ agent. It is essentially based on the selection of the best
algorithms p} out of the time { and length { bounded p, for which there exists
a proof of VA(p) with length <Ip.

1. Create all binary strings of length [p and interpret each as a coding of a
mathematical proof in the same formal logic system in which VA(-) was
formulated. Take those strings that are proofs of VA(p) for some p and
keep the corresponding programs p.

2. Eliminate all p of length >1.
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3. Modify the behavior of all remaining p in each cycle & as follows: Nothing
is changed if p outputs some wiy} within t time steps. Otherwise stop p
and write wg =0 and some arbitrary y; to the output tape of p. Let P be
the set of all those modified programs.

4. Start first cycle: k:=1.

5. Run every p€ P on extended input %<, where all outputs are redirected
to some auxiliary tape: p(@<x) = wiy}...why,. This step is performed
incrementally by adding ytx—, for £>1 to the input tape and continuing
the computation of the previous cycle.

. Select the program p with highest claimed reward wh: p; :=argmaxpw?.

Write yx, ::yiz to the output tape.

Receive input & from the environment.

9. Begin next cycle: k:=k+1, goto step 5.

® N>

It is easy to see that the following theorem holds.

Theorem 7.9 (Optimality of AIXTtl) Let p be any extended chrono-
logical (incremental) program like (7.6) of length ¢(p) <! and computation
time per cycle t(p) <t, for which there exists a proof of VA(p) defined in
(7.7) of length <lp. The algorithm p* constructed in the last paragraph,
which depends on I, £ and [p but not on p, is effectively more or equally
intelligent, according to =¢ (see Definition 7.8) than any such p. The size
of p* is £(p*)=O(log(l-t-1p)). the setup time is tsetup(P*)=0(13-2'7) and

the computation time per cycle is toyee(p*) =0(2!-1).

Roughly speaking, the theorem says that if there exists a computable solution
to some or all Al problems at all, the explicitly constructed algorithm p*
is such a solution. Although this theorem is quite general, there are some
limitations and open questions that we discuss in the following.

The construction of the algorithm p* needs the specification of a formal
logic system (V,\y;,c;,fi,Ri,—,A,=,...), and axioms, and inference rules. A
proof is a sequence of formulas, where each formula is either an axiom or
inferred from previous formulas in the sequence by applying the inference
rules. Details were presented in Section 7.1.5. We only need to know that
provability and Turing machines can be formalized. The setup time in the
theorem is just the time needed to verify the 2! proofs, each needing time
0(i2).

7.2.8 Limitations and Open Questions

e Formally, the total computation time of p* for cycles 1...k increases linearly
with k, i.e. is of order O(k) with a coefficient 2!.£. The unreasonably
large factor 2! is a well-known drawback in best/democratic vote models
and will be taken without further comments, whereas the factor ¢ can be
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assumed to be of reasonable size. If we do not take the limit £ — oo but
consider reasonable k, the practical significance of the time bound on p*
is somewhat limited, due to the additional additive constant O(l%-2!7).

It is much larger than k-2l-{ as typically 1p>>¢(VA(p)) > ¢(p) =I.

*

p* is superior only to those p that justify their outputs by (large w?).
It might be possible that there are p which produce good outputs y;
within reasonable time, but it takes an unreasonably long time to jus-
tify their outputs by sufﬁaently high w}. We do not think that (from
a certain complexity level onwards) there are policies where the process
of constructing a good output is completely separated from some sort of
justification process. But this justification might not be translatable (at
least within reasonable time) into a reasonable estimate of V,fflk.

The (inconsistent) programs p must be able to continue strategies started
by other policies. It might happen that a policy p steers the environment
to a direction for which p is specialized. A “foreign” policy might be able
to displace p only between loosely connected episodes. There is probably
no problem for factorizable p. Think of a chess game, where it is usually
very difficult to continue the game or strategy of a different player. When
the game is over, it is usually advantageous to replace a player by a better
one for the next game. There might also be no problem for sufficiently
separable p.

There might be (efficient) valid approximations p for which VA(p) is true
but not provable, or for which only a very long (>1p) proof exists.

7.2.9 Remarks

The idea of suggesting outputs and justifying them by proving reward
bounds implements one aspect of human thinking. There are several pos-
sible reactions to an input. Each reaction possibly has far-reaching con-
sequences. Within a limited time one tries to estimate the consequences
as well as possible. Finally, each reaction is valuated, and the best one is
selected. What is inferior to human thinking is that the estimates w! must
be rigorously proved and the proofs are constructed by blind exhaustive
search, further, that all behaviors p of length <[ are checked. It is inferior
“only” in the sense of necessary computation time but not in the sense of
the quality of the outputs.

In practical applications there are often cases with short and slow pro-
grams ps performing some task T, e.g. the computation of the digits of =,
for which there exist long but quick programs p; too. If it is not too dif-
ficult to prove that this long program is equivalent to the short one, then
it is possible to prove K@) (T) < ¢(p,) with K* being the time-bounded
Kolmogorov complexity. Similarly, the method of proving bounds wy for
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Viem,, can give high lower bounds without explicitly executing these short
and slow programs, which mainly contribute to Vim,

Dovetailing all length- and time-limited programs is a well-known elemen-
tary idea (e.g. typing monkeys). The crucial part, which was developed
here, is the selection criterion for the most intelligent agent.

The construction of AIXT# and the enumerability of Viem,, €nsure arbitrary
close approximations of Vi, , hence we expect that the behavior of AIXI#
converges to the behavior of AIXI in the limit ¢,/,lp — 00, in some sense.

Depending on what you know or assume that a program p of size | and
computation time per cycle ¢ is able to achieve, the computable AIXIEH
model will have the same capabilities. For the strongest assumption of
the existence of a Turing machine that outperforms human intelligence,
AIXI# will do too, within the same time frame, up to an (unfortunately
very large) constant factor.






In spite of its incomputability, Algorithmic Probability
can serve as o kind of ‘Gold Standard’ for induction
systems — Ray Solomonoff

It’s hard to make predictions, especially about the future
— Niels Bohr

We have the mathematical theory of decision making
under uncertainty. What the mathematical theory is
worth, it is hard to say. It does have the advantage,
though, of providing definite rules — Richard Bellman

Ray Solomonoff
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This chapter critically reviews what has been achieved in the book and dis-
cusses some otherwise unmentioned topics of general interest. We summarize
the major results and compare performance and generality of AIXI(#l) to those
of other approaches to Al. We remark on various topics, including concurrent
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actions and perceptions, the choice of the I/O spaces, treatment of encrypted
information, and peculiarities of mortal embodied agents. We also make some
personal comments and speculations on the present status and the future of
the research fields of Al and machine learning themselves. We continue with an
outlook on further research. Since many ideas have already been presented in
the problems and conclusions sections of the various chapters, we concentrate
on nontechnical open questions of general importance, including optimality,
down-scaling, implementation, approximation, elegance, extra knowledge, and
training of/for AIXI(¢l). Furthermore, we collect and state all explicit or im-
plicit assumptions, problems and limitations of AIXI(#]). We briefly discuss
some relevant philosophical issues: the free will versus determinism paradox,
the existence of objective probabilities, and the Turing test. We also include
some (personal) remarks on non-computable physics, the number of wisdom
£2, and consciousness. As it should be, the book concludes with conclusions.

8.1 What has been Achieved

8.1.1 Results

The major theme of the book was to develop a mathematical foundation of ar-
tificial intelligence. This is not an easy task since intelligence has many (often
ill-defined) faces. More specifically, our goal was to develop a theory for ratio-
nal agents acting optimally in any environment. Thereby we touched various
scientific areas, including reinforcement learning, algorithmic information the-
ory, Kolmogorov complexity, computational complexity theory, information
theory and statistics, Solomonoff induction, Levin search, sequential decision
theory, adaptive control theory, and many more. The conceptual ingredients
of AIXI may be depicted in as follows:

Decision Theory = Probability + Utility Theory
+ +
Universal Induction = Occam + Epicurus + Bayes

Il Il
Universal Artificial Intelligence without Parameters

The major achievements were the following:

e We presented the philosophical and mathematical foundations of universal
induction: Occam’s razor principle, Epicurus’ principle of multiple expla-
nations, subjective versus objective probabilities, Cox’s axioms for beliefs,
Kolmogorov’s axioms of probability, conditional probability and Bayes’
rule, Turing machines, Kolmogorov complexity, culminating in universal
Solomonoff induction (Chapter 2).
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We derived various convergence results, (tight) loss bounds, and Pareto
optimality for predictors based on Bayes mixture priors. We gave an Oc-
cam’s razor argument that using Solomonoff’s prior leads to a universally
optimal prediction scheme (Chapter 3).

We presented sequential decision theory in a very general form in which
actions and perceptions may depend on arbitrary past events. The devel-
opment was more of a formal exercise and optimality of the Aly model
for known environment 4 is obvious by construction {Chapter 4).

We unified sequential decision theory and Solomonoff’s theory of universal
induction, both optimal in their own domain. The resulting parameter-
free AIXI model constitutes an agent for which we gave strong arguments
that it behaves optimally in any environment. That is, it copes with explo-
ration versus exploitation, large state spaces, generalization and function
approximation, non-stationary and partially observable environments, and
so on {Chapter 5).

We defined a universal intelligence order relation < regarding which AIXI
is also the most intelligent agent and argued this order relation to be
reasonable (Section 5.1.4).

We discussed the difficulties in extending the optimality results from
the prediction case to AIXI. Along these lines, we suggested various
potentially relevant environmental (separability) concepts (Sections 5.2
and 5.3).

We discussed the choice of the horizon and came to the conclusion that a
reward discounting (like near-harmonic) which leads to an effective hori-
zon that increases in proportion to the current age of the agent is best
(Section 5.7).

For restricted environmental classes and Bayes mixtures £ we showed that
AI¢ is self-optimizing and Pareto optimal (Section 5.4 and 5.6).

We showed how AIXI is suitable for dealing with a number of important
problem classes, including sequence prediction, strategic games, function
minimization, and supervised learning (Chapter 6).

Based on the mathematical (incomputable) AIXI model we developed a
computable model, AIXI¢l, with optimal order of computation time, apart
from a large multiplicative constant (Section 7.2).

We developed a general-purpose algorithm — the asymptotically fastest
{(and shortest) algorithmn for all well-defined problems. We got rid of the
large multiplicative constant as in Levin search and AIXI#, at the expense
of an (unfortunately even larger) additive constant (Section 7.1).
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All in all, the results show that artificial intelligence can be framed by an
elegant mathematical theory. Some progress has also been made toward an
elegant computational theory of intelligence.

8.1.2 Comparison to Other Approaches

A different way to measure the achievements of this book is to compare
AIXI(¢l) to other AI approaches. In Table 8.1 we compare various learning
algorithms that are rather general in purpose, have an agent-like setup, are
popular or are otherwise interesting or promising. We subjectively rate the
different approaches w.r.t. various performance and generality criteria. We
use a gray scale between YES and NO, since the evaluation is often arguable,
especially if there are many algorithm variants. For most table cells one can
imagine a variant and an application for which rating YES would be justified,
and one for which rating NO would be justified. Hence, the presented ratings
refer to typical algorithm variants and typical (intended) applications. It is
beyond the scope of this book to describe all these approaches and to justify
each rating in detail.

Table 8.1 (Properties of learning algorithms) The table compares
varions important properties of learning algorithms limited to their typical
domains. The evaluation is often subjective and arguable, especially be-
cause there are many variants, so we introduce the gray scale YES — yes —
yes/no — no/yes — no — NO (see Section 8.1.2 for further explanation).

]

£ 4

g g B L 5 s | &

g1l 25 |28 25 | S2 (g5 3 | E| 2
Algorithm ¥ 2% |2 % S & o & 2 g
Value/Policy iteration ves/no| yes YES [ YES | NO| NO | NO | yes
TD with finite S yes/no| NO | NO | YES | YES | NO| NO |YES|YES

TD linear func.approx. [[yes/no| NO | NO | yes |yes/no|YES| NO |YES|YES
TD general func.approx. || no/yes| NO | NO |no/yes| NO |YES| NO |YES|YES

Direct Policy Search no/yes| YES| NO [no/yes| NO |YES| no |YES|YES
Logic Planners ves/no|YES| yves | YES | YES | no no |YES| yes
RL with Split Trees ves |YES| no | YES NO | yes | YES |YES|YES
Pred.w. Expert Advice | yes/no|YES| - YES |yes/no| yes | NO |YES| NO
Adaptive LS no/yes| no | no yes |ves/no| yes | YES |YES|YES
00PSs yes/no| no ves |yes/no|YES| YES |YES|YES
Market /Economy RL yves/no| no | NO no [no/yes| ves |ves/no|YES|YES
SPXI no |YES YES | YES |YES| NO |YES|NO
AIXI NO |YES|YES| yes YES |YES| YES |[YES|YES
AIXIH no/yes| YES|YES| YES yes |YES| YES |YES|YES
Human ves | yes | yes |nofyes| NO |YES| YES |[YES|YES

We consider the following properties in the different columns: An algorithm
is time efficient if it runs on a present-day (2004) computer in acceptable
time for “interesting” applications. An algorithm is data efficient if it exploits
(learns from) the information contained in the received data in a theoretically
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near-optimal fashion. An algorithm gets a yes in the exploration column only
if it addresses the exploration versus exploitation problem in a fundamental
near-optimal way. (Many algorithms are greedy with some simple random
exploration added). Convergence of an algorithm may be just to some pol-
icy, to a local optimum, or to a/the global optimum. An important issue is
whether learning algorithms are capable of generalizing from previous experi-
ence to similar situations. We also indicate whether an algorithm is capable
of or designed for dealing with non-Markovian environments, e.g. POMDPS.
All selected algorithms are capable of learning by experience, except value
and policy iteration, which need an exact description of the environment in
advance. The last column distinguishes between passive predictors and active
agents.

The first group of algorithms in Table 8.1 contains “classical” reinforce-
ment learning algorithms. See [SB98, BT96] for a description of value and
policy iteration, and temporal difference (TD) learning with finite State space
versus linear/general function approximation. See [BB01, KHS01a] for an in-
troduction to direct gradient-based reinforcement learning. The second group
in Table 8.1 contains various other learning algorithms: logic planners [RN95,
Part 1V], split trees [Rin94, McC95], adaptive Levin search [SZW97], opti-
mal ordered problem solver (OOPS) [Sch03a, Sch04], prediction with expert
advice (PEA) [CB97, HP04], market/economy-based reinforcement learning
[Bau99, KHS01b]. The third group in Table 8.1 lists the main models of
this book: sequence prediction based on Solomonoff’s prior (SPXI) and the
ATXI(¢l) model(s). The last line lists the capabilities of human agents. Schmid-
huber’s recent self-referential and self-improving Gédel machine [Sch03b] (not
in the table) is a promising idea to overcome the huge constants in AIXT#,
but it is unclear for now whether self-improvements can take place if the only
environment axiom is x4 € My, the utility axiom is to maximize V¥, and the
initial software is AIXI(¢l}. Overall, it can be said that the models in the first
two groups are applicable in limited domains with feasible computation time,
whereas the models of the last group are completely general, but computa-
tionally not feasible without further approximations.

8.2 General Remarks

This section remarks on some otherwise unmentioned topics of general in-
terest. The logically disconnected subsections discuss concurrent actions and
perceptions, the choice of the I/O spaces, (universal) prior knowledge, treat-
ment of encrypted information, and peculiarities of mortal embodied agents.

8.2.1 Miscellaneous

Game theory. In game theory [OR94] one often wants to model the situation
of simultaneous actions, whereas the AI£ models have serial I/0. Simultaneity
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can be simulated by withholding the environment from the current agent’s
output y, until xx has been received by the agent. Formally, this means that
(e rxy,) is independent of the last output yi. The AI€ agent is already of
simultaneous type in an abstract view if the behavior p is interpreted as the
action. In this sense, AI¢ is the policy p* that maximizes the utility function
(value), under the assumption that the environment acts according to £. The
situation is different from game theory, as the environment £ is not a second
‘player’ that tries to optimize his own utility (see Section 6.3).

Input/output spaces. In various examples we have chosen differently spe-
cialized input and output spaces X and ). It should be clear that, in principle,
this is unnecessary, as large enough spaces X’ and ) (e.g. the set of strings of
length 232) serve every need and can always be Turing-reduced to the specific
presentation needed internally by the AIXI agent itself. But it is clear that,
using a generic interface, such as camera and monitor for learning tic-tac-toe,
for example, adds the task of learning vision and drawing.

8.2.2 Prior Knowledge

In many problems in practice we have extra information about the problem
at hand, which could and should be used to guide the forecasting. If the
prior knowledge is of the form that it includes only environments of certain
structures, e.g. MDPs, one can use the appropriate Bayes mixture over these
environments. If there is reason to believe that certain environments are less
or more likely than Occam’s razor tells us, then this could be coded in the
weights w,. Unfortunately, this procedure is often intractable in practice, since
one has only a (possibly vague) description of prior facts, which are hard to
translate into classes M and/or weights w,. Fortunately, there is a simple
way of incorporating all prior knowledge D in an easy and optimal way. The
trick is to get rid of all prior knowledge by prefixing the observation sequence
Z1T3... by some binary coding di,; of D. Using then Solomonoff’s prior M
on dy.,x,., for prediction on cycles [+1 to n+1[ one gets loss bounds (to
logarithmic accuracy) in terms of K (u|D). If D contains information about p
it will reduce the Kolmogorov complexity of y, if not we cannot expect D to
improve prediction accuracy. This also solves the often mentioned concern of
how to make good predictions for short sequences (sparse data) of length n=
O(1). As long as n+1 is larger than the typical compiler constants, predictions
based on &y are good. It seems that in science one often faces problems with
data of information content, say 200 bits only, and none or very little prior
knowledge, say only 100 bits is available. For instance, having thrown a biased
coin 200 times and describing our prior knowledge as “i.i.d. with uniform
second-order prior over bias 6”7 seems not to contribute more than 100 bits
on prior information. Laplace’ law of succession [Lapl2] leads to reasonable
estimates of # and predictions of further tosses, whereas £y is far from p in
cycle 300 for typical U. But it is an illusion that we only have 100 bits of
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prior knowledge. We spent at least 12 years in school, before having heard
about uniform priors and Laplace’ rule. Our whole scientific knowledge serves
as prior knowledge. If we take for D a representative collection of scientific
books (+ some language books), I is much larger than the typical compiler
constants and £y (zy|di4z<n) Will be very close to the true bias 8! This also
holds true for more complex examples. We can make non-arbitrary predictions
given a sequence of [4+n—1 bits only if £y leads to the same prediction for all
“reasonably complex” universal Turing machines U.

8.2.3 Universal Prior Knowledge

There are people who believe universal Al is not possible, that one has to
incorporate some/sufficient prior knowledge. I disagree in a sense described in
Section 8.4. A different approach is to exclude only those environments that
we are sure not to be realized. This approach is worth considering, but has
the following problems:

1) Physical knowledge is never 100% sure. For instance, 100 years ago
everybody would have assumed a flat three-dimensional universe. I'm not too
concerned about this, since today’s physical theories are very accurate and
reliable, at least the parts that seem to be relevant for {in a very broad sense)
human-sized and equipped agents. Instead of eliminating universes that seem
to be excluded by our observations and theories, one may only reduce the
prior belief in odd universes, but this does not help in substantially increasing
the prior belief of the likely universes.

2) More seriously, x does not describe the total universe, but only a small
fraction, from the subjective perspective of the agent. It is (somewhat/much?)
harder to characterize the set of possible universes M from the subjective
agent perspective.

3) One may take into account only general properties of the universe like
locality, continuity, or the existence of (manipulable) objects with properties
and relations in a manifold. The major problem is that, although the universe
seerns to be a local continuous MDP (ignoring quantum effects),  is neither an
MDP nor local. What the agent directly ohserves (with his sensors, like a cam-
era) is not the complete MDP state and often appears nonlocal. So probably
very little really exploitable can be said about u.

Of course, the scientific approach is to simply assume some properties
(whether true in real life or not) and analyze the performance of the resulting
models.

8.2.4 How AIXI(tl) Deals with Encrypted Information

Consider the task of decrypting a message that was encrypted by a public key
encrypter like RSA. A message m is encrypted using a product n of two large
primes p; and pg, resulting in encrypted message ¢ =RSA(m|n). RSA is a
simple algorithm of size O(1). If AIXI is given the public key n and encrypted
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message ¢, in order to reconstruct the original message m it only has to “learn”
the function RSA~!(c|n):=RSA(c|p1,p2) =m. RSA~! can itself be described
in length O(1), since RSA is O(1) and p; and ps can be reconstructed from
n. Only very little information is needed to learn O(1) bits. In this sense
decryption is easy for AIXI (like TSP, see Section 6.4.6). The problem is that
while RSA is efficient, RSA™! is an extremely slow algorithm, since it has to
find the prime factors from the public key. But note, in AIXI we are not talking
about computation time, we are only talking about information efficiency
(learning in the least number of interaction cycles). One of the key insights
in this book that allowed for an elegant theory of Al was this separation of
data efficiency from computation time efficiency. Of course, in the real world
computation time matters, so we introduced AIXItl. AIXItl can do every job
as well as the best length [ and time ¢ bounded agent, apart from time factor 2!
and a huge offset time. No practical offset time is sufficient to find the factors
of n, but in theory, enough offset time allows also AIXIt to (once-and-for-all)
find the factorization, and then, decryption is easy of course.

8.2.5 Mortal Embodied Agents

The examples we gave in this book, particularly those in Chapter 6, were
mainly bodiless agents: predictors, gamblers, optimizers, learners. There are
some peculiarities with reinforcement-learning autonomous embodied robots
in real environments.

We can still reward the robot according to how well it solves the task we
want it to do. A minimal requirement is that the robot’s hardware functions
properly. If the robot starts to malfunction its capabilities degrade, result-
ing in lower reward. So, in an attempt to maximize reward, the robot will
also maintain itself. The problem is that some parts will malfunction rather
quickly when no appropriate actions are performed, e.g. flat batteries, if not
recharged in time. Even worse, the robot may work perfectly until the bat-
tery is nearly empty, and then suddenly stop its operation (death), resulting
in zero reward from then on. There is too little time to learn how to main-
tain itself before it’s too late. An autonomous embodied robot cannot start
from scratch but must have some rudimentary built-in capabilities (which
may not be that rudimentary at all) that allow it to at least survive. This is
similar to the problem discussed in Section 6.4.5 of using AIXI in the FMF
setting with too late a reward. Using FMF¢ instead, corresponds to incorpo-
rating some rudimentary capability. Animals survive due to reflexes, innate
behavior, an internal reward attached to the condition of their organs, and a
guarding environment during childhood. Different species emphasize different
aspects. Reflexes and innate behaviors are stressed in lower animals versus
years of safe childhood for humans. The same variety of solutions is available
for constructing autonomous robots (which we will not detail here).

Another problem connected, but possibly not limited to embodied agents,
especially if they are rewarded by humans, is the following: Sufficiently intelli-
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gent agents may increase their rewards by psychologically manipulating their
human “teachers”, or by threatening them. This is a general sociological prob-
lem that successful Al will cause, which has nothing specifically to do with
AIXI. Every intelligence superior to humans is capable of manipulating the
latter. In the absence of manipulable humans, e.g. where the reward structure
serves a survival function, AIXI may directly hack into its reward feedback.
Since this is unlikely to increase its long-term survival, AIXI will probably
resist this kind of manipulation (just as most humans don’t take hard drugs,
because of their long-term catastrophic consequences).

8.3 Personal Remarks

It is hard to predict the future, as it is to predict the development of research
areas like Al. Nevertheless, I would like to risk a try. To be more specific,
in the following I suggest a framework for machine learning research. It is a
mixture of how I expect and would like the field to look in the near future.

8.3.1 On the Foundations of Machine Learning

Instead of addressing machine learning directly, let us first consider a different
research area such as algorithm and complexity theory. The goal of algorithm
theory is to find and analyze fast algorithms, while the goal of complexity
theory is to show lower bounds on the time needed to solve certain prob-
lem classes. All concepts are rigorously defined: algorithm, Turing machine,
problem class, computation time, and so on. Most disciplines generally start
with an informal way of attacking a subject. With time the discipline becomes
more and more formalized, often up to a point where it is completely rigor-
ous. Examples are number theory, set theory, proof theory, probability theory,
infinitesimal calculus, and quantum field theory. Each theory experienced a
time in which it was dealt with in an informal way, but after a while it was
made rigorous, is now completely axiomatized, and is rarely questioned! Of
course, not all disciplines are axiomatized yet or are axiomatizable at all (e.g.
biology), and new research areas emerge, starting in an informal condition,
but the point is that once a field has emerged, the path is toward increasing
rigor.

What can be said about machine learning? In machine learning one tries
to build and understand systems that learn from past data, make good pre-
dictions, are able to generalize, act intelligently, etc. Many of these and other
terms are only vaguely defined or have many alternative definitions. As dis-
cussed in Chapter 2 and elsewhere, from a formal point of view, all learning
tasks can be unified in the framework of sequence prediction. We propose Oc-
cam’s razor, quantified in terms of Kolmogorov complexity or Solomonoff’s

! Quantum field theory may be argued not to be in a completely mathematically
satisfactory condition, yet.
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prior, combined with the chain rule for conditional probabilities, and possibly
sequential decision theory as a rigorous mathematical/axiomatic definition of
machine learning. More precisely, Solomonoff’s induction scheme should be
“used” for sequence prediction tasks, and, when combined with sequential de-
cision theory, for making sequential decisions. The results of this book and
also the results of the more applied MML, MDL, and SRM principles sup-
port the power of Occam’s razor. As long as there is no convincing evidence
against Occam’s razor, and what is even more important, as long as there
is no alternate suggestion of how to define machine learning rigorously, it
is worth assuming Occam’s razor and studying its consequences. Indeed, we
showed in Chapter 3 that the performance of Solomonoff’s universal induction
scheme, as compared to any other prediction scheme in any environment, is so
good that one may be tempted to take the results as proof of Occam’s razor.
Whereas the theorems were proven with mathematical rigor, one has to be
careful about their interpretation and the underlying assumptions, especially
in Theorem 3.70, which was more a self-consistency or bootstrap result.

We expect that in the future machine learning will, by default, be based
on Occam’s razor. Real-world machine learning tasks will with overwhelming
majority be solved by developing algorithms that approximate Kolmogorov
complexity or Solomonoff’s prior (e.g. MML, MDL, SRM, and more specific
ones, like SVM, LZW, neural/Bayes nets with complexity penalty, ...). Ma-
chine learning theory will derive results on convergence speed and approx-
imation quality of the various approximation schemes. Only a minority will
investigate nonstandard ML by modifying or replacing Occam’s razor “axiom”
in the hope of finding something better.

8.3.2 In a World Without Occam

Finally, I would like to remark on an analogy to Peano’s axioms for the natural
numbers and especially the induction axiom. Remove this axiom and replace
it with a vague concept that resembles this axiom? It is then not unreasonable
to call this concept induction principle since it infers properties valid for all
natural numbers from a local n—n-+1 property. Imagine if arithmetic were still
in this situation. Most modern mathematical theorems would evaporate, and
with them nearly all modern technology. Fortunately, we have this induction
axiom, but as a formal rule it is now purely deductive!

I believe the same is true for Occam’s razor. Without the vague concept
of Occam’s razor, science and, hence, machine learning would probably be
not existent at all. Informal Occam’s razor is directly or indirectly the basis
of all scientific induction. The establishment of a formal version of Occam’s
razor would give machine learning in particular, and maybe even science in
general, a significant boost. I anticipate this by looking at the practical success

21 guess that there was a time in history when arithmetic was exactly in this
condition.
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of MML, MDL, SRM, and SVM, and the theoretical impact of Kolmogorov
complexity and Solomonoff induction, which are all formalizations of Occam’s
razor.

8.4 Outlook & Open Questions

Many ideas for further studies were already stated in the various chapters
of the book, especially in the problems and conclusions sections. This out-
look only contains nontechnical open questions regarding AIXI(¢l) of general
importance.

Value bounds. Rigorous proofs for non-asymptotic value bounds for AI¢
are the major theoretical challenge — general ones, as well as tighter bounds
for special environments u, e.g. for rapidly mixing MDPs. For AIXI other
performance criteria have to be found and proved. Although not necessary
from a practical point of view, the study of continuous classes M, restricted
policy classes, and/or infinite ), X and m may lead to useful insights.

Scaling AIXI down. A direct implementation of the AIXItl model is, at
best, possible for small-scale (toy) environments due to the large factor 2! in
computation time. But there are other applications of the AIXI theory. We
saw in several examples how to integrate problem classes into the AIXI model.
Conversely, one can downscale the AI¢ model by using more restricted forms of
£. This could be done in the same way as the theory of universal induction was
downscaled with many insights to the minimum description length principle
[LV92a, Ris89] or to the domain of finite automata [FMG92]. The AIXI model
might similarly serve as a supermodel or as the very definition of (universal
unbiased) intelligence, from which specialized models could be derived.

Implementation and approximation. With a reasonable computation
time, the AIXI model would be a solution of Al (see the next point if you
disagree). The AIXIt! model was the first step, but the elimination of the
factor 2! without introducing a large additive constant like in Mg, and with-
out giving up universality will almost certainly be a very difficult task. One
could try to select programs p and prove VA(p) in a more clever way than
by mere enumeration, to improve performance without destroying universal-
ity. All kinds of ideas like genetic algorithms, advanced theorem provers, and
many more could be incorporated. It remains to be seen whether these hand-
waving suggestions can be substantiated. The Gédel machine is a promising
recent approach.

Computability. We seem to have transferred the Al problem just to a dif-
ferent level, to proving VA(p). This shift has some advantages (and also some
disadvantages) but does not present a practical solution. Nevertheless, we
want to stress that we have reduced the AI problem to (mere) computational
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questions. Even the most general other systems the author is aware of de-
pend on some {more than complexity) assumptions about the environment,
or it is far from clear whether they are, indeed, universally optimal. Although
computational questions are themselves highly complicated, this reduction is
a nontrivial result. A formal theory of something, even if not computable, is
often a great step toward solving a problem and also has merits of its own,
and Al should not be different in this respect (see previous item).

Elegance. Many researchers in Al believe that intelligence is something com-
plicated and cannot be condensed into a few formulas. It is more a combining
of enough methods and much explicit knowledge in the right way. From a the-
oretical point of view we disagree, as the AIXI model is simple and seems to
serve all needs. From a practical point of view we agree, to the following ex-
tent: To reduce the computational burden one should provide special-purpose
algorithms (methods) from the very beginning, probably many of them re-
lated to reduce the complexity of the input and output spaces & and Y by
appropriate pre/postprocessing methods.

Extra knowledge. There is no need to incorporate extra knowledge from the
very beginning. It can be presented in the first few cycles in any format. As
long as the algorithm to interpret the data is of size O(1), the AIXI agent
will “understand” the data after a few cycles (see Sections 8.2.2 and 6.5).
If the environment u is complicated but extra knowledge z makes K(u|z)
small, one can show that the bound (5.9)—(5.10) reduces roughly to In2- K {|2)
when z; =z, i.e. when z is presented in the first cycle. The special-purpose
algorithms could be presented in z; too, but it would be cheating to say
that no special-purpose algorithms were implemented in AIXI. The boundary
between implementation and training is unsharp in the AIXI model.

Training. We have not said much about the training process itself, as it is
not specific to the AIXI model and has been discussed in literature in various
forms and disciplines [Sol86, Sch03a, Sch04]. By a training process we mean a
sequence of simple-to-complex tasks to solve, with the simpler ones helping in
learning the more complex ones. A serious discussion would be out of place.
To repeat a truism, it is, of course, important to present enough knowledge oy
and evaluate the agent output yx with r in a reasonable way. To maximize
the information content in the reward, one should start with simple tasks and
give positive reward to approximately the better half of the outputs yx.

8.5 Assumptions, Problems, Limitations
Just as every approach to Al (or any other field) makes assumptions and has

its problems and limitations, so does ATXI(#). It is time to take a critical look
at all explicit or implicit assumptions, problems and limitations.
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8.5.1 Assumptions

The central assumption of this book is Occam’s razor. Since Occam’s
razor seems to be at the heart of science and intelligent behavior in any
case, it is not a restrictive assumption, but nevertheless a profound one.
Occam’s razor actually only serves as a motivation in this book; the actual
assumption we use is different, see next item.

The environment is sampled from a computable probability distribution
with a reasonable program size on a natural Turing machine. Assump-
tion 2.5 ensures that AIXI(¢l) is essentially independent of whatever uni-
versal Turing machine is chosen.

We assumed the existence of objective randomness/probabilities respect-
ing Kolmogorov’s probability Axioms 2.14. As remarked in Section 2.3,
this assumption is not essential, since we can restrict the setting to deter-
ministic environments . Using Bayes mixtures as subjective probabilities
also did not involve any assumptions, since they were justified decision-
theoretically.

In reinforcement learning, the total reward is defined as the sum of rewards
714...+ 7, over cycles, and so did we. In finance, where money can be
reinvested, a product is common, but this can be converted to a sum by
taking the logarithm. More generally, assume the goal is to maximize some
function of the rewards Ry := R{r1,...,rx), e.g. their maximum (R =max,
see Section 6.4.3). If we reward AIXI (5.3) in each cycle k not with rg
but instead with r} := Ry — Ry_1 (with Ry:=0), we see that AIXI tries to
maximize expected r{+...+7), = R, as desired. The original rewards may
need to be retained as observations (o}, :=o0yr%). So, restricting to reward
sums is not a real limitation.

For probabilistic environments we defined the value of a policy which
shall be maximized in the standard way as the expected reward sum. More
generally, one may define for each policy a probability distribution for the
total reward. The question is how to compare these distributions. Besides
the popular mean, one may want to compare medians or quantiles. The
most frequent argument for departing from the mean is to achieve more
robust policies, e.g. policies that, with high probability, have a high lower
bound on their reward sum. We believe that robustness is never a primary
goal in itself. The reason for wanting robustness is that one dislikes low
rewards more than the rewards themselves express. A natural solution is
to take the expectation of f-transformed rewards, where f is a monotone
increasing concave function (like log). Function f penalizes small rewards
and leads to more robustness.

We assumed finite action/perception spaces V /X, which are sufficient for
all practical purposes. From a theoretical point of view infinite spaces may
be attractive in certain situations. Countable A should cause no problems;
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in case of countable ) only e-optimal policies may exist. For continuous X’
and Y one has to somehow generalize the notion of Kolmogorov complexity
and Solomonoff’s prior. Continuous environmental classes M were briefly
discussed in Section 3.7.2.

o We assumed bounded nonnegative rewards ry € [0,7,4,]- Nonnegativity is
not essential, but boundedness is essential for ensuring existence of values.
Again, from a practical point of view this should not be restrictive.

¢ We assumed finite horizon or near-harmonic discounting to ensure the
existence of values. We provided motivations for the choice of the latter,
but we are not sure whether it represents a final answer.

After all this, one should not forget that all other known approaches to Al
implicitly or explicitly make (many) more assumptions.

8.5.2 Problems

o Assume AIXI is used in a multi-agent setup interacting with other agents.
For simplicity we only discuss the case of a single other agent in a compet-
itive setup, i.e. a two-person zero-sum game situation. We can entangle
agents A and B by ox(A) =yx(B), ok+1(B) =yr(A). The rewards ri(A4)
and ri(B) are provided externally by the rules of the game. The situation
where A is AIXI and B is a perfect minimax player was analyzed in Sec-
tion 6.3. In multi-agent systems one is mostly interested in a symmetric
setup, i.e. B is also an AIXI. Whereas both AIXIs may be able to learn the
game and improve their strategies (to optimal minimax), this setup vio-
lates one of our basic assumptions. Since AIXI is incomputable, ATXI(B)
does not constitute a computable environment for AIXI(A). More gen-
erally, starting with any class of environments M, then yu=Al{\ seems
not to belong to class M for most (all?) choices of M. Various results
of the book can no longer be applied, since u & M when coupling two
Al¢s. Many questions arise: Are there interesting environmental classes
for which ATEa € M or ALt A€ M? Do AIXI(A/B) converge to optimal
minimax players? Do AIXIs perform well in general multi-agent setups?

8.5.3 Limitations

e Although AIXI may be regarded as a formal definition or a mathematical
solution of Al, it is not a practical solution due to its incomputability.
ATXTIt! is a step in the direction of a computable theory of Al but is also
not practically feasible. Whether AIXI can be scaled down in a systematic
way to yield practical Al algorithms or whether it will only serve as a
guiding principle in attacking difficult AI problems remains to be seen.
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8.6 Philosophical Issues

Many arguments against strong and weak AI have been proposed: Lu-
cas’ and Penrose’s arguments based on Godel’s incompleteness theorem
[Luc61, Pen89, Pen94], Searle’s Chinese room argument [Sea80], the lookup
table argument [Chu86), Moravec’s brain prosthesis experiment [Mor88], the
free will argument and, of course, various religious reasons. All of them have
loopholes and can be refuted, but this is not the place to repeat this discus-
sion. We only discuss the free will paradox. There are also objections to the
existence of objective probabilities. We present a possibly new one below. We
also briefly comment on the famous Turing test, which also fits under the
heading of this section. Finally, we speculate on the big questions of Al in
general and the AIXI model in particular, related to non-computable physics,
the number of wisdom {2, and consciousness.

8.6.1 Turing Test

The Turing test [Tur50] was designed to decide whether an Al system is
intelligent. We should concede a machine true intelligence if it passes the
Turing test, but to deny intelligence in case of failure may be too harsh. The
true problem in using the Turing test (e.g. instead of AIXI) as a definition
of intelligent systems is another. The test involves a human interrogator and,
hence, cannot be formalized mathematically, therefore it does also not allow
the development of a computational theory of intelligence.

8.6.2 On the Existence of Objective Probabilities

Throughout the book we have assumed the existence of objective probabilities
respecting Kolmogorov’s probability Axioms 2.14. As remarked in Section 2.3
we could have restricted the development to classes M of deterministic en-
vironments, thus avoiding objective probabilities® In the following we give
an argument which makes the belief in objective probabilities look somewhat
“unscientific”. The assumption that an event occurs with some objective prob-
ability expresses the opinion that the occurrence of an individual stochastic
event has no explanation, i.e. is inherently impossible to predict for sure. One
central goal of science is to explain things. Often we do not have an explana-
tion (yet) that is acceptable, but to say that “something can principally not be
explained” means to stop even trying to find an explanation. From a distance,
tossing a coin looks objectively random, but looking at it closer the outcome
is just subjectively unknown due to most observers’ lack of knowledge of the
initial conditions and external influences on the coin during its throw. When

3 Using Bayes mixtures as subjective probabilities did not need any (e.g. Cox’s)
axioms for justification, but received a decision-theoretic justification.
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knowing the exact initial conditions and the exact equations of motion, classi-
cal physics is predictable (this includes chaotic systems). Physicists claim that
quantum mechanics is truly random, and there is indeed quite some evidence
to suggest this, but experiments cannot exclude the possibility that quantum
events are only pseudo-random [Sch02b). It seems safer and more honest to say
that with our current technology and understanding we can only determine
(subjective) outcome probabilities. If a sufficiently large community of people
arrive at the same subjective probabilities from their prior knowledge, one
may want to call these probabilities objective. For instance, for most people
(those with no special equipment and education) a fair coin comes up head
in 50% of the cases. And for all people so far, if they measure the spin of
one photon in a para-positronium decay, it is up in 50% of the cases. On one
hand, we have to abandon objective probabilities because their assumption
seems unscientific, but on the other hand, their assumption is very convenient.
Without objective probabilities there would be no (objective) unbiased coins,
dice, MDPs, radioactive decays, etc. Maybe one should admit a gray scale of
more or less subjective probabilities.

8.6.3 Free Will versus Determinism

For illustrational purpose we replace determinism with computability.

The paradox. If the brain of a human were computable we could predict
the action of the human with a computer. If we tell the human his action
in advance, he is forced to perform this action and hence loses his free will.
Assuming humans have free will refutes the computability assumption of the
brain.

This paradox between computability and free will is sometimes used as an
argument against the possibility of Al. However, it vanishes by a more careful
reasoning. That a part of the universe is computable, is defined as follows:

Assumption 1. Given a box (part of the universe) in state s at time ¢ we
can compute the next (or some more distant future) state s’ at time ¢’ >¢ if
there is no interaction between the box and the rest of the universe during
time t...t".

Without this independence assumption in time interval [¢,#'] the possibility
of correct prediction cannot be guaranteed.

Assumption 2. Assume that the brain is computable. It receives input z at
time ¢ and computes action y at time #’. During the thinking period [t,t'] it is
completely separated from the environment.

After input z, the brain B is in a state s and Assumption 1 applies, i.e.
we can compute, say with algorithm p: X - ), the brain’s decision y. We
cannot inform the brain in period [t,t/] of this decision without violating As-
sumption 2. We are free to hand out y in a closed envelope to B. After B has
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made its decision, it is allowed to open the letter and realizes that its deci-
sion was predictable. Such an experiment will have enormous psychological,
social, and legal consequences, and looks paradoxical, but does not lead to
any contradictions!

Assume we allow intermittent interaction and inform the brain about y,
then the brain B’ maps input (z,y) to an action y’, which is possibly different
from y. There is no contradiction, since p maps X to ), whereas B’ maps
X xY—Y, so these functions have nothing to do with each other.

Consider a variant of the paradox, where B itself reliably pre-
dicts/precomputes its own action, and then “decides” to deviate from its own
prediction. More formally, the assumption is that a part By of brain B=B;
can simulate B;. By assumption B is functionally identical to By. Only for
illustrational purposes we make the further assumption that By also operates
identically to By in the sense that Bs itself contains a part, say Bjs, which
simulates By, etc. We have an infinite recursion. The first question is not
what the output of B is and whether it is finitely computable, but whether
this infinite recursion has a value af all. What we need is a fixed point. Insert
a decision y (as a possible candidate for By) into brain B and test whether
B computes the same decision y. If it does, then y is a fixed point of the
recursion. If such a fixed point exists (and is unique) we may define the value
of the infinite recursion as this fixed-point value. Finally, we would have to
check whether this fixed point can be found by a finite algorithm. It is well
known that not every recursion y= B(y) has a fixed point. The paradox in
our case is just that we implicitly assumed the existence of a (unique) fixed
point. The paradox is resolved by noting that this fixed point simply does not
exist. Sometimes fixed points can be found by iteration. One starts with some
value y; for y and iterates yo =B(y1), -, Yn =B(Yn—1). If the limit y, exists,
then it is a fixed point.

Assume our function B acts with y=1 if Bs predicts y=0, and vice versa. In
this case y, =1—1y,_1 oscillates, and y, does not exist. In the case of a binary
decision y € Y € {0,1} this proves that a fixed point does not exist. So this
paradox is about nonexistent fixed points. A self-contradictory brain simply
does not exist (when starting from Assumptions 1 and 2). We may lower
our demands to probabilistic predictions. Mathematically we lift the mapping
B:Y—Y to a linear mapping B’:[0,1]” —[0,1]¥ between (probability) vectors
over ). B’ always has a fixed point. For our example we get B’(p) =1-p
with fixed point p= %, meaning that B; has no idea of what B is going to do.
Whatever, it is not possible to set up a brain with a part predicting its own
behavior reliably in every situation. The same analysis holds for (an infinite
regression of) external predictors, telling the human his action in advance.

Note that neither the paradox, nor the solution has anything specific to do
with computable functions. We could have formulated the paradox in terms
of general mathematical functions (mappings).
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8.6.4 The Big Questions

On non-computable physics & brains. There are two possible objections
to Al in general and, therefore, to AIXI in particular. Non-computable physics
(which is not too odd) could make Turing-computable Al impossible. As at
least the world that is relevant for humans seems mainly to be computable,
we do not believe that it is necessary to integrate non-computable devices into
an Al system. The (clever and nearly convincing) Gédel argument by Penrose
[Pen89, Pen94], refining Lucas [Luc61], that non-computational physics must
exist and 4s relevant to the brain, has (in our opinion convincing) loopholes.

Evolution & the number of wisdom. A more serious problem is the evolu-
tionary information gathering process. It has been shown that the ‘number of
wisdom’ {2 contains a very compact tabulation of 2” undecidable problems in
its first n binary digits [Cha75, CHKW98]. {2 is only enumerable with compu-
tation time increasing more rapidly with n than any recursive function. The
enormous computational power of evolution could have developed and coded
something like {2 into our genes, which significantly guides human reasoning
[Cha91]. In short: Intelligence could be something complicated, and evolution
toward it from an even cleverly designed algorithm of size O(1} could be too
slow. As evolution has already taken place, we could add the information from
our genes or brain structure to any/our Al system, but this would mean that
the important part is still missing, and that it is principally impossible to
derive an efficient algorithm from a simple formal definition of Al

Consciousness. For what is probably the biggest question, that of conscious-
ness, we want to give a physical analogy. Quantum (field) theory is the most
accurate and universal physical theory ever invented. Although already de-
veloped in the 1930s, the big question, regarding the interpretation of the
wave function collapse, is still open. Although this is extremely interesting
from a philosophical point of view, it is completely irrelevant from a practi-
cal point of view? We believe the same to be valid for consciousness in the
field of artificial intelligence: philosophically highly interesting but practically
unimportant. Whether consciousness will be explained some day is another
question.

8.7 Conclusions

All tasks that require intelligence to be solved can naturally be formulated as
a maximization of some expected utility in the framework of agents. We pre-
sented a functional (4.7) and an iterative (4.17) formulation of such a decision-
theoretic agent in Chapter 4, which is general enough to cover all Al problem

4 In the Theory of Everything, the collapse might become of “practical” importance
and must or will be solved.
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classes, as demonstrated by several examples. The main remaining problem
is the unknown prior probability distribution p of the environment(s). Con-
ventional learning algorithms are unsuitable, because they can neither handle
large (unstructured) state spaces, nor do they converge in the theoretically
minimal number of cycles, nor can they handle non-stationary environments
appropriately. On the other hand, Solomonoff’s universal prior M £ £y (2.26),
based on ideas from algorithmic information theory, solves the problem of the
unknown prior distribution for induction problems, as was demonstrated in
Chapters 2 and 3. No explicit learning procedure is necessary, as £y automat-
ically converges to p. We unified the theory of universal sequence prediction
with the decision-theoretic agent by replacing the unknown true distribu-
tion p by an appropriately generalized universal semimeasure £ in Chapter 5.
We gave various arguments that the resulting AIXI model is the most intelli-
gent, parameter-free and environmental /application-independent model possi-
ble. We defined an intelligence order relation (5.14) to give a rigorous meaning
to this claim. Furthermore, possible solutions to the horizon problem were dis-
cussed. In Chapter 6 we outlined how the AIXI model solves various problem
classes. These included sequence prediction, strategic games, function mini-
mization and, especially, learning to learn supervised. The list could easily be
extended to other problem classes like classification, function inversion and
many others. The major drawback of the AIXI model is that it is uncom-
putable, or more precisely, only asymptotically computable, which makes an
implementation impossible. To overcome this problem, we constructed a mod-
ified model AIXI¢#l, which is still effectively more intelligent than any other
time ¢t and length [ bounded algorithm (Section 7.2). The computation time
of AIXIt! is of the order ¢-2'. A way of overcoming the large multiplicative 2!
constant was presented at the expense of an (unfortunately even larger) addi-
tive constant (Section 7.1). Possible further research was discussed. The main
directions could be to prove general and special reward bounds, use AIXI as
a supermodel and explore its relation to other specialized models and finally
improve performance with or without giving up universality.
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